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PREFACE 


unSiui" d ' la ’ l '‘' ° r the <*>" rf™ ‘.ttaof'SuI 

£2T ,b ' dir " CTI - “ 

a , ■ . , S0CS 00 to treai ini[iar imperfections, large defer- 

r„ “™ ; nnd behavior. The chapter concludes by relating theoretical 

V° “a Cn **“ nn8 ™ttrints. In Chapter 2 various approximate 
methods used to solve buckling problems are considered. Numerical lech 

lis i d in rr a,m wiih h,gh spMd 

2,r ; ' ■ ” " on ! ' me, '“ ds - a * deluded. The remaining chapter* deal 

w,,h the Ndtlmg of beams, frames, plates, and shells, These chapters serve 

tuZ lZZT " PrCSent ? bUCk(i "« *"»««*«« of JL ££ 
Thei^o H ' n 3 m0 T r iimilar '° tbC lr «‘men< o^olumns m Chapter I 
Chanter 2 « m ^ SIra r h° W wrious a PP r <W™te methods Ihi reduced jn 
P " an ** app,,ed ^ difTerent structural systems. Although the book 

Wllh •"’aiysis, art attempt is made to relate theoretical 
conclusion^ to current design practices, 

An effort has been made to limit the book to fundamentals and to [real 

fe o^'bv dC[aiI Th " erare - il is feri [ha < <f* <*l easily be 

followed by persons not already familiar with the subject of structural 
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stability, including both upper level undergraduate Oi graduate students and 
practicing structural engineers. If ihc book h used as a textbook, it will be 
evident that most chap [ere contain more examples of applications of ihe 
theory than tan be covered in class. It may be desirable to assign some of 
ihc&e examples, in addition to the problems at the ends of I he chapters, as 
home assignments by the students. 

The basis of the book h a course on the buckling of Structures, taught 
by Dr. George Winter at Cornell University, which the author was privileged 
m lake when he studied under Dr, Winter The author wishes to express his 
appreciation and gratitude to Dr. Winter for inspiring him to write the book 
and for the help given by Dr. Winter in preparing the book. 

Acknowledgment is made also io Dr, Robert Archer and other Colleagues 
^and students at the University of Massachusetts for their help and useful 
Suggestions anti to Dr. Merit P. While for providing the kind of atmosphere 
conducive to scholarly work. 

Fitially, I he. author thanks Mrs. Michalinc llnicky for the fine job she 
did in typing the manuscript. 

Alexander Chaje$ 
Amherst, Massachusetts 
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1 

BUCKLING OF 
COLUMNS 


1.1 INTRODUCTION 

SK2T iuh ^\ io * ^ * behavior known as buckling. Al Ion, 
■ . ' ‘ 0n * uc[l a membe r « relatively small, increases in the load result 

SL " T: l fl0rtenilg 0f lhe However, once a «rta7eS 

. 3 ' rci5C lct ^ ^tmbtr suddenly bows oul sideways THl& benriinn *' 

E 

delcrmrne .he lo.ri<^K £3£fiS?K 

sr^fMateracsSS 

S2SF5K-* Sfflsfeffi 

Jf boekfma does not take plica because a certain sireng.h of the m alerial 
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is exceeded p then why, one may ask, does si com press io* member suddenly 
buckle? Although il is not possible to answer this question directly, one can 
make certain observations about the buckling phenemcnot and thus explain 
at feast partially what is taking place. One such observation, which elucidates 
in ail excellent manner th= phenomenon of buckling, is given in the following 
paragraph quoted from Structure in Architecture by Salvador! and Heller 
(Ref. 1.1): "A slender column shortens when compressed by a weight applied 
to its top, and, in so doing, lowers the weight's position. The tendency of all 
weights to lower their position is a basic law of nature. It is another basic law 
of nature th$t, whenever tlscrc is a choice between different paths, a physical 
phenomenon will follow the easiest path. Confronted with the Choice rtf 
bending out or shortening, the Column finds il easier to shorten for relatively 
small loads and to bend out for relatively large loads, Jn olhef words, when 
the load reaches its buckling value the column finds it easier to lower the load 
by bending than by shortening," 

The buckling load thus appears to be llie limiting load under which axial 
compression in an unbent configuration is possible. It will be assumed here 
and proved later that the transition from tho straight to the bent configuration 
Jit (he buckling load occurs because the straight configuration ceases to be 
stable. In Article 1 .2 the idea that the buckling load marks the limit of stability 
of the unbent eon figuration will be developed into a procedure forcvaluntuig 
the buckling load. 


1*2 METHOD OF NEUTRAL EQUILIBRIUM 

The concept of stability is frequently captained by considering the equilibrium 
of a rigid ball in various positions, as depicted in Fig. S-l (Refs. 1.2 and 3.3). 


Fse. L-l liability of equilibrium 

<d (Adapted ffom 17). 

All hough ihe ball is in equilibrium in each position shown, a close examina- 
tion reveals the taisEencc of important differences among [he Ihrec situations. 
If Ihc ball in part (a) is displaced slightly from its original position of equilib- 
ria ii will return to (hat position subscquenl lo ihc removal of Ihc disturb- 
ing force. A body that behaves jn tfoi& manner is said Lo be in a stale of stable 
equilibrium. By comparison, the ball In part (b) N if il U displaced slightly from 
ils pasilipn of rtsl N dots ng| return:, but Mislead continue* to move farther 



Aft 1,3 


Crlittri t„tf 0fihm Ctjfumn 


Sb)T of lhe ifl 

depict ye | another possible ivr* *r r i! ' ite Part ( c ) 

*^*1 ~i,hc, JSZuZtSSi P«ai™ r»"' “ r ' bcins 

move farther away fnstend ir Wm v . ,l P !* 110,1 ™>f continues to 

disUirbai** h as J,vcd it. This behavior l ° Whkh thc 1Ma * 

The bail in Fig |.i ■ ’ * ftTn * lo « Wttbrium. 

>S- I 1 -s m equilibrium. at any point a | on g ]inc M , [f) 



•-Cl. J £,» 1ET “ •* '* "* •*« bam. s 

« ir. □ 5la|e orneuJequilfbriumr^T.^'r" l " C ‘ W ° ,e * ionj < 

column buckles at a certain load bee ou( that a 

«**M« at that load The behavior t * h becomes 

the ball i„ F fg h2 rL s ^2'‘r "" * ' hUS ^ that 
loads, but » it MmiZSiSSSk^ * tht CO,U "'" * **»• « 

fiemralcquiiibfium exists, it EFieirW ^ ^ f flt PS as4L,med ^al a stale of 

in the column, similar to ihat oic^cmi°'\ (01 wtist«ble ceiullibriLim 

Which lhe straight co g ^ ** '* U « the ^ " 

jit Which neutral equilibrium m ^ CMs « 1o * is lhe load 

^ bmm " P ° S5lble - ™ s ,oad referred to as lhe 

Whilh cqumbl.um hTh^ °? ^ ^ lhe|osd u "der 

hent configuration. The technique that Straisht al,d * n 4 
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wilh a very ideaii zed ease, the Euler column* The axially loaded member 
shown in h‘g, Ma is assumed to have a constant Cross- sect Jon a I area and 10 



tol th) 

f-lp, 1-1 EuPer column. 


be made of a homogeneous material. In addition, four assumptions are 

ma.de ^ 

1. The ends of the member are simply supported. The lower end is at* 
tached to an Immovable hinge. and the upptr end is. supported so ihmi 
it can rotate Freely and move vertically but not horizontally 

2. The member is perfectly straight, and the load Is applied H | onB its 
centroids! axis. 

3. The material obeys Hooke's law. 

4. The deformations of the member are small enough so that the term 

11 ^1 igiblc com pared to unity in the expression for the curvature 

1 ' ^ ^ ■ Htocc lh-c curvaiure gliii t>c approni mated by j/ J t 

In accordance with the criterion of neutral equilibrium established in 
f ic e 1.2, the critical load is that load for which equilibrium in the slightly 

'The Euler column lakes in name from the man w fca. ; n t h« „ lt . -iwented ihe 

a™!** of , column, Al« it is e««S ^ .73P.S 

“ r r Ukr COlUmn ' Eu,tf f " H member fi«d it one 

end end free it ihe other m his fimoiM treatise, which can he round in Ref. J 4 

tTT»e itrenuon of the reader it drawn ■« the ftot chat the symbols /' and y art used to 
denote (he second end linl derivative! ofy with respeci to ,t. 


Art. T.3 


Critical Luatt of tht £ular Cvtumn 5 


bent con figuration shown in Fig. 1-lb is possible. If the coordinate axes are 
taken as shown in the figure, the Internal resisting moment at any section, a 
distance jf from the origin, is 


M. = -Ely" 

Equating this expression to the externally applied bending moment, Py, gives 

Efy" -f Py 0 { |.i) 

Equation (1,1) is a linear differentia! equation with constant coefficients. 
As such. Its solution is readily obtained. However, before considering this 
solution, let us digress somewhat and set what form Eq. (1.1) takes if the 
foregoing simplifying assumptions are not made. If the assumptions of elastic 
behavior and small deflections are not made, the modulus F in Eq. (I. I) 
becomes a variable, and curvature /' is replaced by /'/[I -|- (yyyf* m The 
equation then has neither constant coefficients nor is it linear; as a result its 
solution it difficult to obtain. If ihe assumptions of concentric loading and 
binged supports are not ttinde, there are additional terms on ihe right-hand’ 
side aflhe equation. This makes the equation north omogeneous, but does not 
tnnkc (he task of obtaining a solution difficult. 

The solution of Eq. (l.l) will now be obtained. Introducing the notation 

*'-£ (*•* 

Hq. (IJ) becomes 

f + k'y^O (1,3) 

The solution of homogeneous linear differential equations with constant co- 
efficients is always of the form y - e-\ Substitution of this expression into 
Eq. (1.1) leads to m = ±jl r. Hence ihe genera! solution of Eq. (1.3) is ■ 

. y “'C,*"' H- Cie* 1 ** 

Making use of the relation 

* lrt * = cos A* ± i sin kx 

and the fuel thin both the real and imaginary parts of n complex function that 
satisfies Eq. (1.3) must also satisfy the equation, the general solution can he 
rewritten in the form 


y = A sin kx + B cos kx 


0-4) 
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To evaluate the arbitrary constants A and B, we make os* of the boundary 
conditions 


y = 0 atjf=0 
y = 0 utr-/ 


<U) 


The hi^t of these conditions wlten substituted into Eq, (1,4) leads lo 

£ = 0 


Consequently. 


y - a si n tx 

Trom the &ec<md condition one obtains 

^ sin kl «=. 0 


(he) 


This rein tig n can be satisfied in one of iwo ways; either 
or sin*f**Q 

If-* = 0. A and consequently /" can have any value. This result h known as 
ihv trivial solution, because it confirms what is already known, that a column 
«s i-ii equilibrium u rider any axial load P as long as the member remains, per- 
redly straight If sin kt 0, then 

kl fc= nit 


where ft =r I , Z. 1 1 P , , Substitution of this expression into Eqs. (1.2) und { I ,b) 
leads to 


and 


^n a £/ 


y — A sin 


*m. x 


(U) 

(IS) 


At the loads given by Eq. (1.7) the column cun be in equilibrium in a slightly 
bent form. The shape of the deformation is given by Eq. (LS) r However, its 
amplitude is indeterminate^ since A can have any value when sin kt = 0, 
The value of P, obtained by setting *i equal lo 1, is 


P 


n l E! 
~jr m 


(l *9) 


At r. 7,4 


itn ** r CAfvma Tbiury^An £ frm Pr&bt*™ ? 

KMrSEZH"’' E'ir 1 “ “ .hi*.** of 

. equiiibnuna is possible. Hence it is olio ih e smallest toad at which ih* 

column ceaies lo be i„ itab | e equilibrium. 

1 he behavior of the Euler column, represented graphically in Fig, 1-4. 




F 1 !*. M Behivjor of Euler column, 

“^ht’Tuht 71) STS' U| ’ ““ '» rf “» »'»n>n rauji 
*[ *7 Al thc Lljier ***& lhere a bifurcate of equilibrium; that is 
he column can remain straight or i t can assume a deformed shape of indetc^ 

« sts^ifh 't ( dC i T a ' 5 b ! h " VIQr ,Lgn,ftcs lha! a sta[c of neutral equilibrium 
S? "55 EuIerl0 ^ and llia( lhe Euler load, therefore, marks the transition 
from stable to un stable equilibrium. 

J^P" !i "? dica . tcs lhat for va,l£es * E«aler than 1 . thereeais [other 

WiihoiTf Cr lha " lhc E j ler l<>ad 31 l * h ’ ch nculra! equilibrium is possible. 

^ UKumed r T *Z l? lh “ P ° int 1,1 ‘ hc b » k - lheit J«ds will 
be assumed to be valid mathematical solutions lo Eq. (|.n but devoid of 

Significance as far us the physical phenomenon of stability is concerned. 

□s thc h critS of, T' 6 “ ‘ he fM ? oJn8 ' annlyii * is somctim « referred to 
“ micalload and sometimes as the buckling load. Regarding these two 

2™ ‘ lf“^ SUK * by Ho(T t Ref ‘ f 5) th« I hey not be Led inter- 

eSmL L ^ "J™ 1 ** ,llat the load ^ich an actual imperii 

Llnb, i' ■ TT °T te f(ferred toas ,lle buckling toad and 

riui h ., Cr ', ; ' d ** rcservcd for »h* load at which neutral oqujlib- 

™Z * r M J, ™ ° PCrfcCt mctnbcr «<*"«»« ti linear analysis. In olher 
words buckling is something tba, can be observed when a real column is 
loaded during a test, whereas lhc term critical load refers to ihe solution of an 

‘f Tl' 31 T lysi *- TbE Ejler toad Stained in this article should 
Ihus be referred Jo as [he critical bud of [h c column. 


1.4 LINEAR COLUMN THEORY— 

AN EIGENVALUE PROBLEM 

The small deflection column iheory presented in ArltcJc 1.3 is based on a 
linear differential equation and is, therefore, known as the linear column 
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theory r By comparison,, ihe large-deFlcclion theory of columns to be studied 
tater is based on a non tinea r differential equation and is referred to as a 
nonlinear column theory, Although the sm^M-deftceiion column theory can 
be considered linear when contrasted with Iwrge-d effect ion theories, it \s not 
linear in the same sense of the word as simple beam bending theory. In ihc 
latter, equilibrium is based on undeformed geometry and deflection* are 
proportion :il to the applied loads, which is certainly not itut for the Euler 
column. 

Thus linear column theory is evidently different from both simple- 
flexure and large -deformation column theory. As a matter nf Tact, it does 
belong to an entirely different class of problems known as eigenvalue prob- 
lems, These problems are characterized by the fact that nonzero solutions 
for the dependent variable exist only for certain discrete values of some 
parameter, The values of (he parameter, for which nonzero solutions exist, 
arc known as eigenvalues, and the solutions as eigen vector*. Only the shape 
and not the amplitude of the eigenvector can be determined in an eigenvalue 
problem, in a stabs lily problem such as the axially loaded column,, the loads 
n-x^EIji 1 at which nonzero deflections arc possible arc the eigenvalues, and 
the deflected shapes that can exist at these loads are the eigenvectors' The 
smallest eigenvalue is the critical load and the corresponding eigenvector is 
[he buckling mode shape. 

1-5 BOUNDARY CONDITIONS 

The first slep toward generalizing the results obtained in Article 1.3 is to con- 
sider boundary conditions other than hinged-hinged supports. 

Cum /, Both ends fixed 

If a column ls built in at both extremities, it can neither translate laterally 
nor rotate at these points. As a result, bending moments. Af,, are induced at 
each end of the member, as shown in Fig. Ma. when the column is deflected 
slightly. Equating the external moment to the internal moment, at a section a 
distance x from the origin (Fig. I -5b), one obtains 

Ely'' + Py = M, 

M /' + k*y~%j (MO) 

where ic 1 = FfE L 

The solution lo Eq. (1.10) consists of a complemcniary and a particular 
parL The former is the solution of the homogeneous equation, Jt is given by 
Eq. (1-4). The particular solution is any Solution to the entire equation, such 


Art. 1,5 


Boim Ciitutietofrs 


9 




ta) 

Ffa-l-5 Fix«d-fixetJ column. 
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3$ y •= MJElhK Thus ihe entire solution is 


y<= /!sm(rjr + JJvMkx + , (LI!) 

where A and 0 arc arbilrtiry constants to be evaluated using Ihc boundary 
conditions 

/ ■» 0. y —Q at x : ™ 0 
y—0 at x = ! 

The first two conditions are satisfied if 

A=0 and 3^ 

Hence y = (j _ eos *#) 

The last condition leads to the transcendental equation 


cos kf — 1.0 


The smallest nonzero root to this equation is 


from which 


and 


kl = 2h 


* 4 **£I 

'« ~ l L 




(1.12) 

(t.13) 


Equal son (1.12) ind leases that the critical load of a column with fixed ends is 
four limes ns large as the critical load of a hinged-hinged column, 

Using Eq. (E.O), it can be shown ihal inflection points, that es p points of 
zero moment, cskt ai x = ff A and x — 3//4. The central portion of the 
member, between the quarter points, is ihus equivalent (o a hinged -hinged 
column of length IJ2 (Fig, i -5c), whose critical load is 

b 

. < U4J 

The critical load of the pseudo hinged-hinged column that exists between 
the inflection points of the fixed-fixed column is thus equal to the critical load 
of the fixed-fixed column . El wiEl be demonstrated an ihc succeeding, pages that 


Art. t.$ 


SvwndAiy Condition* ff 


ihe Critical toad of any column cun be obtained from an equivalent Euler 
column, The length of this equivalent Euler column is called the effective 
length of Uk member. 


Cmr 2. One end fixed wd one find free 

The column shown in Fig. I-6a is buili in at the base and free lo translate 
and rotate at its upper end. A small lateral deflection gives rise to a displace- 
ment at the upper end of the member and a momenl P& at the base 
Equating the interna) moment to the external moment, at a section a distant 
x rro,I > the base (Fig l -6b). leads to 





<» (el 

l'"iS' 16 Fimd-fBtt Column, 


Ety- + Py = pfi 

Pr r' + itV-A^ (J.I3) 

where ft’ =- P}Et. The solution lo Eq. (I,!5) is 

y = sin i.r + i cos fc* -|- $ (1.16) 

The boundary conditions at Lhe base of ihc member are 
y = 0 and y‘ = 0 at x = 0 


They are satisfied if 
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Hence 


B = -S t A^nQ 

y e= 5(1 ™ COS fex) 


The boundary condtlioa n ihc upper end of Ihe member 


is Satisfied if 


y = S at j v = t 


' cos kl = 0 


The smallest nontrivial rooi of Ehi$ equation is 


which lea tig to 


and 





am 

fl.lE) 


Equation (3.17) indicates that the critical loud of a column fixed A « one 
end and free at the other is one fourth the Euler load. 

From liq. ( I , I ft) il can be shown [hat the deflection curve of the fixed-free 
column consists of one quarter of a sinewave or one half the deflection curve 
of a hinged-hinged column (Fig. l-6c). The effective length of the equivalent 
Euler column is therefore equal to 2/. and the critical load of n fixed-free 
column can be expressed in the form 


p n'Ef 


d-19) 


Coif 3, One end fixed and one end hinged 

The column shown in Fig, 1-7 is hinged at the base and built in at its upper 
end to a support that is constrained to move along the axis of the member. A 
small lateral deflection gives rise to a moment M„ at the fixed end, and shear 
forces of magnitude MJi at each end of the member. Equating the internal 
and external moment, at a section a distance x from the base, leads to 
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Tig. 1-7 fjjwd-hingtd .column, 
where A* >= pf£f. The solution to Eq, (3.20) is 

= d *rn kx 4- ft cos k.\ j, 

The boundary conditions 

y => 0 at x = 0 

y 


and 

arc satisfied if 
Hence 


0 at x = 1 


5=0 and A t= — Ak 1 

P kl cos k! 


M, 

P 


\( X sin Jtjc \ 
\ h coa jfjf / 


The boundary conditsoni 


y = o ut jl = / 


2t--;i cJjs id ihe tf;msctn dental cyirmion 

lan fc/ kt 


0 . 2 \) 
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The smallest rtejrizero root of this equation h 


which leads to 


arid 


kl = 449 



(Ui) 

£].23) 


Equation (L22) gives the critical bad of a column hanged at one end and 
fixed at i lie other* The corresponding defi cel ion curve has an inflection poim 
at x ^ QJL Hence the effective length is QJf Y and the critical load can be given 
jn the form 
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Care 4 Et&Sticatly test mined end 

1 n most actual structures the ends of columns are neither hinged nor fixed, 
instead the columns arc usually rigidly connected to other members* which 
permits a limited amount of rotation to occur at the ends of the columns. 
Supppfts of this type are referred to as efostic restraint. They are so named 
because the restraint lhat exists at the end oF the column depends on the 
elastic properties of the members Into which she Column frames. 

Let us consider a column that is hinged at I He base and elastically 
restrained by a - beam at its upper end, bs shown in Fig, S-Sa. The beam is 
assumed to he fixed to a rigid support at its far end. For simplicity^ the length 
and stiffness of the beam arc taken as equal to the length and stiffness respec* 
lively of the column. 

In order to linearize the problem, il is assumed that there is no bending in 
[he horizontal member prior to buckling. However, when the critical load is 
reached, the bending deformation oF I he Column will induce bending in [he 
beam. Due to its stiffness* ihe beam resists being bent by the column and 
exerts a re-straining moment M, as show el in Fig. I -6 b, on the column. In 
calculating the critical load the forces produced by [he bending deformations 
as well as the deformations themselves are assumed to be infimtesimtLl- The 
shear forces Q acting on the beam are there Fore negligible compared to JP. 
and it is reasonable to assume that the axial force in the column remains 
equal to P during buekling- 

Taking the coordinate axes as shown in the figure, moment equilibrium 
for it segment of the column gives 
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y = * iin A'* + B COS kx H- .*. 


(1.26) 


The boundary condition at the tower end o( the member 

y = o at X ^ 0 


i& satis Red jf 


B =0 


und the condllion at ihe upper end 


requires (hat 


y = 0 at X =* / 
* - M l 

TZi Tkl 


Jlcnce 


y 


M ix _ sinAx\ 
f vT sin ki } 


warm regards: Haider.sa@gmail. 


fff Bvzkh'ng of Columns 


CHr I 


Since the column ss rigidly connected lo ihcbeum, l he rotation of the column 
ni its upper end must be equal !o the rolalion of ihc left-hand end of the 
be sim. For the column, the slope At x = f is 

rfy M{\ kctnkl\ 

inrfn 

or = jiL( ™ _ — ! — (| 27) 

rfx kElxkl EaiT*7j v } 

The rotation 0 of the left-hand end of the be:sm is, obtained from the sJnpc- 
defieciion equation. Thus 

M = ^(20> 

from which 




Ml 
4 El 


(1.28) 


Equating the expressions In (L27J and (1.23) gives 

Mt_ _ M ( I _ t \ 

AEI " kElXn t.m kl / 

OT T^”U“iot) <l29) 

The negative sign in front of the fight-hand side of the equation is needed 
because the slope given by (1.27) it negative, whereas & is positive. 

Equation (L.29) is the stability condition for the column being studied. ft 
is convenient to rewrite the equation in the form 


tan kl 


4 kl 

Iktj 1 E 4 


The smallest root Satisfying this expression is kl ~ 3. S3 from which 


_l MM 

* w* - 1 jz 


£1.30) 


1 f t he u pper end of Ih c column we re h in ged , the c ri l Eeal I ond wqu I d be n * Sift 1 , 
ind if the upper efid Were fixed, iL Would be 20 ilElfl 1 . It is not surprising that 
the critical load for the elastically restrained end, given by F_q. (UQ), should 
fall between the two limiting cases of hinged and completely fixed ends, 
Completely rigid, hinged or free and conditions art rarely found in actual 
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engineering structures However, as dcTnonstraled. the solutions correspond- 
ing to these idealized end conditions are useful because they provide upper 
and lower bounds between which the critical loads of most actual columns 
fall. 


T.6 EFFECT! VJE-LEMGTH CONCEPT 
AND DESIGN CURVE 

Figure 1-9 depicts the deflection curve and the effective length forseveml of 



H H- Effective length of for various boundary conditions. 


the boundary conditions considered in Article 1.5, For each case, it is shown 
that the Euler formula can be used to obtain the critical laid of the member 
provided the correct effective length it used. The effective- length concept ts 
equally valid for ary other set of boundary conditions not included in the 
figure. Thus 


F " - ~ir 


(■ 3I> 


gives the critical load for arty column, regardless of the boundary conditions, 
provided X is the effective length of the member, that is, the length of the 
equivalent Euler column. 

For design purposes, il is convenient to haven graphical representation of 
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Bq, Making uM of ihe «l®*ion 

; * Ar l 


!.*»-( ktta «-»4 rlhe E, ' IL5 " 

can be rewritten in the form 


K*£ 


(US) 


For the elastic of a 

ti,J2)can be used to ““JJ 30 , Qt t) and m e «sultin B carve 

«' i- «* >■» ^ “ 1 ^ 



deeifin m. One of the wl*"*- oF fl ^ 

Sthf— V conditions, from 0 ** *-* «— 


1.7 HHSHEft-OADW DIFFERENTIAL EQUATION 

for columns 

!n Artiste L 5 huCkl '?*^ vaKd 

boundary conditions. In each ease, n sec 
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only for the member being analyzed, was used. However, ii$ shown by 
Timoshenko and Gen: (Ref. 1,2}, a single fourt harder equation applicable to 
any column regard less of [he boundary conditions can also be employed. Tin* 
equation will be introduced now, and its solus ion obtained for two specific 
mLe of end res! rain ts_ 

For [he general ca^ of a column wish unspecified boundary conditions, 
t here e*is L* a mome nt a nd a shear a t each e nd of the me m ber (Fig, 141a). By 



M (bl 


l-ll Column frith unspecified boundary condition*. 

choosing appropriate values for these moments and shears, any desired set or 
boundary conditions can be satisfied, Equating the external moment io the 
inLcrtia! moment, at a section a distance x from the origin (Fig, I -Jib) leads to 

£ fy tf + p y = - Q* -f m* (1.33) 

referential mg (wioc with respect Lu _v, one obtains 

£/yp + ?/ 1 -0 (1,34) 

and introducing the notation 
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Eh« equation becomes 


> i' , + frV' = 0 


(1-35) 


This founb- order differential equation is applicable to any set of boundary 
conditions. Ils general section j$ 


y — C% stn kx +■ C, cos kx 4- C t x -f- C 4 (L36) 

The arbitrary constants in the solution are determined from the boundary 
conditions of ihfi Specific case under Invtsligation, 

Css* /, Hinged- hinged 

lor the hinged -hinged column (Fig, M2) (he deflection and bending 
moment are zero at both ends of the member. Hence 



P 

FF]t- M2 Hmjsd hinjtd roltifrin 


y w o. y* - o at x = o 

y = 0. /' = 0 at X = t 

Substitution of (he two conditions at jr = 0 into Eq. (U&) leads m 


^*i — 0, Cj ■ 0 

Hen “ C, * 0, c 4 =. o 

From the remaining two conditions orte obtains 


C, sin frf + Cjl = D, 


-C,li ] sin Jt/ -=■ 0 
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Since k 1 is not identically equal to zero, these relations are satisfied either 
i' 0 nr if sin ki *= C } = 0. The first alternative leads to the 

trivial solution of equilibrium at all loads, provided the member remains 
straight, From the second conditions, one obtains 

kl = nit, n « J, 2, 3 _ . 

which for n = I leads to the critical loud 


P 

r,r — *7T" 


(1.38) 


Cate 2. Fixed-free 

For the fixed- free Column (Fi«, M3}. the deflection and slope arc zero at 



Me. t*13 Fj^sd-frce column. 

the base. At the free end. the moment vanishes and tile shear is equal to the 
component Fy‘ of the applied load Thus 

y^Q, /=*{>. at x = 0 
0, /" + *»/„ o, Mx = l 

The cord i i ions at rhe fixed end read to 

+ C* = 0, kC, -F Cj ** 0 

and from the conditions nl the free end one obtains 

C, sin 2r/ + C t cosW= 0 , c, = 0 
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Combining these results gives 

f C, = Q = 0, Ci = -C*, C t cos ki - 0 

As in the previous c sample, there are two solutions, the trivial one, obtained 
by letting C t ■* 0, and the nontrivial solution, cos kt = 0. The latter leads to 

kt*± V" " l)a . 11 = 1 , 2 . 3 , .. 

from which* Tor n = U 

^ = ^ ( iM ? 

l or both of these cases, the results obtained using the fourth- order equa- 
tion are the same as those obtained previously by means of the second-order 
equations. The disadvantage of using second-order equations is that each 
different set of boundary conditions considered requires the setting up of a 
new equation. This is obviously not necessary when using the fourth-order 
equation, since the taller is equally applicable to all boundary conditions, 
However, there are instance,, such as the case of the fixed -lined column, 
where the evaluation of the four arbitrary constants needed in the fourth- 
order equation solution is considerably more involved than the determination 
of the two constants required irt the second- order equation solution. 


1.B LARGE- DEFORMATION THEORY 
FOR COLUMNS 

In the preceding articles the behavior of columns was studied using a linear 
differential equation. The linear equation was obtained by employing an 
approximate expression, d'yjdx*, for the curvature of the member. Since this 
approximation is valid only when the deformations are small, the results 
obtained from the linear equation are limited to small deflections. In this 
ariicle the limitation of small deflections will be removed by using an exact 
expression for the curvature. 

Consider the simply supported column shown in Fig. 1-14. Aside Irom the 
assumption of small deflections, which is no longer being made, all the other 
idealisations made for the Euler column are still valid. The member is initially 
assumed to be perfectly straight and loaded along iisccntroidal axis, and the 
material is assumed to obey Hooke’s law. 

If the x-y coordinate axes are taken as shown in the figure and the column 
is in equilibrium in a bent configuration, then the external moment, fy. ai 
any section, is equal to the internal resisting moment -£//«. Thus 
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Fi k , 114 Urge dfneEHtafis of a 
column (Adipitd from Ref. J<6), 


L 




(no) 

in which I fR k the curvature. 

The solution. of the equation is facilitated if the curvature Is expressed as 
the rate of change of t lie slope. Letting Ihc slope ai any point be given by 6 
and [he distance along [foe curve from the origin lo the pc ml by s t ijic curva- 
ture is K 


I d.9 


Substitution or this expression in Eq. (1 .40) leads to 

ag + /^ = 0 . ■ (). 4 |) 

Equation {] .41) can be used to study the behavior of columns at large as well 
as At small de formations. Because U0M is used in plate of tPyJdx 1 , Eq. { 1 .41} 
is nonlinear, and its solution. is a good deal more difficult to obtain than that 
of Eq. (1 . i ), the linear equation of the small-deformation theory. The analysis 
presented here follow? the general outline of the solution given by Wang in 
Rtf. ] .6 . 

Introducing the notation k* - PjEl, Eq (1.41) takes the form 




(1.42) 
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If the equation is differentiated with respect lo s h and dyjds is ie placed by sSn 
0 S one obtains 

d l Q 

35, + ****« 0 (\ai) 

Multiplying Lhc first term by 2(d&/ds) ds nf\d e he second term by the equivalent 
expression 2dfi and integral ing both [eing gives 

j(s^) 2 ^ rff + c 44 ) 

sin 0 Of) — — rffcos 6) 

Eq, (1.44) can be written in the form 

J “ 2t * / rf (™ a > ~ 0 ( 1 , 45 ) 

Carrying out ihc integration leads to 

(lH) t ~ Ut *' i5S = C ( I 46) 

The constant of integration, £. is evaluated from the condition that 0 = a 
and do las = 0 nt ihe origin. Hence 

C = — 2fc l C05 ft 

and Eq. (1.46) becomes 

(^) = - cos ft) 

Taking the square root of both terms gives 

jjj = ±\/?VnB ? — COS a 

OF * " " V2t>V^| < ! At > 

The negative sign denotes (hat I? dccrcn&es as s increases, 

Ifdrh integrated from 0 lo L r one obtains ihe total length of the column. 


Since 

and 


iirf, l.ff 


Thtoty f or CQlvmttM 2§ 


Thus 

The minus sign in front of the equation has been eliminated by reversing the 
3 1 nuts of integration. 

Making use of the identities 

cos ? = t - 2 sin 1 cos « S i _ 2 Sin* ( 1 49) 

in Eq. (M8) leads to 


‘-if. 

To simptify this integral, kt 


f iff 


■ysV (a/i) — sin* (0/2) 


(I J0> 


stn 


(I Jl) 


(1.52) 


and introduce a new variable $ defined by 

p sin (J = si n-j 

The integral m Eq. ( 1 ,50} can be expressed in terms of £ if one obtains , W as 
a junction of £ and determines the limits on $ corresponding lo ihc given 
limtH on 8. Taking the differential of both sides of Eq. (1.52), give* 


M 

COS Jfil 3) 


and using the identity 


one obtains 


cos - 


■ I - sin* y 


08 = *£™±J!± 

n/l — p* £ici ] $ 


Hcivrittng Eq. (152) in Ihc form 


0-53) 


sin y sin ^ - sin y 
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il is evident that us 0 varies from — « to s, sin 4 varies from — I to I , and ^ 
varies from -(w/2) to s/2. In view of Eq, (1.53). and noting that 

i/stn 1 \ ~ ssn*y = pcos£ (|,54) 

Eq, (1.50) can be rewritten in the form 

'•■IT 71 ‘ lss > 

Qr t = x ’ (1.56) 

in which 

(L57 > 

* 

Tins integral is known as the complete elliptic integral of the lirst kind, Its 
value can be obtained from a table of integrals, which tabulates A.' for various 
values of p. 

Equation. (1,56) can also be written in she form 


or 


r _ 2g 

7m 
i = 4K * 

Kr ^ 


a») 


in which P Kf — n'EifLK 

]f ihe deflection of ihc member h very small, a and consequently p arc 
very small* ami the term p 1 sin 1 in the denominator gl"K H is negligible. The 
value of K then approaches rtf 2„ and from Eq. (1.58) 



The nonlinear theory l bus lead* to the same critical load as the linear theory. 
This is to be expected,, since both theories arc accurate for imgi! deformation^. 

Il is now desirable to determine how the load varies as the deflection of 
the member becomes targe. Using Eq. ( 1.56), a curve of load versus a can be 
plotted, or the more commonly employed relation between load and mid- 
height deflection, S, can be obtained -d\ follows. 

Noting thflE dy = smQds and making tiw of Eq. (1 .47) gives 


dy = 


sin fl dd 

*/^2 k ^/eos & — cos a. 
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me miancigiit dentciion o h obtained by integrating dy 

4 - _ r dy ^ r wfff 

J i J I vf * fe v'COS £~- - COS A 

Tt»e limits for the integral on the right-hand side of the equation were 
Obtained by noting that & vanes from a to 0 as y varies Trcmi Q to 5. Using the 

relations in (1.49) gives 


a If* sin 8 dQ 

J i. V - sin 1 («/2)"-- sir 1 (0/2) 


Except for the term sin £?. this integral is similar to the one in Eq n 50) As 

null I %Tn ^*"?n r '“ c "■ f hertfore 

I, , Jl), 1 1-52), [1*53}, and {J r 54). one obtains 


J = i r _sin eapctetdi ) 

£k J o -y i - P 1 sin j $ip CCrSjJ) 
ti tan also be shown that 

sin 9 ■= 2p sin $J\ - p * sire 1 1 
Substitution of this relation in Eq. (1.59) leads to 


0-59) 


,-*/>*-* 


from which 


6_ 

L 




(1.60) 


Using Bqs. (1.58) and (|, 60), it , s possible to compute for various values of a 
!hc corresponding values of P/P tr and J/fo The results of such calculations 
urc summarized in Table I -I and plotted graphically In Fig M5 

As indicated previously, large-deflKlion theory leads to the same critic! 
load as linear theory, In addition, I urge- deforms lion theory predicts a very 
s ignt increase in loud with increasing deflection during the early stages of 
bending and a more pronounced increase in load, after considerable deform a - 
(ton has occurred. When lhe lateral deflection is one tenth the span a very 
sizable deflection, the load is only t % greater than P f „ and at SfL = 0,2, 
WP" - 1,06 It a evident from these results foal the prediction of bending 
at constant load made by the linear theory is valid for a considerable range of 
ac Format Ions. 
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Tabl^ i-| I.ouJ -ilcrtfjzc i on d-ala for column Ehrary 

{Adapted from Ret 1.6} 


* 

or 

XT 

40* 


K 

*12 

*.581 

1.620 

1 ,m 

P 

0 

0.174 

0.342 

0500 

JVfti 

i 

1.015 

1,063 

Iasi 

SfL. 

0 

4)10 

0.211 

02W 


, , or most acl “? J columns, as bending increases, the combined axial and 
cm mg stress will exceed the proportional limit of the materia] long before 
the deviation of the linear from the nonlinear theory becomes significant 
Consequently, wuhm.the range of elastic behavior, the results obtained from 
t he I a rge- deformation analysis in no way invalidate any of the mulls obtained 
Irom inc linear Analysis- 


1.9 BEHAVIOR OF IMPERFECT COLUMNS 

I n the derivation of the Euler load, the member is aMUmeij t0 be ^ 
straight and the loading ls assumed to be concentric at every cross section 
These idealizations are made to simplify the problem. However, perfect 
members do not exist in actual engineering structures, Both minor tmperfec- 
tiots of shape and small eccentricities of loading a* present in all red 
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™™ na " 1 V s We ™ desirable to investigate ihe behavior of an imperfect 
column and compart it with Ihe behavior predicted by the Euler theory. 

1.10 INITIALLY BENT COLUMNS 

In Shis article the behavior of an imperfect column is studied by considering, 
member whose centroidal axis [s initially bent, ft is a SS u med that the material 
obeys Hooke s law and that the deformations are small, Hence, of the ideal- 
rtalioiis made tn the Euler theory, only the one that assumes the member to 
be initially straight has been omitted. 10 

Consider the hinged column in Fig. M 6 . whose centroidal axis is initially 



*- |A IniiJiiljr ben t caff umfl. 

bent, Let the initial deformation of the member be given bv v. and ihr 

^^*1?™?'°"' ■ d " e IO bei ' dinB by> ' The s ° luli °" °'lhe problem can 
S£S“ : ^Hhom impaling the generality of the results, if the initial 
(form a Eton h assumed to be of thr form; 

,v # = asin™ (I- 61) 

f rBir,S f re C f Wd by lht chan *= m curvature, and not by 
curvature, y t + y . the internal resisting moment at any section is 

M, =, -Ely 
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Equating this moment to the c*tcr mall y applied bending moment. P{y + y*), 
gives 

£//' + P{y* +y} =- 0 U 

By substituting Eq. (1.61) for y* and making uk of the notation k 1 = FfEi k 
one obtains 

/' + k*y = -k*a sin ™ Cl 63) 

The solution of Eq, (1 .63) consists of a com picnic nUry function and a 
particular function. Thus- 

y = y r + y. 

The complementary function is ihc general solution of I he homogeneous 
equation obi as nod by setting llie left-hand side of Eq. (1 .6 3) equal to zero. It 
has already been shown that this is 

y f = A sin kx + if cos Ax (1-64) 

f 

The particular function is any soltit-ion of the entire non homogeneous equa- 
tion. When the right-hand side of (he equation consists of a sine or cosine 
term, the particular function is of the form 

y, = C sin ^ 4 - i> cos ^ (I .65) 

Substituting Eq. (1.65) into Eq, (L63) and combining terms gives 

[c(k* - £) + A l «]sin ^ + [o{k> - £) J<® Sf - 0 

This equation can be satisfied for all values of x only if bath (he coefficients 
of the sine and cosine terms are made to vanish- Hence 

c== wJkW=~' 

and eilhcr D = 0 or A* = 

If one lets A 1 = the solution for y becomes limited to F — 

This is not the case to be investigated, and D must therefore vanish. Hence 
D ^ 0 . 

Introducing the notation 


P 


A* r M0 
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Where P e ~ K 2 Etlt\ the expression for C can be rewritten in [he Term 

^ n _ an, 

— (t/e) - I — I — a 

Canicqucnily, 

era ■ 7tx 1 h 

0-«> 

a,ld y = A sin Ax d- B cos Ax -h y-^ a sin ^ (1.67) 

t he aibitn&ry constants in (1,67) arc -evaluated from the boundary conditions. 
The condition 


leads to 


Y ■* 0 BtX =;0 


i? = 0 

and from (he condition 


one obtains 


v — 0 at X = / 
0 ■* A sin kf 


i 

1 i 


Thus either A or sin k! must vanish. Letting sin kl =0 ogam hmils the 
solution for y lo P — P n . As before, this is undesirable, and consequently 

A - Q 


Substitution or A 0 and 0 = Q into Eq. (L67) leads to the bending 
deflection 


y " rr^ 05in T 

( 1-68) 

The total deflection from the vertical is obtained by adding I his expression to 
the initial deflection, Thus 

J'r = >b + y = (1 + sin y 


" *-rh*T 

{1.69) 

The total dell eel .on at midhesght is 


1 - a - 0 

l - « - t - {PfP t ) 

(1.70) 
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Fiaure M7 6 ivK a graphical representation of E=q. (1,70). The variation 
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ann* 


rjp, I - 17 Log d-d* flcvi ran curves of 
Fnici^Fly benE Cdlurriftf. 


Wi ' h ‘ hi ' 0Eld ra|fo P l?t is Shown plotted for two 

■ he i Wee'eo tn, ‘ ial imP !I rCC,i0n ' DL5Cd on tKesc ^«- '!« Witvior of 
c imperfect column can be summed up us follows, Unlike the perfect 

Sr; 2 £ "T ? Slmight U P 10 lhe Eul " ^ 'he initially deformed 

ISwtS a^Sr US 100,1 T lh= lMd fSnf5plicd ' Thc increases 

o The Enter L a m ° re rapidt * ^ the ratio of the applied loud 

? fa fl ^ intrtastfJ - The the initial imperfection, the larger 

E^uler 1 fh T fl, “ ny . fMd H ‘™ tver > » [he applied load approaches fh c 

of TelTi'Jtn r 110 " "Tf** b0,i " d re » rtr «“f the magnitude 

Ihi.c - r 1 "n perfect ion The carrying capacity of an imperfect column is 

i mpcrfoTioVr n h h *-' 1 1 ^ H U ’ er rcBariJleis of how small the initial 
J r f hE ' di8tor!t ™ « stable, the column experiences 
r r ir Jr8e dfiformil,,<jni al ImJ s considerably below the Euler load A 
carefully constructed column that is fairly straight to begin with docs ho ^ 

3 "f "" T""* lrad “ **' ' l “' » ■!» Eufcr 
load. Although Lhc failure mechanism ofcolumns has not yet been discussed 

ST ™Z; h M T d '"“‘:‘T 1 ™ te ' “ wmSSS 

Tl ed tn Z , ?*7 *' ,h ,arEC ^-fictioni cun thus be 

Mpeued to fail at loads considerably below lhc Euler load, while rdmivelv 
straight columns will support axial loads only slightly | ess ihan 


1.11 eccentrically LOADED COLUMNS 

In Article UO an initially bent member was used to investigate the behavior 

also tTsSS hvT n l h ' ° riTnpefrtcti0 ^ on colvmn beh»vior«Ln 

arso be studied by considering the straight but eccentrically loaded member 

mT" 7 £ u 8 ‘ J ‘ ,S aSSlimCd th ** lhC membef is ini,iaI ^ Straight, that ta 
material obeys Hooke's law, an d that deformations remain smafl Equating 
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the internal resisting moment -Ely", at uny section 
applied moment Pie + y) gives 


to the corresponding 


Ely" + P[e 4 . y ) * o 
Letting X ' 1 = PjEt. otic obtains 


(1-71) 


(l.? 2 > 


v" + *V = -A*r 
The general solution of this equation is 

y — d sin lex -f* B cos A.t — e (177) 

CVa, ’*“' 1 "* h— Kfc-» CO.dk™,. Thu, 

y = o til X - 0 


the condition 
kad$ lo 




and from ihe condition 


y = 0 «tx>( 

one obtains 

>i - e Lz ™ kj 

A Sin JfcZ 
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Substitution af Ihcsc re&ulis in Eq. (1.73) gives 

y = e(«te kx + 1 sio kx - I ) (i.74) 

An expression for the niicHtcighL dcPleciion y = 3 h obtained by lelling 

x = If 2. Thus 

* . / kt 4 l — CGSJ7 ^ A/ t;\ ,, 

J = n™T*- -OT T ~ 1 J < |75 > 

Introducirtg the identities 

cosit I = I — 2 sin 1 

and sin kf == 7 sin ^ cos 

Eq. (US) can b* reduced to 

,P, (“T “ ') 

□r * - *[** (y VJ) ~ ’] 

where P & « 

Figure 1-19 gives a graphical representation of Eq. (L76). The variation 



Fig. 1-19 Loa d -deffcclion cu^vci of 
ec-ccj^ncalSy leaded columns. 


of S mihPfPz is shown plotted for two values of the eccentricity e. Compari- 
son of these curves with those of initially curved columns, given in Fig, l-N, 
indicates that the behavior of an eccentrically loaded column is essentially I he 
same as tEial of an init tally bent column. In both cases, bending begins ®s \oon 
as the load is applied. The deflection increases slowly atfir^tand then more 
and more rapidly as P approaches #>*. At P — P t the defection increases 
without bound. Columns with hrgs eccentricities deflect considerably at 
loads well bdow the Euler bad, whereas columns with very small eeoeMrio- 
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Ster°L^| ,g T, n0t ? nt ! U ^ tcciab] y ur «' 1 «« 1^*1 is fflirly close to the 
?j! ! r W " t 5 0W ” lhs ‘ " WS&ive bendin e causes a column to 

collapse A column with relatively smell eaentricitfes ofloading eon therefore 
be expected to support loads only slightly less than the Euler load. On the 

"iderUly bcloT^ 6 " ^ *" C °' !3 ^ fll «n- 


1.12 SUMMARY OF IMPERFECT COLUMN 

behavior 

It has been shown that a slightly imperfect column begins to bend as icon as 
he loud is applied (hat the bending remains relatively insignificant uniiE (he 

" Load ‘ a,ld lhal |E]C ilren increases very 

rapidly Several important conclusions can be reached from these observe 

ions. First and foremost, the Euler theory, which is based on the fictitious 

? ra . Perr ” t me,7lbcr - P rlJV,dci a satisfactory design criterion for real 
imperfect columns, provided the imperfect ions arc relatively minor. The Euici 
load is thus a good approximation of the maximum load that a real imperfect 
com mu can support without bending excessively Second, the foregoing results 
form (he basis of a useful method of stability analysis, Up to now, (he critical 
load \ ias been determined exclusively by finding the load at which a perfect 
system can be in equilibrium in a slightly bent configuration, that is, the load 
at which neutral equilibrium is possible. Now, a second criterion for finding 
the eruical load can be staled as follows : 

The crtlica! load i$ the load at which (he deformations of a slightly 
imperfect system increase without bound. To apply this criterion, one gives 

* V T' 1 T 8 member or s > it,:in 40 be '"''Wligated a small initial deformation 
and then determines the load, at Which this deformation becomes unbounded. 

A third conclusion drawn from the foregoing analyses is that the behavior 
of an tmptifeel system can be simulated either by giving the system some 
initial crookedness or by applying the load eccentrically, The essential dif- 
ercnce between a perfect and an imperfect compression member is that the 
former must be disturbed to produce bending, whereas bending stresses are 
present in the latter as a direct consequence of the applied load. It is therefore 
not surprising that either eccentricity of loading or initial crookedness, both 
or which cause bending, can be used with equal success to simulate the 
ochEivioj- of :in imperfect syslcm, 


M3 INELASTIC BUCKLING OF COLUMNS 

In each of the investigations presented heretofore, the assumption has been 
made that the material behaves according to Hooke's taw. For this assump- 
tion to be valid, the stresses in (he member must remain below the proper- 

al | 

i 

i 

h 
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'■■'JO Colyjtin curve, 

lional limit of the material Figure 1-20 shows the Euler Curve and a horizontal 
hne representing the proportional limit of the material It is evident from the 
figure that, for slender columns, the applied load reaches the Euler load be Fore 
the ami stress exceeds the proportional limit, The linear elastic analysis is 
therefore valid for slender columns, and the Euler loud represents the correct 
buckling load of .such members. One the other bard, the axial stress in a 
short column will exceed the proportional limit of the materia! before the 
applied load reaches the Euler load. Consequently, the results of the elastic 
analysis are not valid fur short columns, and the buckling load of short 
columns must be determined by taking inelastic behavior into account, 
Before considering the theory of inelastic column behavior, |« us briefly 
review ns historical development. The Euler rormuta was first derived hv 
Leonhard Euler in 1744 (Ref. 1.4). It was, at the time, mistakenly assumed 
that the formula applied to short as well as slender columns, When les i 
results during the nineteenth century indicated that the formula was uncon- 
servjitive for short columns, Euler's work was believed to be completely 
erroneous and was discarded for a lengthy period of time. Finally, in ] 8S9 two 
men. Con si dire (Ref. 1.7) and Engester (Ref. 1.8), reached the conclusion 
that the Euler bad as presented by Euler was valid, but only for slender 
columns. They also realized that Euler's formula could he applied to short 
columns if the constant modulus £ is replaced by an effective modulus that 
depends on the magnitude of stress at buckling, F.rsgcsser believed the tangent 
modulus to be the corral effective modulus for inelastic column buckling. 
Considtre did not reach any specific Conclusions regarding the value of the 
effective modulus He did, however, suggest shut as a column begins to bend 
at the critical load (here is a possibility that stresses on the concave side 
increase in accordance with the tangent modulus and that stresses on the 
convex side decrease in accordance with Young’s modulus, This line of 
reasoning u the basis of the doubt* modulus theory, according to which the 
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guHJL, “ ”■ H Ul “v“p «*= LtfNgeni mogyius and (he elastic 

modulus. As soon as Engcsser became aware or Considered theory he 
acknowledged its validity and went on to derive the first correct value of the 
effective modulus based on the double modulus theory (Ref. I 9) However 
it was not until von Karmin in 19 ID (Ref, J.10) independently rederived the 
double modulus theory that it gained widespread acceptance. 

For roughly Hie next 30 years, the double modulus theory, or reduced 
modulus theory as it is sometimes called, was accepted as the correct theory 
for inelastic buckling, Then, in 1947, S hanky reexamined (he mechanism of 
inelastic column behavior and concluded that the tangent modulus and not 
ihe double medurus is after all the correct effective modulus (Ref. 1.| |Y The 
double modulus theory is based on the assumption that thcnxinl load remains 
constant as the column panes from a straight to a slightly bent configuration 
at the critical load. Only if this assumption is made does bending necessarily 
cause a decrease in strain on the convex side or (he member while strains on 
the concave side are increasing Shanley points mil that it is possible for the 
axial load to increase instead of remaining constant as the column begins to 
bend, and that no strain reversal need therefore take place at any point in the 
cross section (ft here is no strain reversal, the tangent modulus governs the 
behavior of all fibers ifi ihe rnember ai buckling. 

The tangent modulus theory leads to a tower buckling fond than the 
double modulus theory and agrees belter with lest results than the latter. It 
mi therefore been accepted by most engineers ns the correct theory of 
inelastic buckling. Nevertheless, discussions regarding the merit of each of the 
tnegnes cnntiruje. 

The succeeding articles are devoted to a detailed study or inelastic buck- 
cri,fCal ° r aa intlially perfect member i? determined 
usings nfi n i Icsimal deformation theory- Then, initial imperfections and finite 
deformations are introduced in order to determine whether or not the 
maximum carrying capecity or an mehisiic column coincides with the critical 
load as is the case for elastic columns Finally, the theoretical findings are 
used to develop desrgn criteria for real engineering materials 


1.14 DOUBLE MODULUS THEOflV 

In this article the critical load of a column whose axial stress exceeds ih« 
proportion! tmui prior to buckling is obtained by means or the double 
modulus theory, The analysis involves the following assumptions: 

I Trie column is initially perfectly straight and concentrically loaded, 
r Rain ends of the member are hinged. 

X The deformations nrt small enough for !f)e eumture to be npproxi- 
msled by y ' „ 
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4. The same iclatigrt crisis belween lending stress cs and bending strains 
a* cirsii belween stress and siratn in simple tension and compression. 

5. Plane muons before bending remain plane after bending: hence 
longitudinal strains: vary linearly as iheir distance from the neutral 
surface. 

The critical load is obtained by means of the concept of neulral cquiJib- 
rium. Accordingly t the crilicaL load h defined as the ujdaL load at which 
equilibrium is possible both in the original undeformed position mid in 
adjacent slightly bent configuration. This definition implies lhat the axial 
loud remains constant a* the member moves from the straight to the deformed 
position. 

Consider the column shown in Rg„ 1-2 ty The final deformed configura- 
tion of the member is reached by applying an axial force to the initially 



Fig. 1-21 Keduued modulus theory (Adapted hum Fl<r. 1.12), 
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ilraiglu column, letting the fores increase until it reaches the critical load, 
and then Idling [he member bend slightly while the axial force remains con- 
slanl. Jn other words, the behavior of the column follows curve 0-1-2 in Fig, 
1-2 lb. The .mini stress. <*„ PJA, that is present when bending begins is 
assumed to be above the proportional limit of the material (Fig- l-2Je). 
During bending, there occurs a small increase in the stress on the concave 
side of the column and u slight decrease in the stress on the convex side of the 
member. The final Stress distribution cm a typical cross section of the bent 
column js shown m Fig. l-2ld, At any point in the cross section, the total 
sircis eonsisis Of a uniform axial stress, rr. r . und !t variable bending stresi 
The deformahon corresponding lo this bending sircis distribution is shown in 
I'lg. 1-2 EC. 

The clastic modulus £ always governs the relation of stress to strain when 
a fiber unloads. Hence (he decrease in stress, er,. on the convex side of the 
column, which occurs as the member bends, is related to the corresponding 
decrease in strain, r „ by the relation 


{1.77} 

On the concave side, bending causes an increase in the total stress, and the 
instantaneous relalion of the bending stress er, to the corresponding strain 
f } [S lhere f° re li«verncd by the tangent modulus. Since deformations beyond 
the critical load are assumed to be infinitesimally small, bending stresses arc 
very small compared to o ir , and the tangent modulus E, corresponding to 
tr e , can be assumed to apply over ihe entire pari of the cross section where 
ihe stress is increasing. Hence 


where £, is the slope of the stress-strain curve at a = a„. Noting that the 
curvature it given by tt+fds {Fig 1-2 le). (he bending strains f , and e , located 
ai usances ig and from ihe neural axis arc 



(1.79) 

OB0) 


Stresses and sire ins are positive when compressive and y is positive when 
measured to the right of the neutral axis. Approximating the curvature by 
y » Bqs. ( ] , 79 ) d nd { 3 . 80) btcomt 


*■“■*!*" (3.81) 

***=**?' (1.82) 
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Equilibrium helween the eternal load and the stress on any section will 
now be considered. It has been ass Limed that the axial load remains constant 
during bending. The resultant of the tensile and compressive stresses due la 
bending mus! therefore vanish. Thus 

J ' a , dA + £' e, dA => 0 (| .83) 

In viewofEqs, (I 77), (1.78), (1.81). and (I S3). Eq. (i.83) becomes 

j‘ ti d* + £./' ii dA = 0 ( 1,84) 

Introducing the notation 

Qt = Qi=^t i dA (1.85) 

For the moments of Ihc area on eilher side pfthc neutral axis about this axis, 
Eq. (1.84) can be written in the form 

££.+£& = 0 (1.86) 

Equation (1.86) is used to determine the location of [he neutral aits. Since 
E < ^ E, Qi T Qi ^ 0. und [he neutral axis does not coincide with the 
ccntroitjal axis for inelastic bending. 

A second condition oF equilibrium is lhat the bending stresses balance 
the externally applied moment Py. Thus 

j, er,r, dA + j^iZ^A + Py = 0 (].87) 

Making use of Eqs. ( 1,77), { I.7B), (] .81 ), and (1 ,82). one obtains 

S‘{ E £ dA A- E, |' 1 1\ dA) + Py^ 0 (! .88) 

The two integrals Inside the parentheses are equal to the moments or inertia 
oF the areas on either side of the neutral axis about this axis, Representing 
these quantities by 

= J ( ' d-* and /, “ J** * l dA (1 .89) 

Eq, (t.B3) lakes the form 

/‘{Eli + EJJ+ Py = 0 ( 1 ,90) 
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Finally, by inirodoeirig the nolalion 

E, = £/ t + Bih (1.90 

one obtains 

£,!/’ + Py* 0 (1-92) 

Equation (1-92) is the differential equation for the bending of a column 
stressed into (he inelastic range of the material. Comparison of this equation 
with Eq, {1.1} For the elastic column indicates that the two are identical except 
that E has been replaced by E„ (be reduted modulus, It is evident from Eq. 
(1.91) that the value of E, depends on the stress -si rain characteristics of the 
material and on the shape of the cross section, and that £, is always smaller 
than E. 

Aloog a given, column, E r is constant; that is s il is not a function of Ihe 
independent variable x. Equation (1.92) is therefore a linear equation with 
constant coefficients, and its solution is identical to lhal of Eq, (1*1) for (he 
clastic column, except that the elastic modulus £ is replaced by the reduced 
modulus E,. The critical load of an initially straight column whose axial 
stress exceeds the proportional limit prior to buckling is iherefore equal to 

/»=^ (I.W) 


The load given by Eq, (1.9J) is commonly referred loas (he reduced modulus 
load, Since E, < E, the reduced modulus load, is nlways smaller than the 

Euler load. , 

For design purposes, Eq. (1.93) is usually rewritten In the form 




(I W) 


where (a r } ri Es the critical si f ess corresponding to the reduced modulus load. 
To obtain ihc critical stress for a given member, it is necessary io evaluate 
E r > This il accomplished as follows. For a rectangular section, Eq. (1.86) 
reduces to 

= £,'1 


where r, and c z are ihe distances from The neutral axis lathe e*lreme fibers in 
tension and compression, respec lively. Moling that /r, [he lolst depth of ihc 
cross seclion, is given by 

h - Ci + c t 


one obtains 
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Using these relations. the expression for the reduced modulus given by Eq. 
(1.91) can be simplified to 

*=C7zfk? 

Jn a similar manner, the reduced modulus of an idealised /sedion., that is, 
two flanges of equal area connected by a web qf negligible Lhlckncs^ is found 
to be 


E = 2E£ t 

E ' = frk 


a*»> 


Since E f depends on |hc tangent modulus at the critical stress, Bq, (3.94) 
tonne! be used directly to Solve for Instead, the variasion of E t with 
(&r \ r « obtained from the stress- strain curve of the material and a column 
design curve, similar to the curve in Tig. HO, is constructed. The critical 
stress corresponding to any value of 1 'frtan then be obtained directly from the 

design curve, 


1.1S TANGENT MODULUS THEORY 

The tangent modulus theory of inelastic column buckling will now he con- 
sidered. In determining the critical load by Ibis theory, the five assumptions 
made in the double modulus theory j listed on page arc retained. However, 
one assumption made previously, that the axial load remains constant as the 
column passes from the straight to & slightly bent position of equilibrium, no 
longer applies. Instead, the tangent modulus theory assumes that the axial 
toad increases during the transition from the straight to the slightly bent 
position. It also assumes that the increase in the average axial stress is greater 
than the decrease in stress due |p bending at the extreme fiber on the convex 
side of the member. Hence no strain reversal lakes place on the convex side. 
The compressive sirens increases at all points, und the tangent modulus gov- 
erns the relation of stress to strain for the entire cross section. 

The d rife re nee between the tangent modulus theory and double modulus 
theory can be sum mart zed as follows: The double modulus iheory assumes 
that the axial loitd remains constant as the Column moves from the straight 
lo a slightly bent position, ai the critical load. Hence the compressive stress 
increases according to E t on l lie concave side qf the member and decreases 
according to E on the convex side. In the tangent modulus theory, the axial 
load is assumed to increase during the transition to the bent form. There is no 
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by e r at all points in l he cross section. 

iicrciofofc, the critical load was defined as the 

ul , eqUll,bnUrtl in (he strai & l t t ^figuration c eas « to be stable 

membe/Lmi E" 1 ““ th * 3 * ial ,0 *» is «™*i to increase ns the 

now 2S!E ‘^ reach . ing !hc cnliMl *»*■ Hem* member is 

criiirlnw ,* ab0VC f ( e cn,msl ,oad - and «* Q] <* definition oMhe 
cruel load .s no longer vaj,d. A definition of the critical load, more suitable 

! h P fobLe rn al hand. is the lowest load at which a bifurcation orequili- 
bnom can take P | act . that is. the smallest load at which the deformation 
pattern of the member suddenly change*. The critical load satisfying this 
definition will now be determined, J e 

?f nS ?r “ CQiumr ' ihAi * iE, ' Ual| y 5[rai SHt an d remains straight until the 

""'7; i«-i Th. c„m mo , he „ m ,,3,.’^'^ 

posit|on to □sl.ghtly bem configuration, and the aria! load increases from P 

Z , + C JB ‘ 122) - “ » S a4Sumcd tha * W is tir E« ^ough, relative to the 
bending moment at any section, so that the stress at all points in the member 


P +6P 


P + AP 


Ssroighi BffM 
form 1 form 2 





Sires* ■d-slf ibuBHSn 
fof btrtl form 2 


S^e&s di5ifit>uhon 
f^T tlroighP form 1 


dislrioy lion 

cross section 
1-11 Tan^eoJ modulus theory. 
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increases as bending rakes place. Since deformations beyond the critical load 
aw assumed to be infinitesimally small, the increase in stress Ao (hat occurs 
during bending is very snail compared lo the critical stress and E, 
corresponding to car be assumed lo govern ihe increase in stress ar all 
points in the member. 

Since the same modulus governs bending deformations at all points in the 
member, (be neutral axis coincides with ihe cent raid* I axis, and bending 
stresses vary linearly across the section as in elastic behavior. The only dif- 
ference between this case and elastic bending is that increases in stress are 
related to increases in strain by E, instead of E. For the bent form shown in 
Fig. 1-22. the interna] bending moment at any section is 

- -E,Iy" 

Taking into account that A P is negligible compared to P, the external moment 
is Py. Hence moment equilibrium at any section leads to 

E.ly*' + Py .= 0 (1.97) 

Equation £1.97) is identical to Eq. (E.l), the differential equation of elastic 
buckling. except that E is replaced by E t , The critical load obtained from (he 
solution of Eq, {1. 97) is therefore 

f « = ^-pr' <).$«) 

This expression is generally referred to as ihe tangent modulus loud Com- 
parison between Eq. (I.9B) and Eqs. (1.91) and (1,93) indicates that the 
tangent modulus load is always smaller than Ihe reduced modulus load and 
that the former, unlike the latter, is independent of the cross-sectional shape. 


1.16 STANLEY'S THEORY OF INELASTIC 
COLUMN BEHAVIOR 

The analysis presented in this article concerns itself with the behavior of 
■ ]ne . !aslic c °l um os beyond the critical load. To carry out such an investigation, 
, it is necessary to consider finite deformations. As long as an analysis or 
inelastic columns is limited to infinitesimally small bending deformations, 
the tangent modulus can be assumed (o be constant over (he entire part of the 
member where the compressive stress is increasing. This idealization was made 
in both the reduced modulus and the tangent modulus theory presented 
previously. However, for finite bending deformations, the actual complex 
variation of the tangent modulus in the plane of any cross section as well hs 


Art. 1,16 


ShjMftr'v J'Jreotv o/tnvfMMite Ctfcmn Bmh^vior 4 $ 


along any longitudinal fiber must be considered. Since it is impossible to 
express this variation analytically, the differential equation of inelastic column 
buckling for finite deformations car only be solved by numerical procedures. 

By using a simple column model, Shanley (Ref. 1,1 1) has shown that the 
numerical complexities that arise from considering the variation oft he tangent 
modulus can he avoided and an approximate closed-form solution is obtain- 
able. As shown m Fig. 1-23, the model consists of two infinitely rigid legs 



connected to each other at the center bf the column by 3 deformable cell. The 
cell is made up of two axial elements a distance it apart. Each dement has an 
area AR a nd a length 1, and behave, according to the bilinear stress-strain 
c.irvL m Fig. J-2_V Concent mil an of all! the deformable material, in lwt> ek- 
ments, at the center of the model obviates the need for considering Ihe com- 
Ifiex variation of material properties both along the length and throughout 
the cross section exhibited by a real column. 
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The model is assumed to remain straight until the critical Ic^d is readied. 
It is t hen deflected laterally & finite distance J. The resulting axial strains or 
ihe cell elements art f, and * a . These strains ate due id bending and any 
change that occurs in the axial load during bending. They do not include ihe 
axial strain present before bending begins. If the lateral deflection rf remains 
fairly small, it is related lo the slope of the legs, a h by 


Since 



Eq. (L99) can be rewritten in the form 

d^-L-ie, + ej 


(l.99> 


Ci.lOO) 


Since the model is so equilibrium in the deflected configuration, the 
external moment at mid height is equal to the internal moment ai that point. 
The external moment is 


Corresponding lo fhc strains e, and e tn there are axial loads Z 3 , and P a in the 
cell dements. Like the strains, these toads are not the total loads. They 
ncpieserU only the change in load that lakes place in each dement as the 
column passes from the straight to the bent form. If the effective modulii in 
the two elements are designated by £ L and £ as then 

and the internal moment at the cell is equal to 

M, = {P, -F /*i )4 = *£ (E, et + Ei ej ( 1 . 103 ) 

Equaling external and internal moment gives 

+ J.O 

from which 
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'• -* if ™ *. m. 

. P ° im j J I'* sefil1 10 ob(ain an ea Prcsston for the tangttt! modulus 

of the model. The igngent modules theory assumes that there is no 

bJfimVSeS E - fi P " ll F “ SKli0ft at lhC ilKLmt ,hal Uadin & 

gins. Hence £. = £:= E,. and Eq. (1,104) leads to 


r, = 



(1.105) 




E * “ E ‘ (1,106) 

" f " * d ' W » di “« »•*«» ™ M revetjal 

Unpjmn.lh.cm, s ,d. of.t. model afKr b.„die s ha! !U „ [d Us ,„ 6 


r& § (I.1OT) 

und subslilutinj Eqs. (1.106) and (1,107) ,nto Eq. (U04), one obtains 

p _ dltE, f, 4- Wl 

^^7+1^ (t.108) 

Front Eq. (1.100) 




and 


j B -j _ it 


Substitution of Ihese relationships into Eq. (1.10U) leads to 

° r E = + 1 ~ >>i] (1.109) 

*“ 1 f/ ‘ flrld ihtlS pyl ^ < J| *) »«° a more useful 
form. a Second expression for P wilt now be obtained. It has already been 
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assumed that ihc Applied load P increases us the column bends. If it is now 
also assumed that bending starts at ihc tangent modulus load />, then 

/'“P.+AP (II 10) 

The increase art load A P (hat occurs during bending is given by 

Ap=p,~p,_£i|d_a|i4 

Employing Eqs. (MW), (1.107), and (MOO), it can be shown (hat 

AP ^ 4^^ - (t + !>,] (t.1 12) 

Henoe . P = -P f + ^[^^(T + |)e 1 ] 

or p “ p '[} + T ”25^1 + T ^] (I ■ 1 13J 

Equaling ihc expressions for P given by Eqs. (U09) and (1.1 13) leads to 


H 1 

1 f(t — I) A , t I I 

57 + i — f 


d-114) 


Finally, substitution of this expression into Eq. (1.109) gives the desired 
neEalidn: 

f,= , '( 1 + s+T?r) (| .us) 


Using this relation between the applied load P and the lateral defteeiion J the 
post buckling behavior of (he model can be studied. 

Asassumed, the model begins to bend at the laugcm modulus load ; that 
is. P - P, when d = 0. As rf increases, the variation of P with d depends on 
trie value of r = F. 3 IE,. This ratio is either equal to unity or E/E,, depending 
<m whether or not Strain reversal takes place on (he convex side of the model. 
If there is no strain reversal, t = I, and P remains constant at P, as the model 
bends. However., bending a l constant load prcuJuces strain reverse [_ The 
assumption of no strain reversal thus leads to inconsistent results and must be 
discarded. Assuming that strain reversal does lake place, z = £/£], and Eq, 
(1.115) indicates that P increases with increasing deflection. 

It will now be shown that P increases and approaches P„ the reduced 
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modulus bad, as the defied ion d becomes taige compared to h. The reduced 
modulus Ihcory assumes that bending takes place at constant load. Hence 
"i — Pj. artd £|,e, — from which 


In vrew ofEq. (I .IOQ) 


e I 

J TTT1 


AhE, 


(1.116) 


Substitution of this relation into Eq, (U09) leads lo 

( l + tT~t) 

Jhe reduced modulus load. The load supported by the model [Eq. (1.113)1 
thus approaches ihc reduced modulus load (Eq, (1.116)] as the deflection 
becomes very la igt r 

The behavior of the model obtained front Eq. (1.1 1 5) is summarized by the 
solid curve m Fig. 1-24. Bending begins at the langctit modulus load and 



progresses With increasing axial load. As the lateral defect ion becomes 
Jargc, the axial Eoad approaches ihc reduced modafus Joad. 

The most important difference between an actual column and ihc model 
is that E, decreases with increasing compressive strain in an actual column 
Whereas it was assumed to remain constanl in the mode], A better apprexima- 
mn of the postbuckling curve than that given by the solid line in Fig, |-24 is 
0 blamed if the decrease in £ r is lulten into account. As shown by the dashed 

curve m the figure, the model then has a maximum load whose value lies 
somewhere between p f and p t . 


warm regards: Haider.sa@gmail. 


50 ButAiing of Ctfivmnw 


Ch , r 


Although Lhc model represents art extreme simplification of the actual 
column. it does lead lo the following valid conclusions regarding Prtel&stic 
column buckling 

1, An initially straight column will begin to bend an soon as the tangent 
modulus Load is exceeded, 

2, Subsequent to the onset of bending, the axial load Increases, and 
reaches a maximum value that lies somewhere between Ehs tangent 
modulus load and the reduced modulus load, 

3, Allhough there is no strain reversal at the instant 4 hat bending begins, 
strain reversal docs occur as soon as the bending deformations are 
finite, 

or these three findings, probably the most significant is that the maximum 
load of the column lies somewhere between the tangent modulus Load and the 
reduced modulus load. 

A more precise study than that conducted by Stanley involving real 
columns made of real materials indicates that is usually closer to P t than 
to P f and that the ratio PjP UiX ^ 1-02 to I -10 (Ref 1.13). ft can Ihus be 
concluded that the tangent modulus load is very close to the maximum load 
that nn inelastic column can support. 


1 r 17 ECCENTRICALLY LOADED 
INELASTIC COLUMNS 

In this article the behavior of an eccentrically loaded column, stressed beyond 
the proportional limit, will be considered. As pointed out previously, the 
relation of stre&s to strain in a column being bent inelastically Varies in a 
complex manner from point lo point in the member. 3t it therefore not 
possible to obi a in an exact closed- form solution to the problem of inelastic 
bending of an eccentrically loaded column. Instead, the problem must be 
solved by means of a numerical procedure Such a method has been devised 
by von Karrnan (Ref- M2). However, it involves laborious calculations, nfld 
its use is therefore justified only if a very accurate solution is required- In 
most instances, an approximate solution suffices, and this can be obtained 
without unduly lengthy calculations if one ar more simplifying assumptions 
arc made, An approximate analysis of this type is presented here.* It is based 
on two iibsumptions: 

I. The column q«i$ deflects in a half-sinewuve- 

‘Thitmcihpd of analyzing an eCMnitiexlh loaded inckllEc column was, i^eslcd lo Ibc 
author by Warn it Lmt nj, of Lhc Grumman Aircraft Enginrerinji Cpr^riLiari. 
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* ‘"''hr* (1.117) 
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Substitution of this relation into Eq, (Ml?) l ea ds i 0 
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Making use of ihe expressions 
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P , Mh 

H + 77 


(1-119) 


(1.120) 
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Eq. (1.119) can be rewritten in the form 

r=1 —£h o.m 

Jn which bending moment M, di any section, is equal to P{e ■+* y). 

Equation (1.121) is the inelastic bending equation that results from 
assuming a linear Stress variation between the extreme fiber stresses of the 
member. It is similar to the elastic moment-curvature relation except that the 
constant modulus, ff, in the latter has been replaced by a variable chordal 
modulus, 

Assuming that the deformed shape of the column is given by 

y — <5 sin ^ (1,122) 


in which S is the deflection at midhdght. Eq. (1,121) becomes 


Sx 1 .s™ M 

F™ T = e^J 

Substitution of a = HI and M = P{ e + # j nTo Eq (U23) g ivts 


(1*123) 


and because / — At 1 , 


S - Ck + <*> 

ir 3 / 


S Tr 1 

n*.Ecai 


(1.124) 


I-quation (1.124) gives the midheight deflection £ us a function of the 
average compression stress <t 0 . However, a solution for £ can be obtained 
only if c tH corresponding to a given value of 0 , is known. 

The maximum stress at midheighl is given by 


Or 



P{e + SVi 

2/ 


+4)3 


(1.125) 


Substitution for £/ e from Eq. (1.124) into this expression leads to 



(1.126) 
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Equation {J . £26} allows one to obtain £ c „ corresponding to a given value of 
(j ffp iind thus makes possible the evaluation qf 5 in £q r ([,124). Due lo the 
presence of a tt it i& not possible to solve Eq t (U26) directly. Instead, the 
equation must be solved by iteration- One assumes a value for Ec n , solves for 
Oj in Eq. (I *126), und then using this result gne obtains a new estimate of 
Ec.h from Eq. fJ.I IS). It is assumed Lbat the cross section of the member is 
doubly symmetric and that the minimum stress * Cl in Eq. (l r l 18) p is given by 

(1.127) 

The use of Eqs.< 1.124) and ( t . 1 26) in combat ion with Eq.(l J IS) makes 
it possible iq obtain [he bud-deflection curve of un eccentrical ly loaded 
column. The complex nature of inelastic bending becomes apparent when 
on* consider* the amount of numerical work required lo obtain a solution, rn 
spite of the fact that two very sweeping assumptions have been made. 

Using the above procedure, the behavior of eccentrically loaded columns 
will now be examined. Consider a column whose cross section consists oN wo 
flanges connected by a web of negligible area (Fig L26a) r Each flange has an 
area A - 20 m. a and She flanges are 10 in. apart. The slenderness ratio of [he 
column is 3-0,4 and the member is constructed of an aluminum alloy having 
the sfress-strain characteristics depicted in Fig. I -26b. Load- deflection curves 
will be obtained For eccentric iiics of LO, 0.5, and 0,1 in. To illustrate the 
procedure used lo construct the curves, a set of sample calculations is given. 

Let it be required to obtain the deflection, J, corresponding to o q = 3B 
ksi and f = 1 .0 in. The first step in the calculations is the deter mi nation of a 
sel of values For a a and that satisfies Eq, (f , 1 26). Substitution of o, = Jg, 
ttfr 1 ** 0,2, and t/r = 30.4 into Eq. (1.126) reduces it lo the form 

J -- 3,+T - 6 i-i w»e*i tLliE> 

As a first approximation, assume e 3 = 48 ksi and u t — 23 ksi. 

From Fig. J-26b, f , = 0.0047J and f , = 0.00267, 

Using Eq, ft, I IB) gives £ c „ “ 9.7 X I0 J ksi. 

From Eq. (1,128) one obtains a t = 50,0 ksi. 

As a second approximation, assume s , - 50.0 ksi and tr, = 26.0 ksi. 
From Fig, 3 -2Gb, t 3 = 0,00500 and t , 0.00247, 

Using Eq. (U IK) gives £^„ = 9,5 x 10 J ksi. 

From Eq, (J,l28) one obtains at = 50-2 ksi. 

As a third approximation, assume er. rr 50.2 ksi and o, = 25.8 ksi. 
From Fig, I '26b. fl - 0.D0502 and e , = 0.00245 
Using Eq, (3. MS) gives £ch = 9.45 x [O’ksi. 

From Eq. (1.1 28) one obtains ■= 50.2 ksi. 
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E* CM 24). Thus Rouble lo solve for the deflection 6 using 


m 


0.6 [ in r 
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exist two ‘‘ ,0B ? bcct,mw a PPa^nt that there 
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5.5 * MG 1 ksi is (he second solution to Eq. (1.128), The deflection corre- 
sponding to E zil = 5,5 X [O' ksi is 

■= I .S 3 in. 

B3~ 1 

Proceeding m a similar manner, sufficient dala have been obtained (oplci 
Hie load-deflection curves presented in Fig. 8 27, Cu f v« giving the relation- 



FJ& 1-27 Fair urc oF W¥i*i rka Uy l&adetj column %. 


ship between the average stress and the midheighi dcneciion 5 arc given 
Tor three different eccentricities of loading. The dala used in plot these curves 
art ] listed in Table I -2, 

For each curve shown in the figure, the load increases with increasing 
tiehccliOn until a maximum load is reached. Beyond that, the load drops as 
the deflection continues to grow. Configurations on the ascending branch of 
the curve are stable, because an increase in load in required to produce an 
increase in deflection. Ely comparison, the descending branch of the curve 
represents unstable con figuration 5 , since increases in deflection involve 
decreases in bad. The maximum point on the curve thus represents 0 
transition from stable to unstable equilibrium. When the load corresponding 
to this point is reached, the column collapses. 
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The load-defied ion curves in Fig. 1-27 are for a column whose slenderness 
talio is 30.4. The tangent modulus load of this column is 52.5 ksi (Fig 1-25). 
it 15 evident from Fig, [-27 (hat the maximum load which the column can 
support approaches the tangent modulus load a? the eccentricity approaches 
zero. I his result substantiates the conclusion reached in Article I.16 - that is 
the tangent modulus load is very close to the maximum load ihal'a short 
concent ricaliy loaded column can sorely support. The curves in Fig, 1-27 also 
indicate that the maximum load drops sharply with increasing values of I he 
eccentricity. The load-carrying capacity of short columns is thus seen to be 
very sensitive to eccentricities of loading. 

The collapse mechanism illustrated by the curves in Fig. 1-27 is iypj cs ,[ of 
what occurs m all colum n, regardless of whelher they are long imd buckle 
elastically or if they are short and hackle indaslkatly. The mairt difference 
hetween the behavior of brigand short columns is that the onset gf buckling 
41 . o«.ir almost simultaneously in short columns, whereas iherc 

exiils a considerable delay between the start of budding and collupsc in very 
long columns. However, in both cases the final collapse of (he member is 
brought about by inelastic behavior of the material. 

Equilibrium of a bent column is achieved by maintaining u balance 
between the externally applied moment and the internal residing moment at 
any section doth moments are functions of (he lateral deformation of the 
member. As soon as ihc stresses exceed ibe proportional limit, the stillness or 
the material decreases, and the increase that occurs in the internal resisting 
moment for a given increase in deformation begins to grow smaller and 
smaller. Al first, a Corresponding decrease in the rate of increase of the Applied 
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load for a given increase in deflexion is sufficient to maintain balance between 
the internal and externa] moments. Eventually, however, the increase in the 
mlemal moment, with growing deflections, becomes so small that equilibrium 
between it and the external moment can be maintained only by a decrease 

in the applied load. As a consequence, the load drop* and the member col- 
lapses 


1.16 BUCKLING LOAD OF SHOflT COLUMNS 

In the preceding articles, various studies of inelastic buckling have been 
presented, It is now necessary to evaluate the results of these investigations 
and to decide upon a suitable design criterion for short columns. In other 
words, it is necessary to answer (he question, “What is the inelastic buckling 
load that corresponds to the Euler load in the elastic range?" 

The classical theory of stability defines the critical load as the load at 
which a perfect column can be in equilibrium both in the straight position 
end in an adjacent slightly bent form. For slender columns that buckle at 
stresses below the proportional limit, the classical theory leads to the Euler 
load. The analysis of an imperfect column also indicates that the Euler load 
is the buckling load or a slender column with small initial imperfections. If 
a slender column is carefully made and reasonable care is exercised in obtain- 
ing Concentric loading in the testing machine, the column remains fairly 
straight until the Euler load is reached and then buckles laterally at constant 
toad, Hence the classical concept of neutral equilibrium, an analysis of « 
slightly imperfect member, and test results all lead to the same conclusion— 
the Euler load is the buckling load of a slender column, 

As indicated by Hoff (Ref, 1.5), the situation is unfortunately not asiimple 
and straightforward when short columns, whose buckling stress is above the 
proportional limit, are Considered. The classical concept of neutral equilib- 
rium leads to the reduced modulus load. If the critical load is redefined as the 
lowest load at which a bifurcation of equilibrium is possible, regardless of 
what happens to the axial load during (he transition to the bent form, then 
the tangent modulus load is the critical load. The tangent modulus load is 
also very close to the analytically obtained maximum load that an initially 
imperfect column can support, as the initial imperfection approaches aero 
The results of carefully conducted tests indicate that the maximum load lies 
between the tangent modulus toad and the reduced modulus load, usually 
very close to ihe former, It is thus apparent that the selection of a design 
criterion for inelastic buckling is not quite as clear cut as it was for elastic 
buckling. Gn the one hand, a choice must be made between the reduced 
modulus and tangent modulus theory, and on the other hand it must be 
recognized that what is usually simply referred lt> as inelastic buckling 
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stress iif a given member can be obtained directly from a graphical representa- 
tion of Eq. (1.129), A curve of this type, which gives a c , as a function of Xfr 
and is known as a column strength curve, will now be obtained for u typical 
aluminum alloy. The stress-strain curve of the material is gi ven in Ptg. |-2fl, 


oo 

b 

S 

£ So 
«5 


coo4 oooa j_ia SiitH-siniin cum for 

SFr-qui c atu/rtimim alloy. 

Equation (J .129) can be rewniten in the form 

4”“ "VoE {u3tr ' 

To plot the variation of tr„ with 2/r given by Eq. (U30). it is necessary to 
have corresponding values of E, and <r„. These have been obtained from the 
stress -strain curve and are listed in Table 1 0. The Values of X/r obtained by 
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solving Bq. (I 130) are also listed in the table. Using these data, the column 
Strength curve in Fig. 1-29 has been plotted. This is a design curve that can be 
used to determine the inelastic critical stress of any column, made of the given 
material. 
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WIDE-FLANGE STEEL COLUMNS 

The Simple and straightforward procedure used to obtain the column strength 
curve for an a um.ntin. alloy in article 1.19, unfortunately, cannot be appL 
to Structural Steel. In an aluminum column all fibers exhibit the same stress- 
strain characteristics. This is, however, not the case for struct Ural-steel 
Lo.umns, Residual stresses, stemming from the manufacturing process of the 
mernher, cause ihe stress-strain characteristics to vary from Rb er to fiber, and 
a direct application of the tangent modulus theory is not possible 

If a compression lest is run using a coupon of material taken parallel to 
^ “ IJi °L* ilruciural-ileel member, a stress-strain curve similar to that 

?*X" >n u g ; f ?***'""* Thc mfltcria ' Shaves in a linear manner up 
o the yield stress and then deforms a considerable amounL at constant Stress 



tai Coup* ft Vroifl curve 

fliUCturdl 



tbj CoIuim cur^r 


tie. 1-30 Sinicin ral-sicti behavior (Achpied from Ref. 4.B), 
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Using Ehq fUw-Httrsin curve in Fig. I -30a, the tangent modulus theory leads 
lo the column strengthen eve shown in Fig. I -30b. According to this curve, a 
member will fail as a re sult of elastic buckling if JL/r> njTJv, and by 
yielding if X}r < it*jE}u F . However, a Large number of tests shown that 
columns of m termed hi l e Slenderness ratio tend to buckle at loads signifl tan lly 
below those given by the curve in Fig. 3 -3Gb, At one lime, this discrepancy 
was alltibutcd entirely lo unavoidable ecccnirscilies of loading arid initial 
in perfect tons in the member. However, during the I930s p a series of extensive 
irwcsliga lions al Lehigh University demonstrated conclusively that residual 
stresses account Fora large portion of the discrepancy between ihc theoretical 
curve and 1 he lest results in Fig. J -30b. An excellent summary nf findings 
is given, in a paper by Bcedle and Tall (Kef. 1.14). 


Residual Stresses in Hot -Rolled Steel Members 

Hol-rolled slruclurslsltcl members develop residual stresses ^ i result of 
uneven cooling during the manufacturing process. In wid c-flangc shapes, the 
tips of the Hangs cool more rapidly than the area j| the intersection of the 
web and the flange, where a relatively Surge mass gf male rial h situated. 
While Ihc flange lips cool and contract, the flange center is still warm and 
soft. Hence it c;m follow the deformation of the lips without causing stresses 
lo be induced in ihc member LjLer* however, when the [hinge center cools 
and Irics lo shrank* llie deformation is resisted by the already cold and rigid 
flange tips. As a result, equilibrium is finally achieved with Ihe flange center 
m tension and Ihc flange Lips in compression (Fig. 1-31). The central part of 



Fig, 1-3 1 Uneven croling qf haU 

rolled widc-flxng.c 


the web also cools more rapidly Ilian the web-flange junction, and compres- 
sive residual stresses consequently also develop in the web. Because of their 
proximity lt> the neutral axis, these residual stresses are, however* much less 
important than those in the flanges. 

The presence of residual stresses in structural-sled columns hu$ been 
confirmed experimentally both by ihe method ofscctioning^nd by obtain iing 
average $ tress-strain curves from stub column tests, that is, compression 
tests of very short columns. In the method of sectioning, the member is cut 
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? constant liras. Bj. compar.son, residual stresses are present in the stub 
o u mtt f causing those fibers with an initial compressive stress to yield before 

snri' a i* ,,t itrCi5 reacbci strength of the material. Yielding then 

p. ads progressively, as the toad is increased, from the fibers initially in 

lensifeTress t1 T \ R ° anJ n " aU * to **““ « initial 

* e stress The stub-column Mresmrain relation thus exhibits a eradual 
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lum of the original residual stresses and the additional stress required ,o 

Wheruhc = itpp <ec1 ^ ^ 1-3 ^ Yleld 'flE commerces, at the flange tips, 
the average applied stress P/ A plus the residual stress*, at these points 

” eqUi1 ' 10 , . h i e y ! tld * tKli # h *> of the material (Fig. |.J4<|). Thus er , ihc 
proportional limit of the stub-column stress-strain curve, !j 


r - V, - 0. 

For the case being considered. 


o r = OTtr,, As the applied stress, PJA, 
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increase* beyond 0.7 yielding spreads inward from the flange tips toward, 
the flange ten ter (Fig. I -34c>. Al PSA = the entire cross section has started 
to yield (Fig. M40, The decrease in stiffness exhibited by the stub column 
.i ovi the proportional limit is thus due ton gradual reduction of | he effective 
load- resisting area. By comparison, an aluminum stub column exhibits a 
grad u a y yielding stress-strain relation because each of it* fibers has a 
gradually yielding stress-strain curve. 

Column Strength Curves for Hot- Rolled 
Structural -Steel Members 

The presence of residual stresses in slrucl ural-stecl columns makes it 
impossible (o determine the critical load directly from the tangent modulus 
theory. However, the basic concept underlying Shqnkys theory of inelastic 
column bucklmg does apply. According to this concept, axial load and 
bending increase simultaneously after the critical load has been reached, and 
no Strain reversal occurs as the member begins to buckle. For a steel column 
the absence of strain reversal at buckling mean* that only rhe elastic part of 
the cross SKbon contributes to the internal resisting moment of the deformed 
member. This important observation was first made by Yang, Beedle. and 
Johnston (Ref. 1.15). Based on it, one can conclude that the critical load in 
the inelastic range is given by the Euler load with the moment of inertia of 
me entire Cross section, f, replaced by /.. the moment of inertia of the elastic 
part of the cross section. Thus 


or 




* % E1 4 


7 “ = (3^T 


(1.131) 


Equation (3 . 13 1 j indicates that the critical stress of a Steel column 1$ equal to 
the Euler stress multiplied by the reduction factor /,//, 

The ratio /,/f depends on the residual stress distribution, on the shape of 
(he member, and on I he axis about which the column hcmls. Consider the 
idealized / section shown in Fig. i-35. In addition to neglecting the bending 
resistance of the web, it Is justified to neglect the moment Df ineltiu of the 
flanges about their own cenlroidal axis for such sections, If the flanges are 
partially yielded (shaded area), and the section bends about its strong axis 
lhc j-jt axis. i,{! is given by 



(1.132) 


in which b and A are the widih and area of the flange, and h. and A. iti c 


warm regards: Haider.sa@gmail. 


06 guelfiirtg of Cpfunntt 


Ch- I 


l 

1 

T 



x — — - 



i 


vi^ued pon 



Elastic puM | 


lv H(- J ]5 I’arlijlly yielded Mil ion. 


elastic pans of these qua mil its. If, on the other linnet, hen (ting takes place 
about the weak axis, the y-y axis, iji is given by 


l , lbl '112 ( A.V 

r~wu W 

Letting t = AjA , Eq. ( 1 . 131 } can be written in the form 


(U 33 ) 


for strongs* is bending, and 




( 1 . 134 ) 

( 1 . 135 ) 


Tor wcak-axis bending, Comparison of Eqs. ( 1 . 134 ) and(l.l 35 ) indicates that 
the reduction factor is much larger for wcak-axis bending than for strong- 
axis bending and that each case will therefore have a different column- 
strength curve. 

To plot the column curves corresponding to Eqs. ( 1 . 1 34 ) and ( 1 , 1 35 ), it is 
necessary to know how t vanes with the average axial stress, PjA , This f(la* 
lion can be determined either experimentally, by obtaining a stub-column 
Stress -stra in curve, or analytically, if the residual stress distribution is known. 
The stub-column stress-strain curve is a plot of strain versus average siress. 
Us slope is given by 


£,= 


daj 

’ST 


APIA EA . 

7?{I7£™ a 


( 1 . 136 ) 


Art. 1.20 


, MCalm ,, „ 


from which 

I E tjl A 

A E ( 1 . 137 ) 

C01 Xrn^f ,rai " “ ** Sclodd^ 1 m ° dUEUS ^ tf>C 11Ub * 
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(el 

Fj(. 1-36 Re*iJui| n™*, j n [duNjce«3 1 secijon, 

itub ^Smn! P tht^r^C rii! Ju OV V h0 prept5r[ionj[ lin *» or the 
shown in Fig, 1-3Gib. The bushed |jn« * P ** ll P “ nd P ar<ffl], 7 elastic, as 

CUSI 

fisure, it can be .h:>wr. b il-.' .V ,| ‘ , 'T C from the geometry or Ihc 

0*0 =■ a r — 2 t? r ^ 

O* = <r t — 2 e r ^± 

Subsutution of ,his relation into Eq, (UJg) )fcldj to 

2 v,A - 2 a, d * 
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Dividing through by the crou-scrtiona! area, 2^ gives 

-'■(it)' 

and replacing AJA with r one obtains 

1 “ v[i — (U39) 

si r ( ’ !? B , iVCS thc dcsired «**» ° f » with (he average axial 

M “!! ,j4 >“" d fl.iai), column-strength 

ahS^ ^ l '“\ beB *! ,g * nd ° nt r ° rw «*<™ bandog, have b«n 
□ burned. The curves are shown in Fig, 1-37 as solid lines. The upper curve is 


Strong □ *>& traidirg 



MM S'™ ■* "**■« ■'«» 


b t, l l " S I!“ lht lo '"' f “ *t»k-a»« heading, The<e 

f a ' C r *7 1 SCCUon with [hc ,irieiir r « idua ' *<*« distribution 

depicted in F.g. 1-36#. A Similar set of curves can be developed for any oihcr 

IST P! *** resfd “ nl S,rcss distribution. An extensive 

ron tfHduri stress patterns m wide-flange shapes (Ref. 1 .14) has indicated 

etlmrH h “ T SS dlS ‘ nbutlt>^, fa "* somewhere between the linear one 
?? a . parabol,c OT,e wi[h lhe maximum residual cam- 
ress, that is, tr,,,,,,,!, 0.1?,. The curves in Fig. 1-37 therefore give 

LdsC ttlimatC ° f ,he S,reneth Qf h0,rolled structural- 


Att, J.lt 


Otilgn at SIM Column S9 


stJi" Which provid « a ^Pnstni* between 

strong- and weafc-axis bending, was recommended by the Column Research 

Cmmcd tn the second edition of its guide (Ref. 1.16). It is a parabola of the 

kV 


-(f) 


and was first proposed by Bleich {Ref. 112). The constants A and fl are 

inTe™. IT ! * ha ‘ *” = lfr 53 0 a " d ilial Pamela 

ST* ' hC Eulcr CUrVt nl tht W>rtfart*T limit o r - These conditions 


<iy 


y * 


WE 

™emh!.7 m 7! miJm C . C,mp 7T e reiidunl * 1TC5J in ,he fla >ige of structural- 
approximately 0Jtr„ a curve heller suited to b«lh weak- 
and strong-axw bending is obtained by letting a T = 0.5rr,, Thus 


ff „ - o, - fely) 1 

Equation (I.NO) corresponds to the dashed curve in Fig, 1 - 37 . 


(T 140) 


1.21 DESIGN OF STEEL COLUMNS 

The Euler equation accurately predicts the strength of steel columns that 
buckle elastically. It fs therefore customary to bast the design of slender steel 
columns on the Euler load For example, In the I960 ArSC design specifica- 
tions, the allowable stress m compression for elastic buckling is given by 


tTail 


12)I*£ 

TO 


(1.141) 


^b! J « , T ' hC *“*»<**■ ‘ 17). In this formula the 

yynKl r" ' cn Cqua 10 * hc Eukr slress dividtd b V a Sare *> factor of 

ir v"t y ° r aCCoiims for '»“*•'» in strength result.,^ f rom 

in ih« SSSJ. «—«■ 

ha 1btorel1ca!Jy - ' hc jnelast ' c buckJEna load of a steel column should be Diver 
t* HwiWr ‘ due [0 presence of residoal stresses 

thco^ d™ ' “ i[ " ,ghtf0TW ' ,rd ^PP^cation of lhe tangent modulus 

SSL S K? eS, L matC 0fthe stre "fi [h of ^ort columns, 
Ounng (he first half of the twentielh century the significance of residual 
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Siftsse*. although suspected, was not sufficiently appreciated. A* a consc- 

6S?£T** ih *°V w ineiastic bucl ^"« **i£ taS 

S e ?£r TVT* Ght " ned by L «** K> ^mentally 

<h» *,S, °° f ' h ' 

&*U ** 



and i he Johnson parabola 




^ - W/rP 

' S,F. 


Injw ( h of these ttpressums ,4 an d * afC t ^*0,1 ly determined conslanis 

£? 1M lS 5 ly ° r 7 tX . an,plc of * lat,cf «n be rourtd in 

forint r l C !f sq spctifiria,lons < ficf I->«. "here the allowable u ress 

lor 3-nclast4c buckling i$ .given by 

ff.il = 17,000 - 0,485^.)* | 43 ) 

devSrJT ^° T f tCMy b:tKd f ° rml,la for 4hor[ ***\ column* w ns not 
IMoStT- “VT^* in ^tig4ti 0n at Lehigh University in the 
fc 1 . t0l ^ u IV<: y thil1 niA “ 3u:<I slrcsst!i arc ^sponsible for the Jif. 

,n t ^B‘ h between the results of the tangent modulus theory and 

to ih rRr bW [ Vatit>nS ' 1 hlS 5ludy ' Whlc!l ’ 5 summar ' led i” Article 1.20, led 
J ‘ Aisr ™ CUrVC elVen hy Eq ‘ CU40 >‘ Shortly 1 hereafter 

Uest n^he Xf r “7 e ** d “ igrt criter *". a " d allowable 

Stress in the 1961) specrficat.oris (Ref. 1.1?) is accordingly given by 


ff iJI 


T -^sfH 


TFT 


(U43) 


23— faCt tbat lhe MflSltlvity of a Column [ o eccentricities and 

p7“ n ,hc r EtiJ) P° rl conditions increases with Ifr, the safely factor in 
Lq. (I >143) is a function of \fr. 

T6SC T^ °- a lht Ilrenfith of sf50rt st "‘ columns was largely 
or lined to hot rolled wide-dangc shapes with a yield stress of 33 or 36 ksi 

? noe | ! hal timc numerous additional investigations have been 
conducted involving a variety of different shapes, steel grades, and fabrica- 
Uon procedures (Refs. U9 and 1.20). J| is now evident from the results of 
these studies that the strengths of different types of steel columns vary con- 
s'derably ortd that more than a single design curve may therefore be desirable, 
To this end, the Column Research Council in the third edition of its guide 
is recommending the use of three column-strength curves irt place of the for- 
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■«"*» » -<vc«|,„g £ SSST* 1 ^ p ' a, “ 

rocent studies have also demon, (ra(Gd iZ ^ S-' eotal "»-««ii*tli curves, 

^ in 7' rfections in the theory instead of in ^ f (iie =^t 

Thus the new column curves give the m at 1" theiafe£ y ^clor <Rcr. 1.21). 

7™. Eq . (J.j40) iv JvLTv ?T Slrcneths ofin >^y bent 

column Ao initial out of straightness of //[OOflr “*J ° f * n i,5h ' a)l > s( ™fiht 
rtrcugth curve. smotss Q rf/l000 ls used in lhemufiip| CCo | u ^ 
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Probfimi 

1 1 

tA DcicrmFfw iht magnitude of Ehe critical Eaad for the axially loaded column 
sJiDwn in. FJg. PI- 1. The column h hinged al both end? and prevented from 



moving in the x direction at its mid point, Thceotumn is, however, free to move 
in Ih ty dime ion al midspan. Assume that the column buckles elastically. 

I.Z Write the second-order differential equation for the bending of the column 

tl ' ’ 

f 

: 


Cf* r I 


Pn?6I* m* ^ 


sh own in Fifi- PI '2 and uh it to determin* the critical load of the column. 



Fit, Pi-3 Ff B' pt ‘ 3 

Al its lower end (he column incompletely fixed. Altbe upper end the column is 
prevented Frpffl rotating, but free to translate literally. <P„ = n t EI{L 1 ') 

1.3 Find tbe critical load of the onc-dcpircc-of.fjeidom model of a coldmn shown 
in Fig, PL-1. The model consists of two rigid bars pin connected to each other 
and to the supports, A linear rotational spring of stiffness C = MSB, whtne 
M is the moment at the spring and 6 is the angle between the two bars, also 
connects the two bar* IQ each Other, (ff = 2Cll.) 

1.4 Using Die model in Fig- PM, obtain and plot relationships for load versus 
lateral diction when 

(a) ihc lateral detections are large, 

(b) the load is applied eccentrically, 

(cj the model has an initial lateral delleclion rf*. 

which fundamental characlerislics of an actual column are demon Slffl ted. by 
ihese models - 

1.5 DeEcrmine the cri^cal load of the column on three supports, iltown in Fig, FI -4, 


Fig. 91-4 



(Hint; Write separate cquuiofts- for each span and make use of I be eftnduions 
of continuity pt the center support.) 

l ,6 U sing the I abated si ainlessfllrt \ slrw-it ram date , cons! met a cd u mn design 
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curve, (hat is, a curve of Luigcni -modulus stress versus slenderness nHig, 


t fafli,.) *(fcf) eOa^h.) 


IfcO 

0.MQ04 

32.5 

0,000 J Ji 

20.0 

0-CKWO3 

35.0 

0 00026 

J3-0 

O.OtMiO 

37.3 

0.00030 

27J 

OJ00011S 

3B.C 

D.OOOSO 

30.0 

0.00014 




1,7 Usm B the procedure outlined so Ankle 1.17 arid the stress-strain da la of 
I’rohhm 1.6, determine its maximum load that the cceemrically loaded 
column with the jdeal:«d section shown in hi&. Pl-5 can support, (Assume 
the same stress-strain properties for tension and compression.) 
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2.2 CONSERVATION OF ENERGY PRINCIPLE 


By means of the Concept of neutral equilibrium, ihc problem of determining 
the critical load is reduced lo establishing equilibrium in it slightly bent form. 
In Chapter 1 1 equilibrium of a column was established by reqttiring the Sum 
o-r the moments acting on the column to vanish. In this article equilibrium will 
be established by satisfying the law of conservation of energy. This principle 
can be stated in the Following form: 

A conservative system is in equilibrium if the strain energy 
stored is equal to the work performed by the eternal loads. 

A conservative system is one in which the work performed by hoth internal 
and external forces is independent of the path trawled hy these forces and 
depends only on the initial and final positions, The presence of internal 
friction due to inelastic behavior nr external friction would thus result in a 
nonconservutive system. 

It will row be shown how the principle of conservation of energy can be 
used to solve for the critical load of a Column.* For sn axially loaded bar 

(Fig, 2-ta), as tong as il remains perfectly straight, the external work is given 
by 



/ 


AifKl 

ShOFiBH'ing 




F1|. 2-1 Column shorEtmnsi due ip 

aiial compression and bendioj. 


where A, is (he axial shortening of the bar. The strain energy stored in the 
member is 


L } 


F*I 

TaE 


A ittlutmn of thii iorl wu jJvbji by Tirnoahwifeo in 1910 iRet U). 


An. 2,2 
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Substituting 



in the e spres s! oil for the external work, W t and equating the resulting relation 
(o the strain energy, U m leads lo the identity 

m _ fh 

7ae ~ TXE 

The unbent form ts thus shown lo be an equilibrium configuration for all 
values of the load F. 

Sf the axially compressed bar Is given a small lateral displacement (Fig, 
2- 1 h), i he strain energy will be increased an amount A U due to the bending of 
the member,, and the external work will increase an amount AIK due io the 
downward motion A* of the applied load P. A tthe Critical load the member is 
in equilibrium not only in the straight configuration but also in the slightly 
ben! form. Hence the change in external work AH' and the increase in the 
strain energy A U that occur during the transition from (lie straight to She 
bent post! ion must be equal to one another at the critical loud. The energy 
criterion for determining the critical load is therefore given by 

&W = AU ( 2 . 1 ) 

where AlK and A U refer to changes in work and energy that occur during 
bending at con si ant axial toad. 

To evaluate the quantity AH', it h necessary to obtain nn expression for 
A a , the distance by which the ends of the member approach one another as a 
result of transverse bending. From Fig, 2-3, A* is seen lo be equal to the 
difference between the arc length 3 and its chord L. 


Pig. Jt? Difference in length be* 
i ween 3 re a nd chord . 
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From the Pythagorean theorem, the Length of a differential element of arc, 
fit, is 

di ^ (ifc 1 + </j l ) ,JJ = dx 


Integra ting the left side of the equation from 0 to s and the right side from 0 
U> L t one obtains 



This integral can be evaluated if Ihc integrand is expanded by means of the 
binomial theoicm. The theorem states that 


(a + b)T = o' + »a* l b + + ■ • • 


If deformations are assumed to be small, the higher powers of (dyfti.x) 1 can be 
neglected, and the expression for the arc length reduces to 


from which 



Since A* = S — L, the axial shortening due to bending Is given by 



<2-2) 


Using Eq. (2,2), one is able to calculate the change in external work, 
which is 

(2.3) 

No factor of \ is present i n & W because P remains, constant during the 
displacement A t Substitution of Eq. (22) into Eq. (2.3) yields 


am/ 




(2.4) 


The increase in strain energy due to bending, which corresponds to the above 


Arf- 2 r 2 

Cwrvttion otEntfffr Princtpfa 
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increment of e&lcmal work, is 




(2-5) 

_ JZtrT [ V hC i nUg u* k m EqS (2A) and < 2 - 5 > >* is necessary to assume 
a suitable function for the deflection* y m Letting 


y = A sio y 


one obtains 


(2-6) 

and 


(2.7) 

Since 

/>¥*-* 






Eqs. (2.6) and (2,7) become 


A U 


A l £l n* 


&lV ~ 4 ^- 

The principle of conservation of energy requires that A U =- Atf Hence 


from which 


^El n * 


p _ * l EI 

** ~D~ 

value of Ih.crkic,! tad WB.tutad beau* ft, ™, 
eiuve was u.d i„ ,he a.vrg, cprassiaas. Hoover, .he 

'7'^ d «*." ■'* »Won ft. date,, . | e,J*£ 

'i“)“ f d ' n “>'™ » ™* know. I., ftu Pass. a J.ooabi; 

obW^d h “ a ““ mtd •'"* *" .pPteite,ion of ibo tritical load is 
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From a mathematical point of view, assuming a deflection curve reduces 
the number of degrees of freedom in I hr system. Degrees of freedom are 
defined as The number of coordinates required to fix Ihe position of the system 
A continuous member, such as the column considered here, requires an 
mfimle number of coordinates to fix the position of its deflected shape 
completely. However, if the deflected shape is assumed lo be a sine curve 
then a angle coordinate, such as the amplitude at the center, suffices to locate 
the entire defied ion curve. The assumption of a sine curve for the deflection 
y ' rn ‘ he *«*«»* problem thus reduced the system from one with an infinite 
number of degrees of freedom to one with a single degree of freedom, and the 
critical load was obtained hy solving a single algebraic equation i nstead of a 
differentia! equation. 

2,3 CALCULATION OF THE CRITICAL 
LOAD USING AN APPROXIMATE 
DEFLECTION CURVE 

The energy method leads to good approximations of ihe crilfcal load 
provided the assumed shape is reason ably dose to the actual deflection curve! 
Two characteristics of (he deflection curve require special aiteniion if decent 
results are to be obtained. First, it is important that the assumed shape satisfv 
as many of the boundary conditions of the system as possible. If it is not 
posstble to satisfy both the geometric boundary conditions (deflection and 
shape) and the natural boundary coitions (shear and bending moment) 
then at reast ihe geometric boundary conditions should be satisfied. Second 
itw necessary to choose a shape that is at least reasonably accurate, For exam* 
pc, <i moil any single half-wave can be used to approximate the deflected 
s ape of a hinged-hinged column with reasonable accuracy, However 
any t w wave curve would lead to a completely erroneous solution, fit simple 
problems such ns ihe buckling of a column, the general shape of the dcfleciiofi 
JS fairly obvious, and there is consequent little likelihood of assuming a 
completely unsatisfactory function, However, in mote complicated problems, 
such as the buckling of plates mid sheds, there exists a great deal of uncer- 
tamty about the shape of the buckling mode, and a great deal of discretion 
must therefore be excemsed m choosing a deflection function 

In general, trigonometric functions and polynomials, because they are 
easy to migrate, arc the most convenient fund ions for approximating deflec- 
tion curves. 6 

in A A rr^‘i l ^ ti0n ’ tl r ri,iCal \°f Dfrhe hi "S«f-hmgcd column, obtained 
n Article 2.2 by using the exact deflection curve, will now be obtained using 

“ approximate deflection curve, The deflection curve is assumed to be given 
by ihe polynomial b 


y - a + bx + tx* 


Aft, 2.3 
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The firii and second derivatives of this function are 

/ - h + 2 cx 

and y tf -= 2c 

The boundary condition y ^ 0 at x ^ 0 is satisfied jjf 

a = 0 

and ihe condition y = 0 at x = / leads lo 


Hence 


t ^ — cl 
y = e(x* “ xl) 


. 12X) 


Equation {2.8} satisfies the Conditions of slope and deflection nit each end of 
the member. However, it assumes a constant curvature and therefore does 
not satisfy the conditions of zero moment at each support, Substitution of 
Eq, (2.3) into the expressions for external work and strain energy given by 
Eqs, (2 P 4) and (2.5} leads to 


AW = 


FtH' 

TT“ 


(23) 


and 


AU =■ 2EIc >J 


(2.10} 


Equating these expressions,, one obtains 


_ 12E: 

r " “ 1 fl' 


Comparison of the exact answer, 9,87 Efft\ with this solution indicates ih.it 
(ha latter is in error by about 21 % P 

The foregoing solution was obtained using the expression 



(2 11 ) 


Alternatively, it Is possible to express the change in strain energy by 


AU 


f 


M 1 

t W 


tf-l 


r < w* j jc 

Jo 


( 2 . 12 ) 


Suhstituiion of the assumed deflection given by Eq (2,3) into Eq. (2.12) leads 
to 


AU 


pip c i 

60£jf 
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Equating this expression for Ihc strain energy to the extemul work given by 
Eq. (2.9), one obtains 



In this case, the approximate solution is in error by only 1.3%. 

The different results obtained using Eqs. (2.11) and (7.12) have led 
Timoshenko and Cere (Ref, 1.2} to reach the following conclusion, if ihc 
true deflection curve is used, both Eqs. (2 .11) and (2.12) lead to the same 
answer, because both >■ and y* arc exact. However, if an approximate expres' 
sion is used for the deflect son curve, th* error in /* is considerably larger 
than the error in y. The expression for At/ based on y therefore gives more 
accurate results than the expression based on y*\ 

Asa rule, the energy method leads to values of the cri Steal load that are 
higher than the exact solution,. For the hinged-hinged column to he in 
equilibrium in & bent position without any external restraints except the axial 
loads,, the deformed shape must be a sine curve, Equilibrium in any other 
configuration compatible with the boundary conditions can be maintained 
only by the addition of restraints to the member. These restraints will cause 
the system to be staffer limn the original one, and they will consequently cause 
it to have a higher buckling load than l he actual System, 


2.4 PRINCIPLE OF STATIONARY 
POTENTIAL ENERGY 

In Articles 2.2 and 2.3 the principle of conservation of energy wa& used to 
obtain ihe critical load of a column. In this article, a somewhat different and 
mom powerful energy criterion known as the principle of stationary potential 
energy will be considered. The development of the stationary energy theorem 
presented here follows the general outline of the derivation given by 1 1 off 
(Ref. 1.3), Since only the barest essentials of Ehc de rival Eon are presented 
here, the reader may wish to consult Ref. 1 ,3 for a more in-depth treatment of 
the subject. 

Principle o I Virtual Displacements 

Consider a small particle* of mass Q r acted on by a set pf n forces F t , as 
shown in Fig. 2-3. Then imagine that the particle undergoes a small arbitrary 
displacement Sr. The displacement has nothing whatsoever to do with any 
actual motion that may occur as a result of the forces acting on the particle. 
It is a fictitious displacement that is. only imagined to take place. It is also 
assumed that neither I he direction nor the magnitude of the forces acting on 


Aft. 2.4 


Principle of Ststionmry ftpfrntfU Energy S3 



FI*. 2-3 Virtual displacement at 

maw pirtiizfe. 

2tf£3;S52F ,N ‘ **— ■ ™< <** , 

=SIg gsssssss 


or 


- F„ 5r + f 3 . Ar 4 + F mr dr 


(2.13) 


SS^JSSSS^f 

Sa&SRiSSSSS: 

A partkl* so! ' nauit jp, equilibrium if [he total virtual work 
dune by all the farces acimg on the particle is equal to zero for 
jny arbitrary virtual displacement. 

=r.-rs.-™~ . esh 

ntasMess springs. If this system is in equilibrium under a set of external f orcc t 
ch particle is also ,n equilibrium under its <jiv n set of forces The fonas 
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A 

P A 


Ptificie 1g^e% 

W 


F«G* 2-sS Spring- mis* model of 
rtosiic twd r (Ada|ic?d from Rtf. 1 J), 


whic ’' ,re *** fmjB - 1 *" «* “ * <** 

TJit principle of virtual displacements for a mis* panicle can be anolitd 

si °“ *■ -** i- m s.’sis 

, uc t0 Ehe f °f« s ac l<iE on (he particle must vanish for any virtual 
displacement nppl.ed lo the whole system. Thus the virtual work due to ail 
.!» ell ,Hc pc.ricte i, ato aio . „ S'to“.W.To 

eonsidet this total Virtual work to consist of two pans, one due to the external 
forces applj-d to the body as a whole, and the other due to the internal 
forces Shat act on the individual particles-, ” ^ 

The principle of virtual displacements may now be restated, for elastic 
bodies of fin Lie dimensions* as follows; 


An elastic body of finite size is in equilibrium if the virtual 
work done by the external forces plus the virtual work done by 

disp'aclmert^* ^ Z "° for any arbitia V wind 

This can be expressed analytically by 

M, + &W, = 0 Q U) 

m which StV i and $W t are the increments of internal and external virtual 
work that result from a virtual displacement, 

Principle of Sts lion ary Potential Erserey 

We ™ ™ w '“-fJ » *™)0P the principle ofsiirionci, potcnlid enerty 
F»r n structure ejected tp serf, !o ads . , 

Sr, the external virtual work, is given by ' P 




( 2 . 15 ) 


' 
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m which F tr is ihc component of any force P f in the direction of the virtual 
displacement. The internal virtual work could be determined by means or a 
similar equation ifil were possible to isolate all the internal forces. However, 
for most structures this cannot be readily done, and one must therefore find 
an alternative way of calculating the internal work. 

Let us apply to the spring-mass system in Fig, 2-5 a virtual displacement 



indicated. The only internal force that moves ns a result of this displacement 
u the one acting on the uppermost particle, Hence the infernal virtual work 
for the system is equal lo that force multiplied by its displacement. That is. 

m t - -p,s r ( 2 . 16 ) 

The internal virtual work is negative, because (he direction of P , is opposite 
to that of the displacement S,, 

As a result of the virtual displacement, the strain energy in tb,e spring 
attached to the uppermost particle changes by an amount £U, equal lo 

P 

^ = PA {21?) 

Comparison of this expression with the one in Eq. (2, |$) indicate* that 

&W, =- — <S(/ ( 2 . LB) 

In other words, the internal virtual work StV t is equal in magnitude and 
opposite in sign to the change in the attain energy Of. The total virtual work 
For an elastic body can thus be obtained by combining the external virtual 
work with the negative of the change in ihc strain energy, and F-q. (2,14) can 
be rewritten as 

SW, + SSV t = 2 p lf Sr — SU = 0 {2,19) 
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U is customary jn theoretical mechanics lo refer to the increment of 
external work W t du e to a virtual displacement as a change in potential 
energy and to lei —SV represent this quantity. Thus 

P ( , Sr ( 2 . 20 ) 

Accordingly, Eq. ( 2.191 can be written in the form 

SU- f- K = 0 

w 6 (U+V)<= 0 ' t 2.2|) 

The quantity V + V consisting of the strain energy and the potential energy 
of the external loads is referred to as the total potential energy of the system, 
and the symbol 5 denotes the change in this quantity caused by a virtual 
dispUcemenL 

The principle expressed by Eq. ( 3 , 2 1 ) is iciw*n as the theorem of slaSiormry 
potential energy. 1 1 can be stated in the following terms: 

An clastic slruciurc is in equilibrium if no change occur in 
the total potential energy of the system when its displacemcm 
is changed by a small arbitrary amount. 

IT* he system has an infinite number of degrees of freedom, equilibrium is 
definitely established only when it has been shown lba( she tola! potential 
energy does not change for any of the infinitely many possible changes in she 
displacement of the system. As will be shown later, to do this requires she use 
orihe calculus of variations. However, if the sysiem has only a single degree 
of freedom, equilibrium Es established simply by requiring that iso change 
occur in one displacement parameter, arid (his can be accomplished using 
ordinary differential calculus. The significance of (he principle of MaEujrury 
potential energy is Eh us easiest to grasp il" one considers a ottc-degree-of- 
freedom system. For such a System, if She single degree of freedom is repre- 
senied by the coordinate jr n the lotal puEcnEial energy will be a function of x, 
and its variation will be given by 

M + vy-m + ris, 


Since 5 x is arbitrary, the variation of the total potential energy con he made 
equal to zero only if 


( 2 . 22 ) 
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Equation ( 2 . 22 } signifies that a curve of U + V plotted against * will haw * 

^r« Sr al lhe VafU ? r * l !^ •mpondi * equilibrium. In other 
total Ooicn! ' l" 11 "' c&r, * Sportcls lo tllhcr a minimum or a maximum of the 
f P f:i 0 s J stsm ' Since nn equilibrium position is stable 

*sr„ a ™ v" w ih ' i,st ™ “ *«"■*"' - 

t ta , - fldcfDrm ^s!ab!ecqujlibriiJm corresponds to a minimum of the 

Ir the rn i 'h unstable equilibrium to a maximum. The character 

of the equilibrium state can be determined analytically from the sign of the 

° ft(lC [ ° lai P ° ,Cnli31 "W * *** Sig" indicate llle 

equd.br.um, whereas a negative sign indicates unstable equilibrium, 
ih^r^'rrr 0f lheiC Concepts “ n ** <*taiiwl by considering 

h “ ur “ “ ^ ^Tr E T al ,b ‘“' fa “ ">*«"* ™ P°«2! 

° * one ; Jc S«c-or-frecdoni system, ihe deflection configuration* 
rrespondmg to line ABC. along which the surface has horizontal uttlftcnts 

™™r" S! “ r * fc - or ,htK - ■*« 

C-X r, ’" """"l"" m “ ablc ' “X ««* b«™» » a, Hi 

' Where the stationary points are maximum points, are unstable 

lhe one dearer P ™* 6 ' n& further, let us consider 
£ ce of-frccdom spring-mass system shown in Fig. 2n6 a , jf tj, e 



lb) 

Fr*. Z* Pncrvtial enetir uf One^ec-of-ffeedOBi lyilem. 

weight Of the mass is 200 lb and if the stillness or the Spring is JO (b/in. the 
sys em will come to rest with the spring stretched 4 in. Letting the elongation 
the spring be given by jc, tile strain energy stored in the spring is 

U = 2J*» 

and the potential energy of the external loads, as defined by Eq. ( 2 , 20 ), is 


I'FIU 
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Hfln “ ro,al Potential energy of the system is 
V+ 25 je* - 200 . t 

P0 ""' !iEniri ' in » ,h “ ■•»*«» configuration . . 4 , ,’££ 

Evaluation of (he Critical Load 

SSLtt"* m T *»° -ndnainn,; „,„ iN fi, ium „ 

Z7:ir,;TT “T bk «« <°£ »>. tsS 

J i? e d J5lj! i? n d at t fCh Ihe 5e . COnd VaH;,tion <* 'he total potential energy 

ii Aw,T PW " ,V r r° " BatlV *' !hiM is - thc <•*! for Which 

ir M 1 A d approach for Finding ihc critical load is to deter 
nunc the load at which nculral equilibrium is possible that is the Imd v 

will be used in tins book whenever we are looking for a cricS |„T5if 
tormer approach must, however, be followed whenever :< ,, " ^ h 


2-B CALCULUS OF VARIATIONS 

— <«•• -s— - istss ssr r ~ ** ,h “ 

‘ r.s »■“)* ( 2 , 23 ) 

whose integrant contains y and its derivative i„ . 

amounts to finfinfi th. JL- ^RU.’SSl SSf "S 


Art. 2.5 


Ctteuiu f vf Variations 69 


potcnlial energy of tfie system Id have a stationary value. Tht deformation 
lhal satisfies this criterion corresponds to tht equilibrium state of [he system. 

Although the calculus or variations is similar to the maxi mum-mini mum 
problem of ordinary calculus, It does diltsr from the latter in one important 
aspect. In ordinary calculus one obtains the actual value of a variable for 
which u given function has an exlrcmum point. However, in the calculus of 
variations one does not obtain the fund ion that extremizes a given integral. 
Instead, one only obtains the differential equal ton (hut the function must 
saiisfy. Thus the calculus of variations is not a computational tool for solving 
a problem, It is only a device for obtaining the governing equations of the 
problem, 

As an iNustEriiEton mf ihc use of Ihc calculus of variations, let us determine 
the conditions (hat must be satisfied by a perfect column if it is to he in 
equilibrium in a slightly deformed position. Consider the hinged-hinged col- 
umn shown in Fig, 2-7, The strain energy of bending for the member is 


FFit. 2-7 


HSnged-hmgcd column. 



U = 



(2,24) 


According fo Eq, (2,20). ihc potential energy of fhe externa] loads consists of 
the negative product of the axial load and the vertical distance that (he load 
moves fis the ntember bonds. Hence 


^=7 



925) 


Combining U and K. one obtains for the total potential energy of (he system 

tJ + y= L [f< ^ - T (/)1 ] dx 12.26) 

ft is now assumed that a dc formed shape y = y(x] exists for which the 
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io[a] potential cneisy of the system has a s tat tonary value, that is p a function 
j for which eSft/ H™ H = 0. This function y(jr) musl be continuous, and it 
must satisfy the boundary conditions y{0 J « >■(/) = 0, To determine y(x) f it 
is necessary to form a family of nearby functions /( jc) with which y[x)can be 
compared. This fatuity of curvet h obtained by choosing an arbitrary function 
i? “ and adding multiplied by a small parameter* toyfx)- Thus 

ft*) = y(x) + &f(x ) (2,27) 

hot any given function ij[x) t each different value off represents a single 
member of the family of curves given by Fq. (2.27), In order that each of the 
comparison curves satisfies ihc boundary conditions, J{0) = y{i) .» 0, the 
function irfr) must vanish at the supports. Thus 

fl(0) = n(0 “ & (2.28) 

A graphical representation ofjftx} is given in Fig, 24. 



Fle_ 2-5 Curwurifon of y{ x) with 
nearby Function £(jr). 


It is now desirable (o express the potential energy of the system in terms of 
the generalized displacement SU). Replacing y{*) wjih y{x) in Eq. (2.26) leads 
to 

^ ^ ^ J f ^ P ^ — ■j'ty + | dx (2..29 1 ) 


For a given Ehe potential energy is n function of the parameter *. 
Furthermore, fore = O.y(x) becomes yix), which is Ihc mem her of the family 
of curves that CMremizes U 4- V. Accordingly, the potential energy has an 
extremum value with respect to tr, when f = 0 a That is. 


4- V) 
rff 



0 


(2-30) 


A problem of variational calculus has ihus been reduced to an ordinary 
minimum problem of differential calculus. 
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D " r ' rcmil, ‘ 0 " ° f&1 «■») -to Mk inte8 „, ^ ,„ ds 

4 n r r 

- & ' J t t £Iiy + f v' ‘h" - ?(/ + eifiql dx 

THk expression most vanish far ( -= q Hc „ Cc 

\\Wr -Fy’rtdx^o , (23J) 

introduced derivation of Eq, (2.3 J) 

«**- IT** f "™ thc 

displacement yfx), tf jif* *s increased kv “ Cncr8y as a fu >«tion or the 
/ M-M is increased by « small amount Ayt*), where 

4>{x) *= 

Ihc total displacement become* 

y{*) + A>U) = ><» 4 j 

and the corresponding potential energy is 

|n (2,32). Thus * ' *y) fr&m ibe energy given 

w + J*. + eft) - + epj ]fc (JJJ) 

to to" ih e V ^“I t 1>r^)^™l ir “' c * d ° r * rea ' d M«*- 

ymM not bo present in Eq (2 35) ihLe bieh ,C . H,l,afc of Jtl ***«»» 

^n gte in ,h, to^ that MUSed by 

for a virtual displ accent, during wJudi the wl W “ en,/ Tilcy ^ ■"tlmni 
constant. Hence the variation ;A. ' , P . f ° rccs ar5 a «umcd to remain 

^ ^.Placement * 

fljglie reorder [erms; that i Sl q " tz ■ ,JJ by topping the 

#<(/ + K) - f ^ pw>1} dx 


warm regards: 



&2 Ap&faxr'mji t& MrtfrQdi * f Ana^m 


CK 2 


Finally, The retirement that this expression vanish when the system is in 
equilibrium (cads m 

[ (£&}"/' - jy/Vjf =»o 

J p 

which is idenrrcnl to Eg. ^2.31). 

to simplify Eq. (2.3 1 ) h i he derivatives ®( t}{x) inside the Integral sign must 
beelimmaitd through integration by parts. The second ttrm on the right-hand 
side of Eq. (2.31) is considered firsL Making the subslituticms 

tt = y\ jj" dx 

and integrating by p;im according io 

f if du ■= 1^ I — f v tin 

J v U J D 

one obtains 

\/ * * “ Ht “ II ny " dx <2.») 

In view of Eq. (2.28), tj vanishes at the supports, and Eq. (2.34) reduces to 


J , *V dx = *" J 4 ny‘ Ax (2.3S) 

in n similar manner, the first lerm on the right-hand side of Eq. (2 3 1) can 
be reduced by two integrations by parts Making the suhslitution 

u = y’\ tfv - jf" dx 
and integrating hy parts, one obtains 

JVv' Ax = /V W" ii.x 
This expression is further reduced by making the substitutions 
u = y"\ <h = t}' dx 

in Ihe second term on the right-hand side. This leads to 


jy-td^rnl-f^d* 
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from which 

fVv& = -f 

'4 J o 

TilUS J # /V dx = /'tt' j* +- /'if dx ( 2 . 36 ) 

Substitution of Ihe results obtained in Eqs, ( 2 , 35 ) and (2.36) into Eq. (2.31) 
lead; lo 

]' (E!/* H P/% dx + (Ef/', 77 , = 0 (2.37) 

Except for the conditions jj(0) «= ij(Ly - 0 , ihe fund ion jj(je) is complexly 
arbitrary. It can therefore be shown thnt Eq. (2.37) is satisfied only ifeach of 
its two parts is equal to zero; that is. 

j' (Ely™ + jy> dx = 0 
[ffy'YJi = 0 

Rince q'( 0 ). /?'(£.), and iy(x) are not zero. and since jt'(O) is independent of 
t)'(E), it follows that >(*) must satisfy the relations 

+#> '=. 0 (2.38) 

W'L-. - 0 ( 2 . 39 ) 

“ 0 (2.40) 

These three relations must be satisfied in order that ihe pole nliul energy have 
n stationary value and in order that ^(jt) be the equilibrium configuration of 
(he slightly deformed column. Equation (2.38) is of course the Eulcrian 
differential equation of an axially loaded member, obtained previously by 
consider] ng the moment equilibrium of an element of the deformed member, 
Equations (2,39) and (2 40), which indicate that the bending moment must 
vanish at the ends of the member, are known as natural boundary conditions. 
The other two boundary conditions, y(0) = 0 and y{t.) = 0, which were 
stipulated at she outset, arc tailed geometric boundary conditions. Ifi general, 
the conditions of slope and deflection at the ends of the member are the 
geometric boundary conditions, These must be specified at the beginning of 
the problem. The conditions of moment and shear at the endsofth* member 
are the natural boundary conditions, and these together with the differential 
equations arc obtained by minimizing the potential energy. 
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The differential cqu.u ion of a continuous system can be obtained cither 
by considering Die equilibrium of a deformed element of the system or by 
using Ihc principle of stationary potential energy and the calculus of varia- 
tions. For an axially loaded member Ihcrc is no doubt that the equation can 
be established more easily by the former or these two methods. However, 
when considering more complex systems, such as Cylindrical and spherical 
shells, it is often simpler to obtain the differential equations by extre mixing 
the potential energy rather than by writing equations or equilibrium of forces 
and moments. 


2.6 RAYLEIGH-RITZ METHOD 

The rigorous application of Ihc stationary energy theorem to continuous 
systems requires the use of the calculus of variations. This approach to the 
problem of finding the equilibrium configuration of a structure has two disad- 
vantages. First, the variational calculus that must be used is far too complex 
for routine problem solving, and, second, only the differential equation and 
not its solution is obtained. Fortunately, there exists a method by which the 
principle of stationary potential energy can be applied approximately; known 
as the Rayleigh- Riu method, having neither of the two aforementioned 
disadvantages. In this method, one assumes ? suitable shape for the deforma- 
tion of the system and thus reduces it from an in finite- degree of-freedom 
system to a finite-dcgrcC'of'frecdom System. The principle of stationary 
potential energy (hen leads directly to the equilibrium configuration, and only 
ordinary differential calculus has to be used in the process. 

A? an example, the critical load of a column fixed at one end and Tree at 
the other {Fig. H) will be obtained. According to the concept of neutral 



Fig. 2-9 Fixed-free column. 


equilibrium, the critical load is the load at which a system can be in equilib- 
rium in a slightly bent position. The problem of finding the critical load is 
thus equivalent to finding the defected shape in which equilibrium is possible, 


Art. i e 


RMvU/Bh.ftiti Mrtiiod SS 


zv'"<z zszisr* * *■ *- — - **. 

pojir“™ * "■= » -*« k> * 8 „™ „ «* 

y m a + fct 4 - tx l 

,r ° m ,ht ' Mm ** 


atx = 0 


is satisfied if a = 0, and from the requirement that 


one obtains b = Q. Thus 


y* = 0 at x t= 0 

y = fjf* 


The strain energy stored in the member due to bending is 



El 

T 


r. 


dC 1 dx = 2ElC*t 


{2.41) 


the MgBt^predJeutli^rd^nd Ue dffi , f 

member bends. Thus inat Itie moves as the 


r " ~rf. w * — t S\ *'*’ * — t * 7 *' 1 a«> 

ssMgsass^ 

&?ttXl‘S 2 X£ 2 r£iz 

sestet* in ,hc -* " m - “-*■ — 
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tnt J” b '” inS ^ (J4I > •»■ < z «). »"= ** for tht total 


2 p, 


£f + V =, 2£/CV - 


(2.43) 


TT(c dtflwtid shape of (he syilem wj|] fa art equilibrium configu ration if 
U + V has q station^ value. For (he continuous S y STem cansidS n ^ 
P r*Vih ° Scclj,:>n [FietotaJ poiemial energy, as given by Eq.{2 26) was in terms 


can be replaced by 
or simply by 


6{U+ K} = 0 


^*-0 


iS£U_. 


(2.44) 


since SC, (he vinuat displacement, is arbitrary. 

a frying out the differenti alien indicates! in Eg. (2,44), one obtains 


from which 

1 


4EJCt-$PCn = D 


C ( p -W}^° 


£ 345 ) 


- - «■ *— 


IE! 

: 7*~ 


(2.46) 


" Em ' Wto - 

assure JTefleS. A 'be 'iLfui m Ih*? " USid ,hc 

T solul,on ™an that given by Eq. (2.46) should 
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# 

therefore rt&uli if ihc number of parameters in the assumed deflection function 
is increased from one to two. Letting 

y = Cx 1 + Dx* 
y = 2 Cx -h 3-Df 1 
y r - 2 C-K 6 JXy 

i he strain energy due to bending is 


£/ = ^ [ (/’}* iix - y | (4C* + 24C£>.v + Jfi/) 1 .* 8 ) f/jr 
= 2 £//{C* + 3 CD/ + 30 */ 1 ) 


£ 247 ) 


an d i be pole alia l energy of the external load is 



-y j ( 4 C*X 1 I 12 CDx* + UK**) At 

Mt 

H 45C£W 4 27£> ! (‘) 


(2.48) 


Adding liqs, (2.47) and (2.48) gives 

U "+ V = 2£ff(C J 4- 3ZXTJ 4- 3/3 1 /*) - ^(20C l 4- A SC 01 -+ 27H>/*) 

(2.49) 

The total potential energy given by (2.49) is n function of two variables C and 
D. The variation of U + V therefore lakes ihe form 


nu+n- ^^(c+ ± i2 SB 


(2.30) 


Since SC and SD are arbitrary, the expression in (2.50) will vanish if 


m+ n = o m+ n = 0 

dC ’ JO 


(2.51) 


Carrying out these operations, one obtain? 

= 2EII{2C + Wi) - 3j(40C + 4SDI) = 0 (152) 

and W $t> ^ ~ ““t* 5 + <W*) - §J(43C( 4- 54/3/1) - 0 (3.53) 
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Introducing the notation 


a — 


i!l 

ES 


and rearranging terms, Eq& t (2.52) and (2.53) car be rewritten in the form 

(24-S*)C + J(36~9ft)0-Q 

(20 - te)C -f /(40 - 6 k) D = 0 

Because the right-hand side of each equation is zero, one refers to them as 
homogeneous equations. The solutions For C and D can be given as the 
quotients of two determinants. Thus 


€ = 


10 

|p HW-U) 


124-84 /( 3-6 - ha)] 
20 — 5a J(40 





'24-84 01 
|20 — .Sa 0 ! 


1 

r 
1 20 - 

-84 /{M - 
- 5* /( 40 - 

94)1 

6d)| 


Since each of the numerator deter min ants is equal to ztr-o T one obvious 
solution to Eq. (2.54) is C ■=* D = 0. This is the trivial solution cT equilibrium 
at all loads, provided the member remains straight. A nonzero value h 
possible for C and D only if the denominator determinant is also equal to 
aero. An eigenvalue problem for a ftnite-d^gree-of- freedom system, such as 
the buckling pro We m being considered, will always lead to a Set of homo- 
geneous equations. The nontrivial solutions of such a problem arc therefore 
always obtained by setting the determinant of the governing equations equal 
to *cro. For the case being studied, this means ihat 


1 24 -8ft /(36~9aJ 
1 20 - 5* /(4Q-fa) 


0 


Expansion of the determinant ieads to 


3ft 1 - ]Q4ct + 240 = Q 


(2.55) 


This equation is known as the characteristic equation. Its rools are the 
eigenvalues, that is* the loads at which nonzero deflections are posssble. 
ThE nonzero deflections are called eigenvectors, The smallest eigenvalue is the 
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ssas -* ** 

P t , - 2.49^ 

This solution differs from (he g Kact answer by slighily less than 1 v a t i 

IfpSS 


2.7 BUCKUNG LOAD OF COLUMN 
WITH VARIABLE CROSS SECTION 

ISiSSH? 

Th ' k " a,:d ""*« ■»■>»» i" 1% M0 h. . »» mo „;Tr 


Fi^ 3^10 C&lamn wilh varying 
momenl of inert it. 



iXw„1r S !■ * half of i,s lc “S' h 3nd a intern »r in „i ia / ,« 

* the d porhons. The member is hiftfied i.t bolh ends, an <j j| j s „ 
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Gth 2 

a «umed that the buckled shape can be ap p TOKfmated b „ rhe 

Jf = a s‘m™ 

r:tr "" ,on ' -» — 2 r:: 

Maki " S Use of symmetry. (He strain energy of bending it 


U ’ 2 [lf* /„ O'') 1 ** + y 8 (/’>' */*] 

Tt> evaluate ihis egression, the following integrals are needed; 

i-d/t 

J wa 

Substitution of these relations in Eq. ( 2 . 5 fi) reads to 

U ^ 0 . 216 ^^! 

The potential energy of the applied bad is 


( 2 , 56 ) 




M*» y rfjf =■ _ 


Pa's 1 

41 


(2.57) 


(2,53) 


Combining Hqs (2.57) and (2,5B). one obtains for the iota! potential energy 

(2,59) 


u + y = o _ PoV 
“TIP 


as & • 5 " , ' io “' y ^ »-« *■ **-«.» 


Art. 2,7 


Bite* ff ftp L&±d af Column wftH YtfttbM Crvjs Stcticn fQt 


from which 

<r (O.W4^j^ - f) - 0 (2,60) 

Epslion (2.60) leads to the trivia! solulion of equilibrium at eill fond* 
provided a = 0 S and the critical laud 


F — 

The exact answer, obtained from the solution of the dsfTercmkiJ equation by 
Timoshenko and Gere (Ref. 1.2), is 

p _ 0,65 jtfW* 

^ ” — y^- 0 


Comparison of eNc approximate solution wilh ihe exact buckling toad indi- 
Calcs that the former is in error by about 33%. 

The accuracy of ihe approximate solution can he improved by increasing 
the number of parameters in the assumed deflection function. The half-sine- 
wfivc used as a first approximation is the exact deflection curve for :i column 
of uniform cross section. One would expect fhc deflection of a column ihnt is 
slifFer at the center than near (he supports to be similar to a half-sinewave, 
but somewhat flnller lit the middle. Consequently, ihe denceiion curve will 
be approximated by 

y = nsin™ + i sin If. 

As before, the total potential energy is given by 


u + v = 2 [^ J s (y'y < 1 * + Q £* (/*)* *] - y J J {y'Y d. 


The derivatives of y and the squares of ihe sc quantities are 


.1 

(2.61) 


._ fljf 

nx 


3A* m 3nx 


— -J COS 

T 

+ 

— WS ”T 


_ a*n l 

_ _ * 

H.X 

. . . 

ffjt 

- -jr~ cos 

T 

■f jj COS -J- 

GJI 1 

Sift 



3h* 

F 

T 

— — jj-*- Sin 

“T 


(/')' - *in* f + JSjjtf sin f sin 2 -f + ^ sin 1 
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The Following definite integrals are deeded Tor evaluating th& total potent ial 
energy; 


j 


sin 1 ™ rfje ~ 0.045/ 


f tfl * 

sin 1 2 *</jc = 0.205/ 

J V* 1 


I 

fiM 


j: 


= 0.152/ 
P sin* ^ dfjc - 0.09B/ 

J PM * 

sin ^ sin = 0.080/ 


f ' sin sin ^dx 0,050/ 

* J it* 1 


(2.62) 


J COS* =T -y 
J cos y dx — 0 

Using these expressions,. the Lout potential energy given by Eq. (2,61) can be 
reduced to the rorm 

U -t- K = ^^{0.2 Hkr 1 - 1 .080 ab + 11 0166 s ) - ^(a l + 96*) 

<2.63) 

As beFort h the deflected shape is an equilibrium configuration if the total 
potcmijL energy has a stationary value. In this Gist (J l V is a function of 
two variables, a and b. The partial dtrivativeiof U + V with respect ton and 
b must therefore vanish For the energy to have a stationary value. Thus 

V ) - ^S— (0.432ji - L0806) - = 0 

V) = 1 ,08for + 22.0U6) - = 0 


Introducing the notation F 6 — these equations can be rewritten in 


Art. s.e 


B*f*tkJn r t Mitfrott f OS 


the form 



0 50j^)o - |,030t = o 


— I -Oeaa +- (22.032 - 4.50^5 = 0 


(3.64) 


S »££!T ,WD """ *. «*, , tey ^ 

a ™ i e. d 


** “ 6b '“"" 1 «• -% «-«r MM 


0.432 - 0,Jq£ _ [,080 

- 1-080 22.032 - 4,50£ 

^9 


0 


Hipj, risen of the dominant [cath ,* lhc pQ | >noni j at cquati(jn 
5,25 (£) — i2 - 96 ^r + 8,35 ~ 0 


1 JlC * in:ilkr ° rthe ,w ° solution* to this equation is 


from which 


P 


0,735 


. _ 0.735* *£/„ 

tr Jl 


“ r;? le ™ 1,1 ,ht ■»«»*«■ i«"=c- 

only 13%. V A ' lh<1 >ot “ t]on dlfiFcrs hon ' ">* «act answer by 


3 6 GALE R KIN'S METHOD 

s£? 5 K 

is 7h „ ta oliS Ih ; r, n “r- be ‘ , '” : " “» i -° 
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h,vt ° “« eassssr 

/ («,'■+ p,-ys>)dx + [(£/yxdy)H . o (3 6!) 


zz^ssszzxss* r iids “?■ 

c.nLtr^ i ' l ^:zr;z , :, i » d '"T ,io r f ■*? <*"■■ h > * »*. 

mined coefficient a t . Tfius ^ e3c * 1 mu ^’P^ e ^ by af| undcler- 


JW. - a&iix) + a t g t (x) 4 + aj; ^ 

* J “JffW 


C 2.66 } 


“* boundary 

Sa[fsfics 'be differential equati^ mUSt ** Ch “ en " , SUcfl a wa * * hai 

differential equXn^*^ ££ 


Q * + ^ (2 67) 

^by^'JLtt” t0 appr °*™ ale ' he Cotu ™ dcfleciion be rep*. 

* (2,68) 

ihc requirement that if* first t erm in Ea n M r . . 

expressed in ihc Form Eq. (. 65) vanish for can be 

l[ms*dx~Q am 

Sin« 4 is a fusion * i.s variation is given by 

+ ^*+ "■ ■ + §}**, 

" + + - + fcf*)*». (2,70) 


Art. 2.s 


S*i«ntin m t M«*«f i os 


Making UJC of this relationship, Eq, (2,69) can be rewritten as 

j # 0$) *00 </a - 0 (271) 

It has been assumed that the n functions g.(0 used to approximate y are 
independent of each other. The only way Ilia I Eq. (2.71) can there fore be 
idem tea I ly equal to zero is for each or the ft terms in the equation (a vanish 
individually, Thus 

f (?<$)*,(*) *«. t*x = Q for J = 1,2 h* 

J 4 


and in view of the frset that c? P is arbitrary 

J* 2(^)£r( a } — 15 for i » 1, 2, * ■ . , w t2,72) 

The re Eat ion ships given by Eq. (2.72) arc referred to as Galerfctn equations. 
For u given problem any assumed deflection function Ihru satisfies the 
boundary conditions und ihc Gherkin equations wilt be an a pprua innate 
solution of tht problem. !f there arc n Eerms. in I he assumed deflection 
function, there will be n equal ions of the type given by (2.72)- In an cquilib* 
rium problem [hew j? equations con be solved for she n unknown cocflkienls 
in ihc assumed deflection function. En a linear buckling problem l he ft 
equations will be homogeneous, and ihc critical load is obtained by filing 
ihcir determinant equal to zero. 

To illustrate the use of the Galcrkin method, the crisicnl load of the 
hinged-fised column, shown in Fig. 2-1 1 p will be obtained. The first step i* so 
c boost a deflected shape that satisfies ihc boundary conditions. Such a 
function can usually be obtained by taking a power scries and evaluating as 
many arbitrary constants us possible from the boundary conditions. This 


Fig. 2- 1 1 11 1 ftged- fixed column. 



warm regards: Haider.sa@gmail. 


Appro zlmalw Mwtfradi ef An rfytif 


Cfr, J 


procedure was used in Article 2,6 to obtain a auitable deflected shape for a 
fixed -free column. However, in this instance an alternative approach will be 
iried. The deflection curve of a transversely loaded beam with boundary 
conditions similar to those or the column will be used. The deflection of a 
uniformly loaded beam hinged at x ~ 0 and fixed at * = / j& 

y = Mil 1 — 3 /x 1 + 2 x*) ( 2 . 73 J 

This Function satisfies all the boundary conditions of the fixed-hinged column 
and will therefore be used to approximate its deflected shape. 

The second step in the Gnlcrtin method is to esmhlish equilibrium by 
requiring that the assumed deflection function satisfy Eq. (2,72). If ^ i s given 
by the expression in. (2.73), (hen Q($) is, in accordance with (2.67), equal to 

Qm - dl«£/+ P{ 24** - ] 3/jc)J 
Furthermore, in view of (2.6S), 

S[x) = xl’ - 3 lx> + 2 a ‘ 

Substitution of Ihtsc two expressions into Eq, (2.72) leads to 
f A[4%EI{xP - 3/* 1 + 2**) + P(2Ax>l } - 12x>l 

(274) 

+ 48,v* - IS/* a: 3 + 54/ V - 3CFt‘)] dx - 0 

w hich, after one has carried out the indicated integration, reduces to 

A KS jrj“ 0 


Hence one obtains for the critical load of the member 


21 £/ 

”jr- 


For comparison, the exact buckling load of the hingeddixed column is 
20.2 £7/14 


2.9 METHOD OF FINITE DIFFERENCES 
Jnrrg duel ion 

The finite- difference method is a numerical technique for obtaining 
approximate solutions to differential equations (Ref. 2.2), In the method the 
differential equation is replaced by a set of equivalent algebraic equations 
that are usually easier to solve than the differential equation. The basis of ihe 
fin ile- difference technique is that a derivative of a function at a point can be 


An, 7 . 9 


Method et Finn* Diffnrmnctt !Q7 


bjf JT1 3l * cE,raie «* press ion consisting of the value of the 

f ‘ ! pmn ! and al Stveral ,,eafb * p° ints rn view Of this fact j, K 

p Sable to replace the derivatives in a dilferential equation with atechraie 

eqEr* ,lnd ' h0S ‘ ranSf ° rm lhC ***** iiUo an algetic 

ttmt wh^re^lKbr^ 31 Cqt ! i *“ 0n ! dCKribc the bchav,oc continuous sys- 

iS it i q "i *«fibctl.c behavior of lumped- pa fa me£ 

Shi a^ehr ^ ■ ° f ™ fno ^ function in a difTercm.al Equation 

Wj(h an algebraic expression consisting of the value of that function at seven! 

SHI l l t hU ! ***** f° rCp ' UCi " 6 astern with one 

tsassat 

“ cr 

that fc sS 5 mCrCaSCS S ° d<>eS ,hC Of simultaneous equates 

£CSKSi ST £ 

ssifss 

Difference Ratio? 

»S«S-:S£S 23 
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lhe fu " ctEor ’/W, P'oiltd id Fifi. 2-13. wW value is known at v i ai) <| at 
several evenly spaced, points to lhe right .ml in the left of .* == The first 
derivative of/tx) at a point x can be approximated hy 

<V ^ fix + Ax) - fl j] 
tfx A.x 

Al x " * [hii expression can be rewritten in the form 

G£L,“ 4/ '"^r^ (2.7 S> 

m which f, and f t are the values of lhe function /{*) at * « i, and at 
./ + 7 * 1 lS <!liUnce b =E w «n ihese two points, and A/ is the approxi- 

ztzt: ^r iv \: mx * i - r ^ '■ h is ° b *°« ^ ^ 

between the derivative and us a p proximal ion A/ will decrease as ft decreases 

fufirt j ° f *!* d "‘ Valivc mdx b * Ec t- (2-75) involves lhe 

function/ at * - i »4 at lhe point to the right of* - f. l< is ,hcmfore known 

as the lorward (JifTerenct. A similar expression involving the function / at 
. X= i and at x ■= /— ft is 

&f> = - ji/"* (2.7b) 

™ f0rm ° f lhc approximation is known as the backward difference A 
third possible expression involving points on either side of.r = \ JS 

Afl * ^ (2.77) 

U is known as the central difference Of the three approximations, the central 
difference is the most accurate for a given spacing ft. The remaining discussion 
tlcalifig with Ehc approximation of higher dcri vjitivu will therefore he ttmtied 

to cenlntl aifferences. 


Ait, J,S 


A fo*frtnf at Ftnitt c« j J iJS 


Once the first difference has been defined, the second difference can be 
attained by taking the difference of the first difference If A is. defined as the 
difference operator th^t corresponds to ihc differential operator djtix, then 


A'f, = A(A A) ~ = Aft*m ~ Ml=Ui 

tmSlli — h 
ft ft 

T, 

= L*± ~ 2/1 -h /,-! 

P 


(2,78) 


Expression (2.78) gives the second cenlral difference at the point x - f, 

Ina similar manner the third and fourth central differences can be derived; 

A J / = A*(A/> =, 


(2.79) 


/til* — y^±±jt _ £ — ll±±x+A-jii 
It 1 

5S 

- Z'*; 1 ~ 2/. > 4 _2/i-t — Z-ji 

2ft 1 , 

A Vi ■= A ! (AV} = —f<* k ~ 

n* 

— 2/,-f/i-^ _j_ Z_~ 2/^, a 
ffr — * 


+ % - 4/7, +/„» 

ft* 


(2.8fl) 


The feh compula[!onaE irtoleetilc& 1 ' 


Ftfi- C&fnpuliLijcrtBl mokculeB 
fisr dilFtncnEt nliflS, 



in Fig. 3-J 3 give a pictorial representation 

£*Ali ■ 


f, = 


hVf ( ^ 
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of lajs. (2.77), (2.73), (2.79), and (2. SO). This very convenient way of repre- 
senting difference ratios is due to Bicktey (Ref. 2.3), 


2,10 CALCULATION OF THE CRITICAL LOAD 
BV FINITE DIFFERENCES 

In this article the Fniitc-difTcrcTicg method will be used to determine Hie 
critical load of the hinged-hinged column shown in Fig. 2-Ma The solution 



Kij;. 2-14 Hinges'll injgcd coluifln 
lubdjvid&sl ini* n e^uil tegmente. 


follows the general outline of a similar analysis presented by Salvadori (Ref. 
2.4). The differential equation and boundary conditions for a hinged-hinged 
column are 

■ 




am 


and 


>(0) =■ >(/) = 0 


(2 ,62) 


Tq obtain the corresponding difference relations, the span or the member is 
divided into n equal segments of length ft = if,, and the deflection at the end 
Of the Jlh segment is denoted by (Fig. 2-1 4h). According to Eq. (2.7ft), [he 
second derivative at. point ! can be approbated by the difference ratio 


AV, = +>:■ _ . (2.63) 

in which y,*, and y,., are the deflections at points on either side of point /. 
If (2.83) is substituted for (he second derivative m Eq. (2.8 1), one obtains 

y «* “ 2y, + y,.t + ~jy, = 0 (2.84) 


Ihe difference equation at poinL /. 


Art, 2.10 


Cmtsvinion of cntMi in 


equilibrium By ^ 0™*^!!?* "P"?! 011 of U,c condition of 

Ihe member. Oy comparison the differ e<? .’ J,|ll>nurn everywhere along 
condition only approximately, and by thc e{ F*<li b rw m 

equilibrium only 9l u, t point * - /. X J * 0r,c attempts to establish 


Firji approximation a ^ 2 

,s ,n ““ s * “ n ™> - -A. S 


ftS- 2-1$ Ap^rO!ir™3r 0n ^j| h 

n « 2 . 



'££S £2£%t££: s*~zi 


y* — 2 r, + >» + 


Pf‘ 

4£l 


y t ~ o 


(1M) 


From the boundary conditions 

y* - « o 

nsf* v / fi‘ ,\ _ 

7l Uff 2 /-° (2 86) 


As is typical in linear buckling problems Fo r? fi*w„ j . , 

-* uizss 


p » 8£ * 

" If . (2.87) 

•rySsz r ,hc **- 

zz£E-xr-> - -* * ^USEr ; 


Second approximation n = 1 
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difference equation can he written. Writing Eq. (3,84) at / = ] | efl j s to 


— 2y, -I- y a -(- 2y, 


( 2 . 88 ) 


and at i => 2 one obtains 


7 + >i 4- ^Jti = 0 (2,65) 

in which 2 - Pl*j9El. 

lh L e l,0Urtd!iry fl0nd ' ,{ons s*"d ''corning! np terms, Eqs. 
(2.88) and (2.85) can be rewritten in the form 


M - Vy, + y f = o 

y, +• O- - 2)y, = o 

These equations are linear and homogeneous. As such they have a trivial 
solution _ 0 and a nontrivial solution that is obtained by setting 

(heir determinant equal to *ero. That is. 


2 - 2 

1 



Expanding Eq. (2.90) leads to 


(2.90) 


A 1 — f- 3 a 0 (2,91) 

r P0 ^ m? ial cqual ' 0Jl wt,03e 5ma,fest root is [he critical load. The roots or 
kq. {4.V E) are 

A, = i, i t ^3 



p _ 27 Et 
n jr 


from which 
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Hence the critical load is 


9 £7 

~T 


(2.92) 


This solulion differs from (he Euler toad by 9%. The 19% error that existed 
w ™ n 1 1 1 c ilifftfejicc evasion was satisfied at only one interior point lias thus 
been reduced To 9% by satisfying the difference equation at two interior 
ponds. 

Third approximation n = 4 

If the member is di vided into four equal parts or length h = i/4, as shown 
m rig, 2-17, (here will be three interior points at which the difference equation 


ftg. 2-1 7 A ppreu i mai ion wh h 

iJ wfl. 





can be written. However, taking into account the fact that the buckling mode 
of a hinged-hinged column is symmetrical, ibal is, y, = y u the number of 
equations that must be written is reduced to two, At i = I , Eq, (2.84) leads to 


yt 2y, + y* + = o 

and at i = 2 ont r oblairvs 

yi ~ 2yt + y ' + t m y * = 0 


(2.W) 


(2-94) 


Making use of the boundary conditions and symmetry, these equations can 
be rewritten as 


M* - 2) + y, = 0 
JtC2) + J’,a - 2) = 0 


(2.9S) 
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where k = Pi i fl6El. Selling the determinaru of Eqs. (2,95) equal to ttro 
give* the quadratic equation 

A 1 - 4A + 2 - 0 ■ (2.96) 

whose smallest root is X = 0-59, Hence 

K = 9A$ (297) 

This answer dilTc/s Rorti the Euler load by 5%, . j 

Hy continuing lo increase the degrees of freedom and satisfying the 
difference tonal more and more pu in Is, the accuracy of I he solution Can 
be improved to wtiy desirable degree. However, Lius process entails the solu- 
tion of a large number of simultaneous equations. As indicated by Salvador j 
(Ref. 2.4), a quicker and much simpler way of increasing the accuracy of the 
solution is afforded by Richardson's extrapolation scheme. 

]{ can be shown that the error. r T of the approximate solution is roughly ft 
proportional to the square, of the mesh sister h. Thus 

Ch* (2,96) 

in which Cis a constant. Lf « i and n a are the number of sections into which z 
member has been divided, and & t = i(n l and h t — //n a art the cor re&pon ding - 

mesh sizes, and if JJ, and J} t are the approximations of the exact solution, ff, 
obtained thus, then the corresponding errors are 

*% = fit = 

and e t — ft — fit — 

Elimination of C between these relations leads to 

/} = ~ "[A (2.99) 

m — n\ 

Equation [2.99) gives the extrapolated value of the solution provided the 
approximations /}» and fit arc approaching the exact solution monolonically. 

It is usually possible to obtain a monntonre convergence by choosing a 
proper sequence of nV 

To illustrate the effect Lvenfi&s of Richardson's extrapolation scheme, the 
approx i male results obtained for the hinged-hinged column, letting n — l 




Art. 2.7 f 
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and 4. wilt be substituted into Eq. (2,99). Thu* 




from which 


> 9.95 


Li 


(2.JTO) 


This solution differs from the Euler | CJ *d by only Q 2 y 

rt if, t *.™?* ,,r r™ 

■I”'' “ * im P lc “‘fmlMior ta mcLttil Ihcaccurac/i .L^i™ ™ 
^r.b„, A timilar « cuflcy mU ha „ 2i2?S£S 

rnrnh ”r° ‘i" 0 " °" I J' b V **«W He member into » wry |„„ 

-tSST* "* ” 1 "" 1 reS "' < ‘" t " umb " of sin.nH.ne- 


Tn bit M 
coStinin 


Summiry of Jlnuc-iilTtnoc* Minions for Hin^d.hingcJ 


Cflur 


% HlfOf 

Appnu, with 

j*«2 

a 

39 

3 

9 

9 

4 

9.4 

5 

Extrapolation 

□f to m. 3, 4 

9.85 

02 

Exart 

BQkitton 

9.87 

0 



t-11 HIGHER-ORDER derivatives 

The solution by finite differences 0 r an equation involving higher-order 

h at T? * "7 Considcrcd - Thc column shown in Fig. 2^fh j s buJIt 

at ns lower end and simply supported at its upper end Its behavior is 
governed by the differential equation ntmor it 


v ,v +JL,,'‘ 

1 Ei } 


(2.101) 
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ht li 

t — 

2 

0 — 

FUed-ftpnitti cnlumn jub- 
(ft) divided inio tj equal sf^menEi, 

and by ihc boundary condi lions 

ri°> = ?( Q ) =• HO - /'(/) - 0 (2.(02) 

To obtain i he finite^ lT«ene* formulation or the problem, the member 
is divided mion equal segments of length h - t/n (Fig. 2- 1 8b). The different* 
eqoa ion at any pmm x - i is obtained by substituting ihc fen I rnf -difference 
rnlios given by Eqs. (2.78) and (2.ED) Tor (he derivatives in £q, (2,101). Thus 

**" " Ay ™ + 6y < - 4 >'‘ > + ft-* I §7(^1 - 2 y, + y,. t ) » 0 

(2,103) 

First approximation n - 2 

- J Cl * h ' mcm ** r bc divided into two equal parte of length ft - 1(2, as shown 

r Mnd " lhce,lds of ,h *« Mgmems be denoted by /= 0, 1, and 2 

Two additional segments extending from i = 0 to f = - | and r ronT i = 2 lo 

p = 3 arc formed by prolonging the axis of the member a distance !/2 beyond 
■ ^ Cn ^ SCL J £ l,re )- [I ' s necessary lo imagine the member to be extended 
m this manner because the fourth difference ratio of the deflection at f = | 
mvolves ihe deflection at points two intervals away from i - I 
Writing Eq. (2.103) at r = I ^ives 

yi ~ + - 4 >'< + ~ 2 y, +y t )~Q (2.104) 

Since the deflections at the end 0 f the member must vanish. 




to) 


y a =yi = 0 


(2.105) 


Art, 2 . If 


//Jjflfrfcf - Ofdmr QttJvttfvta f J? 


! 

i 

? 

* 

l 

I 


Pl|r 2-19 Appro^marian w?Eh 

ft - 2. 


f 

1 

2 

_L 

t 

1 

2 

J_ 


! - 1 


i*0 


=3 ft 




i a — i tli 


The coniJiEton of zero slope ai .y ±= 0 leads 


la 


from which 


(2.106) 

The fourth boundary condition of zero moment at * ,= / requires th« 

In view of the fact that y , = 0, rhis can be reduced to 


y t - -y, 


(2.107) 


The results obtained and expressed by Fqs. (2.106) and {2 t07l „„ be 

summarized as follows; If the end of a member is fixed, ihc defl!X“", a 

"" ° UlSkd . c lhf support can be assumed to be equal to the deflexion at 

J Diu-d^h ?Upp0r! ' For a htn & d CJ1tS lh < deflection at a distance 

^tST " T f ta ?* d by ,hC ^' iVff ° f deflect ion at a 

distance fi inside the support. In other words, the deflection function must h, 

symmetric about a normal to the member at Ihe support for ti fixed end and 
antisymmetric about .he same normal for a hinged end 

^ - '*■'*> - * *■<* - 


y r (6 


2V J \ 

22/J 


( 2 . 108 ) 


* 
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Equation (2. 108) gives the trivial solution ofequ ihbrium at any lewd, provided 
y t ■* 0. and the critical load 


= ^ * (2.109) 


This sol ulian differs Irotri the enact answer. 20.2£///*. by 4 1 %. 

Second approximation n = 3 

Lei Lhe member tut divided into three equal parts of length it — 1/3, and 
let the axis of the member bg extended beyond each support a‘distancc//3, as 
shown in Fig. 2-20. The ends of the segments thus formed are labeled from 




ApprcmmaHion with 


i = — J to i ■= 4, inclu&ivdy* Writing Eq. {2.10,3) at / = I givci 

nil 

yi - 4r 3 + 6v, - 4 jj b + y_ t + ^O-i - 2* + *) - 0 <2.11-0) 

ajid a| i *= 2 erne obtains 

* - 4jrj + 6 Vl - 4j>, + y, + ^{y, -2y l + y t ) = Q (2 I II) 

Wjth the aid oft he boundary conditions given by Eqs. (2.105), (2, 106). and 
(2.107), these equations reduce to 


y,(7 - U) + Mi - 4) = 0 
-4) + y i (5-2Jl) = 0 


(2.1 12) 


To obtain ihc nontrivial solution of Eqs. (2.112), their determinant is set 


*■1. 2 , if 


Unei/irtfy Spirit Pivot*! Pain ti f j 9 


tq."! 10 reto. Titi, led. 10 the quadratic equation 

m*-im + i 9_ 0 < 2 . m) 

Whose smallest root is X = l, 7 g, H enec 

y> _ 16. 1 £7 

“ “T - (2,114) 

TO..n.«,diirc n front the cool tolulion of 20 .j £W> „ 2 

^sir,^ rtf?' rur,h "- ««.**,- 

«d ( ,t,d, for . - 2 und^ * (J,09> 

9Hd p iq a£I 

” V (2.115) 


2.12 UNEVENLY SPACED PIVOTAL PQfNTS 


In some problems it is convenient to divide the member int„ » 
intmul. For tho function "*•— 


Fpy. 2-11 Unevenly ipa Cc d pivotal 
poirt Ij, 



cenir^l difference ^ji the point x ■=. f \ j s 

A/ f « XU + ft)— IQ — h) 
*(*-h 1J " 


(2,116) 
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X 



in Which f{i -f a/r) and /(f — /a) are the values of f{x) at jr - f -j ah and 
x = I - h, respective ty, The second ctntral difference, obtained by taking 
the difference of iTic first difference, is 


|*(« -+ l) 
ftV(« + l> 


(2.117) 


To illustrate the use: of unevenly sliced pivotal points, rhe criiical load 
of the stepped column in Fig, 2-22a will be determined* The column is 



Hg. 2-21 CctUmrv wish varying 
momcni of inertia subdivided inio 
irgnvenlf of unequal lenfclh, 


hinged at bolh crtds and ha? a unomfnt of inertia equal i& for the central 
half of the span and to / 0 /4 for the remaining parts of Ihe member. Lei rhe 

*Thc Solution of a similar probkm can be faun-d in Ref, 2,? r 


Aft . 2.IJ 


Urt*v*nfy Ptvaemf P&fnt* f 


member be subdivided into five parts, as shown in Fig, 2-2 2b. The ends of 
the segments thus formed, called pWotoi points, are denoted by / = 0, 1, 2, 3, 
4 f and 5 The Consequence of subdividing the member in this manner Is that 
each pivotal point is at (he center of u length of column for which / is 
constant. 

The differential equation and the boundary conditions for a hinged-hinged 
column- art 

J»" + -^y « 0 (2.118) 

am) .y{0} - y(J) - 0 (2.1 19) 

Substitution of the difference ratio for the second derivative given by Rq, 
(2. 1 1 7) into (2. 1 ] B) leads to 


atad-T) 1 ^-* “ 1 + «) + «/r-* 1 + = 0 (3 ’ ,20> 


the difference equation at ihe point x = r. 

Due to the symmetric shape of Ihe deflection curve, ihe difference equation 
need be written only at the points f * I and i = 2. At / = E 



ff = 1.25 


and Eq. (2.120) becomes 


*J. 4 


-.u. 


r: L 
'L *t 



2 3 

“ 12S * + U5 ^ + 56 ^ >1 - 0 (2 121 ) 


At i -± 2 



a = 1.2 


and the difference equation is 

rr^T) 0 ' 1 - 22 r> + '-v*) + war/ 1 ~ 0 < 2 - t22 > 

In view of the boundary conditions, y„ - 0, and, ns a result of symmetry, 
^ y,. Hence Eqs, (2.121) and (2 122) can I* reduced i» tbc form 

.M* “ I M>) + MO-71) = Q 
y ,(0,9 1) + ^(0.391 - 0,91) - 0 (2-I23 > 

in which 2 = F/ 3 /9£/ D . 
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To obtain the non tri vial solution to these e-q unisons, their deter m blunt 
musi be irudc to vanish. This lead* to the quadratic equation 

0.3921 - 1 .53 A + Q SI = 0 (2.124) 

whose sm.iHest root is X = D 63. l ienee- 

= 0 - 57 ^ ( 2 . 125 ) 

This solution differs from the exact buckling load, Q&SEfJl l , by 12.3%. 


2.13 MATRIX STIFFNESS METHGP— 
FLEXURAL MEMBERS 


Introduction 


The matrix method is a numerical technique that uses matrix algebra to 
analyze ^rucuira! systems. El idealizes the system as an assembly of discrete 
elements connected to one another at points called nodes. For example, the 
beam in Fig. 2-23 is shown subdivided into two elements, elements vb and hc- 
Associatcd with each element are generalized displacements. 6. used to 
describe its deformation, and the corresponding genrrjhzed forces^ y. The 
lerm generalized denotes the fact that q can be a moment as well as a force 
and J a rotation us well us a deflection. The tj's are internal forces as Far a$ 
the overall structure is concerned, but they are external forces when individual 
elements are considered. Since they refer to the clement, rhe q\ are called 
element fare* j* and the i*a are called fitment displacements. 

The load-deformation C ha racier ssiies of an dement can be given by 
means of the matrix equation 



(2.126) 


w which the stiffness influence coefficient k tJ is the force ft due to a unit 
displacement S f when all other Fs are zero. The matrix made up of these 
influence coefficients is called the dement stiffness matrix. 

A relation similar to Eq r (2,126), expressing the toad-de form alien 
characteristics of the overall structure, is 


*r *. rj 


Mttrin St/ffnti i ftfmihod—Ffwsturti 


■fc- 


=fr 

— i 


v *,(z 


q 4* 


1"1 *r*>\ \*yh V»t| 

I*— 1 -? ‘I | 1-fc. -| 

EHmani ob Ettmet .1 be 

Hieitioni forte an& displacement noiot.sn 


0 


V 5 a 




■Cc 


W*,A. 


£ 


K, 4. 


|w,.a, 


$ 


fil 

It 


|w 91 a 

SlruGlufti lotce end displace ns. nt mjTfllion 
F%, 2-23 Nadi! fonKj end disptartmcnti for a bttm. 


'HV 

W, 

w> 

K 

w> 


K , , A„ K lt /( 1f 
Kit *ji 7 f n Jt lt A lf /f lt 

^tl Jf|j Xj* A,, 

*»« K* 1 7Sr tJ A'^ A',, A„ 

Aj, A',. A,, A,, 

.A., AT,, A„ K ti K tl K tt 


or in abbreviated form 


V 

At 

A, 

A, 

As 

LA,. 


• l 


(2.1 27) 


E^J = f^JiAJ 


C2.I2S) 


^■^'““, 4 ' and », U»i "»k= up <l» Mn., 

maim [41 and ihc Jund malr,* [W j arc depicted in Fig 2-23. They are the 
generalized structure node point displacements and the corresponding 
gentrahwd structure loads that act at these node points. The matrix (A] that 


1 
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re I ales the structure loads \W\ to the structure displacements [A) is known as 
iJit si me lure Stiffness matrix . 

"Hie analysis of a structure tay the matrix method consists of two steps, in 
the first, the structure stiffness matrix !*"] is synthesised from the Stiffness 
mat rices of the individual elements. This is usually accomplished by applying 
at each node (he conditions of equilibrium and deformation compatibility. 
In the second step the structure displacements and the external reactions are 
obtained from the structure stiffness matrix fjtj and the load matrix [W] To 
illustrate these procedures, let us use the matrix method to determine the 
midspan deflection and fixed-end moments for the beam in Fig, 2-23. 

Formation of Element Stiffness Matrices 

To form (he structure stiffness matrix, the stiffness matrices of the indi- 
vtdual elements must first be. constructed. The stiffness matrix for element pf> 
will be or the form given by Eq, (2.126). The first column of the matrix is 
obtained by applying a unit translation, S H to the left end of the element and 
keeping andd 4 at zero (sec Fig,2-24a). According to the definition of a 



Fig, Z-14 Camponcnii of etemeni; s I arl.icM malrii. 


stilTncss influc j icc Coefficient, and£ 4| are ihe moments induced at the left 
and nghl ends of she member by she unit Eranskiion 0.. From the stane- 
atfrccE ion equation 



The shears. k„ and that arc also induced by the unit translation £ t are 


Aft, J a ra 


M+trfx Stiff n* n M9tf*9fj~Ft#MiSfMt Mtmbaft *2$ 


obtained by considering moment equilibrium of the element. They are eqiial 
to 



In a similar manner, by applying unit displacements J,. & t , and £, (Figs. 
2-24b, c and d), the remaining terms in the dement stiffness matrix can be 
evaluated. The entire matrix, for dement ab. is 


12 FJ 

t>Et 

\2El 

f)FJ 


~l r 



6£/ 

AEt 

6£f 

2Ei 


T 

T~ 

~T 

12 £1 

6£f 

12 E! 

6Ef 


l r 

t 



1EI 

bEt 

4£/ 

i* 

T 

~r 

"J" 


(2.(29) 


Except for different subscripts on thei/’s and S' s, the two beam elements are 
identical. The stiffness matrix for element be. (k], r . is therefore identical to 

IkU 

Before proceeding with the synthesis of the structure stiffness matrix [K] 
From the stiffness matrices of the individual dements, it is useful to combine 
the latter into a single composite element stiffness matrix [A), Thus 


W 

*1 

*1 A 


r 

G 

12 

6 ; 

F 

™T 

“F 

“T 

6 

~T 

4 

6 

T 

2 

12 

6 

12 

6 

“F 

T 

F 

T 

6 

l 

2 

6 

T 

4 


12 

7* 


fi 

"T 


6 

f 

12 

& 

"T 


—4- 4 
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T 


12 

> 

6 

r 

12 

7 1 


2 


| 

■5, 


t. 


s, 


1 *' 

6 

T 

; s* 

2 


6 

T 


4 

& t! 


(2.130) 


warm regards: Haider.sa@gmail. 


f2$ Appro t.f mat* Mv of An*tyth 


Cb. 2 


or w - vm (2.131) 

Formation of Structure Stiffness Matrix Melhod A: 

Equilibrium and Compatibility 

The structure stiffness mains can be obtained From the element stiffness 
mai rices by applying the condition oF equilibrium and compatibility at euth 
node. Equilibrium ts s-ntr&Sird IT 


H / i = q lr ^ 

W 4 >== q 4 + Ji\ — ,g TH = q M 


Putting these relations into matrix form gives 


or simply 


WV 

W, 

W* 

W* 

W a _ 


<h 

?j 

9* 

?f 

fi 

UiJ 


m=[Alq) 


(2.132) 


(2 133) 


(2-134) 


Equation (2,134) can be regarded as a linear transformation in which (be 
matrix {A J transform! the dement force* into structure loads. In a similar 
maimer, the compatibility relations 


5[ =■ A ia = As, rfj “ <5, =■ A, 

~ 13 & 4 - Aj( ■ A{ 

can be expressed by the matrix equation 


"V 


"1 

0 

0 

0 

0 

0" 


J, 


0 

1 

o 

0 

Q 

0 

’A." 

J. 


0 

0 

1 

0 

0 

Q 

A* 

s. 


0 

0 

0 

I 

0 

0 

A, 

J, 


0 

0 

1 

0 

0 

0 

A, 

t* 


0 

0 

0 

i 

0 

0 

A, 

S, 


<3 

(3 

□ 

0 

1 

0 




_0 

0 

0 

0 

0 

L 



(2.135) 
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or [5\ = [jSIA] (2.06) 

in which {JPj it the matrix I hat transforms the structure- deform at ions into 
element defuritiaiions.. 

AIL the information necessary to transform the composite element stiff- 
ness matrix into the structure stiffness matrix is now available. Starting 
wilh Eq. (2.134) and making use of relations (2.1 31) and {2.11b},, one can 
write 

m = Mir^i - MPHA = wm) 

Comparison of this fcsuII with the relationship in (2,1 28) indicates that 

W-MM« (2.1 37) 

Hence [K] m the structure stiffness matrix, is obtained from [ k] t the composite 
element stiffness matrix, by pre multiplying the latter by [A] and puftmultiply- 
ififi ft by [0], 

U will now be shown that [A] and (0] arc related to one another ttnd that 
only one of these two matrices is needed Eg transform [*j into [K], The 
strain energy stored in a structure is equal to the work performed by the 


external loads acting or tEic structure. Thus 

C/^ltArtH'] (2.13a) 

However, the strain energy is also equal to the work performed by the 

element Forces acting on the elements of the structure. That is, 

W-jEffM (2,139) 

llAIW-K*™ (2.140) 

Substitution of [A]{q] for [l^] and fAH^f for \&Y leads Eo 

mi*M "iMWM (2.141) 

or [4] - [BY (2.142)- 

lienee |2?j r is equfil to [h-I] and Eq. (2,117), which prescribes ihe manner in 

which [tf J is synthesized from [Ji becomes 

IK] - | jpflrlJj (2.143) 


If the operation indicated by (2.141) is carried out using the element 
Stiffness matrix given in (2.130) and the transformation matrix given by 
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(2,144) 


the structure stiffness matrix for the entire beam. 


Formation of Structure Stiffness Matrix, Method Ft : 

Transformation of Coordinates 

In the foregoing, iFie structure stiffness matrix was obtained from the 
c ement stiffness mnirices by rippling conditions of equilibrium and defor- 
mation compatibility at the nodes Alternatively, the synthesis of (Jtj from 
I* 1 c j iri . “ f cn as a transformation of coordinates. The element stiffness 
matrix is written in terms of element defstr mat ions, and the structure stiffness 
matrix in terms of structure deformations, A transformation, from one matrix 
10 the other, as given by Eq, (2.143), can therefore be considered to be a 
Itansfomiiilioit from clement to structure coordinates. The matrix !£) which 
is used co carry out the transformation, is commonly referred to' ns the 
transformation matrix. It i s made up of the direction cosines between the 
struclurt and element coord mate axes, 

In the religion 


the matrix [5] transforms structure deformation vectors into clement defor- 
mation vectors. Since the element and structure force vectors coincide with 
the corresponding demem and structure deformation vectors, the forces must 
transform in precisely the same manner at the deforma lions. That is 


tv] - mw\ 


(2 J46) 


Art. 2 . tj 


Matrix SUfffrtri Mftfrad— F !xxur*f M&mhdfM 


Substitution of Eq$. (5.145) and (2J46) into I he element stiffness relation 



Iff) = TO 

(2.141) 

leads to 

[filEH'J = TOM 

(2.14ft) 

or 

m - WTOM 

(2.149) 

Since [5] repress nls an 

onhogoral irimsfontiatrou, that is, 



[BY « \B]-t 

(2.150) 

Eq. (2.149) can be rewritten ss 



m - immm 

(2.151) 

from which 

in = 

(2.152) 


This relation, arrived tat earlier by considering equilibrium and compatibility, 
has now been shown to also represent n transformation of coordinates. 
However, the main diE|> rente between methods A and B h not the manner in 
which Eq, (2.1 52) is interpreted, Rulher it is in the procedure used u> carry 
out (he calculation of [K] that She primary dii-st inction lies. 

The transformation from clement to structure coordinates, represented hy 
Eq. (2.3 52), can he carried out either before or after combining jhe stiffness 
matrices corresponding to the individual dements. In the preceding catcula- 
i ions the individual dement stiffness matrices were first combined to form the 
composite element stiffness mat rix* and this matrix was then transformed into 
the structure stiffness matrix. However, it sometimes requires less computer 
effort to transform each of the element stiffness matrices individ ually into 
structure coordinates* and then combine the transformed malricrs into a 
structure siiffncss matrix. The taller procedure which is usually referred loss 
the tfirtTt stiffness ntcthtal, will now he ilUislrnleti. 

To obtain Tor ihr beam in Fig, 2-1,11. 1 raflsforrnnlion matrices are 
required for each of the two elements. These matrices ore obtained from 
equations that relate the dement to the structure coordinates. Thus 


~3r 


■| 0 0 O' 

'A,' 


\S, 
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0 10 0 
0 0 t 0 

A, 

- [BIJAL 

A. 


0 0 0 1. 

LAi. 
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Qh.2 


anti 


K 


"I 0 0 CT 

‘4*1 



0 1 0 0 

A, 



ooio 

Ai 

_V 


0 0 0 1. 

A*. 


[*UAL 




define (he transformation matrices and (/*]*, The terms in the transfor- 
mation matrices are the direction cosines between the element and structure 
deformation vectors Sin.cc these vectors coincide for jhc structure brine 
considered, the transformation matrices are both identity matrices. 

The relationships between element and structure deformations given by 
Eiqs (2.1 53) and (2.154) arc of cents* identical to those given by Eq. (2. 1 3i> 
The only difference is that these relations si e now considered to be transfor- 
mations of the deformation vectors from one coordinate system to another, 
whereas they were previously looked Oh 9S being equations oT deformation 
compatibility. 

Using the transformation matrices JJS]., and Iff]*, and carrying out the 
operations indicated by Eq, (2.152) on each of the two element still ness 
matrices (*]„ and [ft],,, one obtains 


[KU-f 
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A, 

A, 
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(2.156) 


The stiffness matrix [K] of the entire structure is now constructed by com- 
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hinmg [KJ* and [K]* f> that is, by placing the individual term* from [K^and 
into their correct position in the matrix IK], The row and column of[K] 
into which any term from [K]^ and [A'] lf goes is indicated in (2, 1 55) and 
(2,156). These designations are obtained from the law of matrix multiplkn- 
tion. The row and column of any term in [*]„ is obtained from the corre- 
sponding row in and the corresponding column in {BJ„. 

Combination of [A(, and (K], t in the manner described leads to 



(2.157) 


I lie dashed lines indicate the manner jr which the element matrices hi ve been 
combined to form the structure matrix. Whenever a term such as W'„ A t 
appears in two element matrices, the corresponding terms in the structure 
matrix is equal lo the sum of the former. The structure stiffness matrix 
formed by superposing element matrices is of course identical to the one given 
in (2.] 44). 


Struclure Deflections and Etemeni Forces 


Equation (2.157) relates all possible structure nodal displacements to the 
corresponding structure node point loads, lieforc attempting to solve for any 
of these displacement*, it is convenient to distinguish between those that arc 
Unknown and those that arc fixed a$ a result of the boundary conditions. This 
is accomplished by rearranging and then partitioning the deformation matrix 
|i) into twosubmatrices [A], and [A),. Included in (AL arc the unknown nodal 
displacements and in [A]i the nodal displacements prescribed by the boundary 
conditions. Tile load matrix [>K] and the stiffness matrix [K] arc then rear- 
ranged and partitioned aecordJn^ly. Thus 





(xm) 
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in which [ he suhiru[fix(^L contains (he loads corresponding to ihe unknown 
nodal displacements and thesubmalri* [IK]. [he reactions nt the known noda) 
displacements. 

In many problems the nodal displacements prescribed by the boundary 
conditions arc all zero. Equation (2.158) can then be separated into [be 
following (wo relations: 

MJ-K.PJ (2.15?) 

•»* Wl-KJUU (2-160) 

If one multiplies both sides of Eq (2.159) by one obtains 

[A-l — (2.161) 


from which the unknown nodal displacements [AJ can be determined. Once 
(4,1 has been obtained, ihe reactions [W'.lcan be found using Rq, (2. [60), 
For the fixed-end beam in Fig, 2-23, A. « A, = a, = A* =* 0. Con- 
sequently, [AJ consists of A, and A 4 , and Eq (2,159) takes ihe form 



(2.161) 


Inverting the stiffness matrix and noting that W t =a 0, one obtains 


ra-a; am 

from which [he midspan deflection A] is found to be 


a = Jfj/’ _ HM* 
Al 23£7 ~ \ # 


(2.163) 


(2.164) 


Having obtained [AJ, the reactions [IF,] can be determined using Eq. 
(2,160). Thus 
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and ihe fised-end moments W\ and W t qit 

w _ 6Ef ££ _ MV IV, L .... 

iy * - IT 2 m ~ 4 ~T~ < 2 J6 *> 

- <M«> 

In (he preceding pages the matrix Stiffness met hod has-been used [a obtain 
the deflection awl reactons for a simple beam in bending. As a rule, matrix 
methods are intended to be used to analyze complex Structures. The deflec- 
tion of a simple beam should obviously be obtained by traditional procedures 
and not by matrix ana lysis. However, a relatively simple problem is especially 
Well suited for illustrating basic principles. It is with ihis object in mind that 
Ihe preceding problem, as well as those that follow, is presented. 


2.14 MATRIX STIFFNESS METHOD- 
COMPRESSION MEMBERS 

I 

Introduction 

The Stiffness method utilized in Article 2.13 to analyze a flexural member 
will now he used to study the behavior of a member that is subject to axial 
loading as well as bending (Ref. 2.5> Within the limh&lions of small displace- 
ments and clastic stresses, the Stiffness of a flexural member is a constant, and 
the linear relationship [{?] =i lAf)[A] describes its behavior, &y comparison, 
the stiffness ofa member subject to both axial load and bending is a function 
of ihe axial load. It will later be demonstrated that the force-deflection 
relation of such a member lakes [he form 

tffl - m + ^]][A) (2,168) 

in which [0] contains the transverse loads that cause bending, f A] contains the 
corresponding bending deformations, and P is the axial load. The stiffness 
matrix in this equation consists of two parts. [JCl, the standard stillness rttotrix 
of a member subject only to flexure* and [A,J, a matrix which accounts Tor 
ihe effect that the axial load P has on the stiffness of ihe flexural member. 

Equation (2,168) can be used to obtain the deflection of a beam column, 

1ft addition, the equation can be used to obtain the critical load of an axially 
loaded member. By deficit ion, the critical load is that axial load at which the 
bending stiffness of Ihe member vanishes. Rewriting F,q. {2.168} in the form 

w]=fM+mjnG] 

it becomes obvious that (he bending stiffness vanishes; that is, [A! increases 
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„ . g * rtn u- whtn l he inverse of ihe slifTncs* 

without bound for finite value* °f 1&1 . ■ nvefie 0 f a matrix h oblained by 
matrix becomes mfimtely large_ . , nl lht jT1¥(rse w j|| blow up wlicn 

SSS^KSSTK- .m m - ». * m * «*. * 

determinant of the slfflmi matrix equal lo zero. 

Element Stillness Matrix tor Bmnt Column m 




Elemcnl ielflr malices 


m 


F lE . ixiS Beam cotume element tore** » rtd di* P Uec™m*- 


Pi'll--*™ " 

, . , -,e. |. our purpose to find a matrix relationship 

arc depicted in Fig.- ■ * - f _.- dlls rji fc[i lNc prcuciwc of Lhc axial 
between the loads 1*1 and the deform- N £ j aj obeys Hooke's 

,..-p *. ■«»» ‘»c U) *»■ r ■» 

1»«. dcftnUBM ,„ u „ „t the Iwk. Th. 

uniquely determined, regardless by applying first the entire axial 

deformations Ifl « n thcTe | ore u . . er t be*e circumstances the relation of 1*1 to 

to«Si «•■'» «" •“ Mi " E "" P "" dple 

-«2«- *? r ^ssasfisisa: 

the second loading stage is 

- " {2,169) 


W. - -J-Ifijfld + 4 f t UV** 


in which the first term reprc i cms thc wo^ r»f S^hM I 

term the work due to P. * * compression 

for« arS *(3w ' w"k if it is a tension force. The strain energy stored in the 
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member during $ls£e l wo j* due cnly to bending. Thus. 

0 = Y JfJ'T^Jr (2.170) 

Equating !hc 5 E raj n cnef^y Ep lhc ^(crnol work gives 

y j 4 y j * {/)* dx =» y J (y *) J fl'jf (2. 17 1) 

° f S; "J a,i ™'»P M = WW. in which [A J is the dement stiffness 
rrmirrx. fcq. UJ7I) becomes 

l*n*HcJ] — £1 (y ') l rfjf — F (/)* tfx (2,172) 

To evaluate [Aj. it is necessary to put the right-hand side of Eq, (2,172) 
into matrix form. This can he accomplished if the deflection y is assumed to 

bt gi v-eri by 

y — A + Bx -b Cx* 4- Dx* (2,L73) 

The choice of a defied ion function is an extremely important step. A cubic is 
chosen j, this instance because such a function sa ii s f [ts the conditions of 
cons! unt shear and ijftcurly varying bending moment that exist in the beam 
clement, faking the coordinate axes in the directions shown in Fig. 2-25H 
the boundary conditions for lht dement art 


y m — $ |p y r ^ Q | jj = Q 

y — —$1* y = j* 

Substitution of these conditions into Sq.(2.i7J) makes it possible to evaluate 
the four arbitrary cons tan is and to obtain (he following expression fory: 


= -jJ, + S,x + _ ^i_+ii x * 

+ ^*. + 2^,. 

Equation {2,1 74) can be rewritten in matrix form as 

' = [(f =T^){> - ¥ + -£)(£- ¥)] 


{2.17-1) 


<sr 

S* 

$> 

UJ 

(2.175) 
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or y - EHM 

Different Eating [he expression in (2,175) gives 


and 

in which 

/ = [CPI 

y - u>m 

(2.176) 

(2.177) 

m-(£- 

¥)( l V') 

(2.178) 

and [i>] - (£ - 


(1179) 

Tn view of (2,176) and (2.177) one can write 


and 

(/>' = (5FKWPJ 
(yy = tmflriDfc!] 

(2.1 SO) 
(2.181) 


Substitution of these relations into (2.172) gives 


* (<5F|£/ £ [Dfl £>)//*- P (CFfCJ rfjrj[tf] 

from which 

M - El £ [i>nB] <tx - P £ [cnej dx (2. ] 82) 

Using the expressions given in (2.178) and (2,179) for [CJ and (7)| and 
carrying out the operations indicated in (2.1 52}, one obtains 
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Equation (2.183) gives the stiffness matrix of a beam column dement. The 
matrix consists of two parts: the first is the conventional stiffness matrix of a 
flexural element derived in Article 213, and the second is a matrix repre- 
senting the effect of axial loading on the bending stiffness. The latter matrix 
is sometimes referred to as an initial-stress stiffness matrix As the name 
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implies, this matrix accounts for the influence that an initial constant axial 
toad has on the subsequent bending characteristics of a member. The matrix 
Was derived for an axial compression force. It Could serve equally well for a 
member with an initial tension force if the sign preceding the second matrix 
Were changed from -minus to plus. 

Calculations involving the stiffness matrix of a beam column element are 
considerably simplified if every term in the matrix has the same dimensions. 
T his can be accomplished by modifying the forte and tyspinccment matrices 
so that the lerms in. the former all have the dimension offeree and those in the 
latle r the dimension of distance. Thus 
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( 2 . 184 ) 

This form of the stiffness matrix is especially useful when the stiffness matrix 
must be inverted. 


Calculation of the Critical Load 

As an illustration, the stiffness method will be used to determine the 
critical load of the column shown in hig. 2-26. The member has a length 1 
and a uniform flexural rigidity El and for the purpose of ihc analysis is 
subdivided into (wo elements. The positive deformations and the corre- 
sponding forces, for both the entire member and the individual elements, arc 
defined in [fso figure. 

The stiffness matrix of each element tan be constructed in accordance 
with Eq. (2. 184). Hence 
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Fig, 2-36 KChJal forces and displaccjncnls Fur 2 column. 
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The; ilrucuiffi: stiffness matrix for Lhc entire column will be obtained by 
transforming the individual demerit sUfTnesa matrices from element to 
structure coordinate* and then combining the resulting matrices, TJi: 
transforms I ion matrices that relate the structure deform a [ions to the element 
deformations arc 
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.Since the information matrix for each element i* an identity matrix ih. 
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structure stiffness matrix for the entire member. Thus 
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This matrix is valid for any boundary conditions. Using it. the critical load 
™tl now be determined for both a fixed-fixed and a hinged-hinged member 

/ - Fixed-fixed cvfunm 

For a fixed-end column, all As with the exception c f A, vanish Con- 
sequently, the stiffness matrix given in (2.189) reduces to 




-fT>. 


from which 

A) = TSWt TTp\ lV > 

At the critical load the bending stiffness of the member vanishes; that is. 


( 2 , 190 } 

(2,191) 
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iti. 5 c ivi iniiig values gi tr-i, nencc 

the parentheses must vanish at the critical load. That is, 

24Et 


IS" 


12 J> _ n 

TT“° 


from which 

P =, i0FJ _ «« 

" ~U~ (2-192) 

The exact solution to this problem is 1\, - WMElfL 1 . 

2. Hi»gf<l-kingt<t column 

For a hinged- hinged column. A, - A, - a, - 0 Crossing out the 
columns and rows of the stiffness matrix corresponding to the zero deforma- 
[tans gives 
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By recognizing that A, ■= -A 4 , the stiffness matrix can be further reduced to 


Cf] (2i9i) 


As m the previous example, the criterion for finding the critical load is that 
the bending stiffness must vanish, or Ihe inverse of the stiffness matrix must 
blow up. Hence the denominator or \K\-, which is the determinant of [Kl 
rniisi be eiT.uaS.io zero, That h. 


rnvi 




2 

i i 

/ 


n[ 4 

1 1‘ [_I2 2 

<H p 

7! 

1 

To 

12 

L J . 




Lt 

5. 


4£/ 

2P 

6£/ 

P 

7“ " 

’ T57 

P ” 

757 

I2E/ 

~T 

PI 

2A§[ 

12/* 

T 

P 

"5T 


(2.194) 


To simplify the numerical compute! ion*, divide ench Etrm by E//P a ad 
Introduce the notation 
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Equation (2,194) l hen lakes ihc form 


4-P 

12 -i 24 — 1 2X 


0 


Expansion of ( 2 - 195 ) leads to Ehe equation 

7 . 5 ** - 52 * 4 24 = 0 

* 

whose smallest root is i — 0 .49, Tills gives 

2 . 45 El _ VAEf 

P = "T 1- 


Tbe exact value of the critical load is of course 9»B7£j/L x , 


(2J05) 


( 2 , 1 %) 


2J & P* T i MOSJittuKO, The C&lieacd Papers &f Stephen P. Timasi\tnk& (Nc^ 1 York; 
McGnw-Hih Book Company. 3953). p. I. 

2,2 M- G- 5AC*VaI} 0M and M U BAA ON, ftamcricul Methods in frig f freer aig. 

2nd elI tEtisIcwood ChlTs, N.4.: Prtntict HalJJnc,, 19GI), 

2. 4 W, Q r Pick ley, H fi n he Difference Form u I ae for the Square l-a U kef Qmrferfy 
J&urimi of Medranics and Applied Muthrmaiics, Vol. L p I94S- 

2.4 M- Gr Saivawri, "Numerical Compulation of Buckling Loads by Finite 
Differences/ 1 Tra/tsaclians, ASCE k Vol. ] 16, I95L 

2.5 H. C. Mari in, “Large Deflection and Stability Analysis by Ehe Direct Sr illness 
Method,"* Jet Prapukian Laboratory, California Itt&flttrfe af Techftalcgy, 
Pasadena, Calif., Technical Htppft, Afa, J2-P3I, Aug. I%G, 


Problem* 

2.1 Dclecmine an approximate value for the critical load of an axially leaded 
column, hinged at one end and fixed at the urher, using the energy method. 
Approximate the deflected shape of Ehe column by the defection curve of a 
uniformly loaded beam whose boundary conditions are the same as Eiiote of 
the column 

l r % Using Ehe energy method P determine an approximate val uc for the cs Ltical ] pad 
cif the column shown in Fig- P2-], 

2J (a) Use (he energy method to determine Ihc critical load of a hinged-hinged 
column, that is supported along j Li entire- length by an elastic foundation, as 
shown m Fig. P2'2, As the column deflects ihe foundation exerts a force of 


c*, J 


frffi/iuii 94J 


l P 



Ffe p ^t Fig, F2-2 


fi rounds per unit kugih per unit lateral deflection ott i he column. Assume 
Lhal Ehe deflection of Hit column is given by the infinite series y h 
£1-1 a.&trinJteft). 



tb) Plat a curve of P w ,lP f versus and use ii to discuss the variation of [he 

mlica] lead and Ihe mode shape wilh fhcsliFncu of ihe found al ion f$. (Hint; 
To obtain ihe desired curve it j s necessary to determine the number of hair- 
waves m that lead to the mmjmurrt critical load for any given value of J?. This 
can be accomplished by felting w take on successively higher values, starting 
'with Ip and planing i be critical load vtnus /Ffor each ease.) 

14 Determine an approximate value for (he mlkaL load or a hinged-hinged 
^lumn whose moment of Inertia varies linearly from /* to 4 /* as shown In 
r-E£. ,1 2-3. Use the energy method and assume that the defection is riven bv 
y - atln(x xfth * * 

('—*§£) 



! * 
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2.5 Solve Problem 2.4 using the method offinhe difference*. Obtain Motions with 
the column divided ibid two and three segments and compete these remlu 
usijis Richardson 3 method. 

2.6 Solve Problem 2 1 using I he matrix method. Divide the member into (wo e!e- 

snia|lQ[ 1001 of 1 ^Jbic equation must be obtained to find 

2.7 S!" *?!“« Wir !* Ihc ™ ,ri * "*«“*■ “vide thc member into two «fe 
me tits. (Note.. Hie smallest root of a qumtic equation must be obtained to find 
inc crdidal load.) 


BEAM COLUMNS 


3.1 INTftODUCTION 

Benm columns .ire members that arc subjected to both bending and nxial 
compression. Thc bending may be caused either by moments applied to the 
ends of thc member, as indicated in Fig, 3-1 a, or it may be due to transverse 


„ 


(□] 


(W 


FJp- 3-1 Bonnarium 


loads acting directly on the member, ai shown in Fig. 3-lb. Thus vertical 
members in rigid frames I hat are both bent and com pressed a re beam columns. 
The eccentrically loaded column investigated in Article 1.11 was in essence 
also a beam column. However, our concern at that lime was different from 
what it j s now. The reason we studied an eccentrically loaded member in 
Article Ml was to iearn what effect small amounts of bending, caused by 
unavoidable imperfections, have on axially loaded columns. By comparison, 
we are now concerned with members where both (he bending and (he axial 


us 
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compression are due to intentionally applied loads. In other words, bending 
is now a primary effect, whereas in the analysis of the eccentrically loaded 
column it was a secondary effect. 


3.2 BEAM COLUMN WITH CONCENTRATED 
LATERAL LOAD 

Let us begin by considering a simply supported member of lenfith / that is 
simultaneously acted on by a transverse load Q and axial rurctiP, as shown 
in Fig. J-2. It is assumed ibi the material behaves according to Hooke's law. 


c 

1 1 *1 





Fig. 3-1 Bt^rn ccSumn wKfo con- 
ttiiEratfrJ ten id. 


deformations remain small. and that the member is latcrj I ly braced so 
that it can only bend in ihc vertical plane. The east of n member that is noi 
braced i it thii rrmnnei and which can therefore tend laterally as well as verti- 
cally is considered in Chapter 5. 

If the coordinate axes arc taken as indicated in the figure, the external 
moment, at a distance x from the origin, is 


M - 0* + py 

Equaling this expression to the internal resisting moment — Ely” gives 


3+**— & 

{3.1) 

** "B 

P-U 


in whicli 


^ 3 ^ ****">* «■***, U*h* W 147 

Tile general solution (o Eq. (3.|) j s 

Du t 

(3-3) 


A sin kx + B cos kx - 

IP 


where A and B are arbitrary Constant* The boundary condition 

y - o at X * 0 


leads to 


n =o 


and from the condition that 


one obtains 





Substitution of these results in Eq. (3.3) gives 



rrr;v h r [ * * - 

Win ( 3.4), one obtains ^ dd,cet ™ * 



,1 ^ _P r sin (*02) *n 

IrtLcosTO” tJ 


or 

^ = 2rt^ li,n u ~~ M ) 

(3.5) 

where 

-¥ 

(3.6) 


Multiplying and dividing the expression in (3,5) by i^AEl gives 


Oi‘ 24 Et, 

'vStTpP (taaa ~ ") 
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The left-hand factor, in this rc Lai ion is the deflection that 'would exist if the 
transverse load £) Were acting by itself. Accordingly, we introduce the notation 



and rewrite Eq, (3,7) as 



To further simplify the expression for 6, let us make use of the power series 
expansion of tan y, which is 

tan u = « + y + ^h 1 ■+ -J- ■ ■ ■ 

Substitution of this series for tan it in Eq. (3.9) gives 

s = 4,{i + + + **‘) P.iO) 

!n view of (3.5) and (3.6) 

»»> 

and Eq. (3.10) can be rewritten as 

& - 0»[l + Q.934-£ + 0.998 + . - - j 

or very nearly 

<-«.[' + £ + (£)■ + ...] (3.12) 

Since she sum of the geometric series inside !he brackets is I /[ t — (PfP rt )) ¥ 
(3.12) reduces to 

l=s ’r=mv (Ji=) 

Equation (3,1 3) approximates very closely the maximum deflection of a 
simply supported member that is simultaneously bent by a transverse load Q 
and an axial force P. The equation indicates that the maximum deflection of 
the member is equal totf„ the maximum deflection that would exist if only Q 
were acting, multiplied fay an amplification factor that depends on the ratio 
PfP c ,. The effect of the axial load is thus to magnify the deflection that would 
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exist in the beam if it. the axial force, were not present. Equation (3,13) also 
shows that the deflection of the beam column increases without bound as 
P/P,, approaches unity. In other words, the resistance of the member to 
lateral deformation vanishes as the axial load approaches the critical load. 
It is thin possible to determine the critical load of a member by finding the 
axial load al which its bending stiffness vanishes. 

Having made some general observations regarding beam columns, let us 
now consider in detail their Joad- deflect ion characteristics. In Fig. 3-3a the 




Ffc- 3-3 Hewn column I osd-defttel tan char aclrrticks. 

variation of S wilh {?, as given by Eq. (3.13), is shown plotted for > = 0, 
P and. P =» O.lp , r . Since the bending stiffness of a member i$ 

proportional to the slope of its load -deflection relation, these curves clearly 
demonstrate that an increase in axial load produces a decrease in bending 
stiffness. The curves also show that the relation between Q and J, wh-'ch wc 
know to be linear when P =0, remains linear even when * * 0. provided P 
is a constant. However, If P is allowed to vary, as is ihe case in Fig, 3-3b. the 
lOiid-defleclion relation is not linear, This is true regardless of whether Q 
remains constant (solid curve) or Increases as P increases (dashed cu mi). The 
deflection of a beam column is thus ft linear function of Q but a nonlinear 
function of P. If both P and Q increase simultaneously, the load-deflection 
relation is nonlinear. 

Having determined how the presence of an axial load affects the lateral 
deflection of a transversely loaded member, we shall now consider how the 
betiding moment is affected by axial compression. The maximum trending 
moment in the member is 

M„, = & + P6 (3,|4) 
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which, in view of (3.8) and (3.13), can be written as 
"" 4 + #/i"- (f /^,1 


or 


Wp " ~ + TUTl I - (/!/!» j] < 3 * l5 > 


Simplifying E he term inside the bracks gives 
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E \ 0&2P/P,, 
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MW 


rJ 


from which 


— -5 i -{im - 


( 3 . 16 ) 


The left-hand factor m ( 3 . 1 6 } h the maximum. moment that would exist if no 
uxial farce were present Thus, Setting 




( 3 . 17 ) 


the maximum moment in the beam column can be given as 






i - (o.ismy,) 

_ l -<W„) 


(J.I 8 ) 


Equation (3.18) shows that the cited of axial compression on the bending 
moment is very similar to the effect that an axial load has on the deflection. 
Like the deflect ion, the moment that exists in the absence of axial compression 
is amplified by the presence of an axial load. Jl is also interesting to note the 
similarity between the amplification factor for moment and the corresponding 
amplification factor for deflection. 


3.3 BEAM COLUMN WITH DISTRIBUTED 
LATERAL LOAD 


Let us now consider the caw of a simply supported member bent by a 
uniformly distributed lateral load w and a set of axial forces J* 3 $ shown in 
Fig. 3-4. As before, /wo assume that the material obeys Hooke's law, that 
formal it ns remain small, and that the member is restrained against lateral 
bneklmgr In Article 3,1 the Investigation was carried out by setting up and 
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dtstri&uled luad. 




“S® r dllftrt,ll « l equation. Jo illustrate an alternative 

me i hod ofunalysrs. we shall now u« ike Rajffigh-Ritz method. 

. „ 3 , ‘? lumn > Ending and axial compression usually proceed 

zi::r:' y r :• ihc *«**««* «■„ S *z£ 

— F- S d ‘l°™“' i ° ns " s '“S « In genera) 

a^T** " anJ «* *- 4 ^— SIKT 

The Strain energy that is stored in the member a£ j t bends i s 


u 


"I'M 


dx 


and llie potcnliul energy or the external loads is 

K - -J>- 

Thus the total energy in the system is 

a. is. 

T^satisfy the boundary conditions, the deflection, is assumed to be of the 


J' - <5 Sin ~ 


( 3 . 20 ) 


ic " ° r,hi> «P"*» imo Eq: 


6 + 


. £/S*n 


^/^T*”** [' sirt 

~“rl 


cos* ™itx 


OH) 


T* 


‘r 

I • 


■. } 

■f< L 

riF 

i / 

i 

Ff - 1 

3 7 ! 




warm regards: Haider.sa@gmail.com 


J$2 B&rfto Cotumnr 


CK J 


To evaluate <3.21). we make use or the fallowing definite integrals: 

r 

J « / n 

Thus. IZq. (3.21) become* 


U + V = 


E1P ** 
T~ir 


2 w6t PS'* 1 

it 4 i 


C3-22) 


For the system (o Jje in equilibrium the dcrivalive of U + V wiih respect, to 
5 must vanish. Thai is, 


& (V+Yy ElSn* 2wl PSx 1 n 
M ra -%r - jr = 0 

from which 

, _ 4W* 1 

K Efx' - fW 


(3.23) 


If the numerator nnd denominator of <3-23} are multiplied by 5/3S4£7, one 
obtains 

, _ 5w/' I536£/ I 

mEi 5rT" eJT 1 - TOT 1 

which reduces to 


, Swt* 1536 I 


or very nearly n> 


jt 5wf* l 

5S4£2 i - {PIP,.) 


(3.24) 


The left-hand facio-r Ifi this, relation is ihe deflection that would cxfel if the 
lateral load w were acting by itself. Thus we let 


and rewrite <3.24) as 



$ 


J, 


I 

I - WP„) 


(125) 


(126) 


Aft. $.1 


&*Mfn Cate jfTPFf With Dtiz/ibutfif laitfrf Lard F53 


Equation (3.26) gives I he maximum deflection of a simply supported beam 
that is bent simultaneously by adislributed transverse load w and axial forces 
P . Since the a turned shape Tory was not exact, the deflection given by (126) 
is only an approximation. However, it has been *how n by Timoshenko and 
Gere (Ref. 1.2). who solved ihe problem rigorously. that ihe approximate 
solution differs from the exact answer only slightly. 

The maximum moment in the member is 




(127) 


In view of (3-25) and (3,26) this expression can he written as 




wl* 5 Pwt* J 

t + mrnr^pT^) 


or JU _!^fi j. jw i 1 

Mm “ T L ‘ + 45£/ 1 - (P!P„)\ 
Simplifying the term inside the brackets, one obtains 


from which 


« _^*ri h(omp}p.,r] 

® L“ - imrrl 


( 3 . 28 ) 


The term outside the brackets is ihe maximum moment that would, exist if no 
axial force were present. If one lets 


wl* 

~F 


(3.26) enn be written in the form 




(3.29) 


<3.30) 


The maximum deflection of the beam column given by Eq. (3.26) and the 
maximum moment given by Eq. (3.30) are thus both equal to the product of 
two terms, the maximum deflection or moment that would exist if only tnleral 
toad were present and an amplification hdor that accounts for the effect of 
ihe axial loud. What is perhaps most significant in these relations is their 
similarity to the corresponding expressions for deflection and moment 
obtained previously for 4 concentrated lateral load, It is at least partially due 
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io this similarity that a relatively simple design criterion can be formulated 
for beam columns. 


3,4 EFFECT OF AXIAL LOAD ON BENDING STIFFNESS 
SLOPE-DEFLECTION EQUATION 

The slope-deflection equal ion provides a convenient way of expressing the 
bending stiffness cf a member. The equation* which h derived in any standard 
text on indeterminate structures (Ref, 3 , \)< gives the moment induced at 
cud A of a beam ^8 by end rotations and 0 M and by a displacement A of 
one end relative to the other. The equation usually lakes the form 

M a = Cfi* + Crf, + C,A (3-31) 

where C u C ai and Ci are stiffness influence coefficients, 

In conventional linear structural analysis, it is customary to neglect the 
effect of axial foitcs on the bending stiffness of flexural members and to deter- 
mine the constants C| M C|, andCj accordingly. It lias been shown, in Articles 
3.2 and 3.3 1 thal this Amplification is valid as long as the axial load remains 
small in comparison with the critical Load of the member. However, when (he 
ratip of the axial load to the critical load becomes sizeable, the bending 
sldthesi is markedly reduced by the presence of axial compression, and it 1 5 
no longer reasonable to neglect this reduction in determining the stiffness.. 

lit this article, a form Of the slope-deflection equal ion that includes the 
effect of axial compression on the bending stiffness will be developed. 1 n other 
words, the constants A f B, and € in the slope-deflection equation will be 
evaluated for a member simultaneously bent and axially compressed. It is 
convenient in making these calculations to deal separately wiih the joint 
rotations 8 and the member rotation Aj'L Lcl us consider a single member of a 
' framework, shown in Fig, 3-5, on which axial compression loads are at ling 
and whose ends have been rotated through angles^ and G JP thereby inducing 
moment* Mj and &f 3 aL Lhe ends, Since joint translations will be considered 
separately later* it is assumed that the ends of lhe member do not translate 
laterally relative to one another. The coordinate axes are taken in the direc- 
tion & indicated, and moments acting on the ends of the member and end 
rotations arc assumed lobe positive when clock wise* as in the slope- deflection 
sign convention. / 

The moment at a distance 1 .* from the origin is 

M-Mj + Py — {Mj, + 


Art. 3.4 


Iff pet 0 f A x»/ { e*tf orT BfindJng SUtfnm^i T$5 



J '« a-5 End momen if. Jut lq joi nl 
roEJLrfrH. 



5 f 

-L 


Equality this Hprwsio,, lothe internal resisting moment -SJ(<t*yld x *) 8 ives 

»g +»-«•.(■} -|} + M,' 


■T 


dr 


where 


£?+*>-&{*-') + ft* 


k^f. 

El 


(3,32) 

(333) 


The general solution lo Eq. (JJzj i s 

y ~ A *' n k * + ***** + 4"(f - ( ) + t’t » »> 

where A and B arc arbitrary constants, 

The boundary condition 



y = 0 at .x 

leads lo 

B = ^Li 

P 

and from [he condition that 

1 

y *>0 at * 

one obtain; 



A — 1 

P sinXif P sin kl 
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Substitution of Ihcsc mulls in Eq. (3,34) gives 

. „ M 4 ( cds kl - , . , r ,\ 

y y (- OT s,f, * T + c<bAj + t - ') 

-) 


from which 


_ sin kx , % 1 

~ M - *ins7 + -n 


„* = 1 _ fc»n hi sin kx H- eos cos Jt^r\ 

y /It * iHTjt? J 

j_ Afj/ I Acosfcx) 

+ yiT-^rsrJ 


Making use of llte identity 


ec«(a — f}) = sin a sin ft + cos a cos /f 

and mullipiying the numerator and denominator of the second term 
parenthesis of (3,36) by f, one obtains 


" - w* - + w - w 

Tbe end rotation at 4 is obtained by setting x — E>. Thus 
9* = ^0 - A/ cot A/) + ^(1 - k ! esc hi) 

If numerator and denominator in (3,38) are multiplied by I, and 
Substituted for P, one obtains 

9 * = - *' c °< + —^0 - kltnkl) 

or 0 , = 

where Af === y 


(3.35) 

(3.36) 

in each 

(338) 
k*Et is 

P-30) 

(3,40) 

(3-4-1) 


(3,42) 
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In a simi tn r manner, the rotation at end J? of [he member can be obtained 
Setting x = / in Eq. (3.37) gives 

6 * ~ 77 O ~ k! °w kl) + yf{] — ki cot AI) 

from which 

= fctElp^ ~ ^ csc *0 l^ji O — kfcolkf) 

or 0 t = ( 3 . 43 ) 

where K, $ f , and (3, are defined in (.1.40) through ( 3 - 42 ). 


Solving Eqs. (3.39) and (3.43) for M, and A*„ one obtain* 



*.-**$■+ 

(3.44) 

and 

9m - f} 

(3.45) 

Lell inf 


(3-46) 

(144) and (345) Cfl n 

be put into ihc same form as (3.31). That h> 



=* 

(3.47) 

and 

kf t “ -y (ft Ar + ft/fl'jf) 

(3.48) 


Equations (3.47) and (3.4B) give the relation between end moments A#), 
and M t and end rotations 0 ,, and ft, for u member subject to both bending and 
axial compression. Let us now Consider for the same type of member the 
relation between the end tnomcnls and a relative joint displacement 4 . 

The deformation, shown in Fig. 3A is brought about by displacing the 
ends of the member relative to one another a dislance A and keeping (be end 
rotations 9 A and 9, si zero. As a Consequence of this deformation, negative 
moments are mduced at both ends of the member. Equaling internal and 


I 
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eternal moments, ai a distance x from ihc origin, gives 

£ 'S + ^“ w (t- ') H ’^r 

or + ^ 

where fc 1 = pfEl, Th© solution to Rq, (3.49) is 

y = A stn Ax + Bank.* + E — 1 ^ 4 .^ 

From the condition that y = 0 at x =* Q ©tit obtains 


fi-49) 


(3.50) 


a^E 

p 


and Jetting/ = A at j < = l gives 


A = _ — c °s kt + I 
P sin iP 

Substitution of these results in Eq. (3,50) gives 


and 


y = ¥[ - iofo -i- cos *0 + <«** + y - 1] + =7 (X5i) 

/ = 1 + ™ *9 - * s'« kx + 4 ] + -7 (3.52) 



Art, $ r 4 ... 
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Furthermore, the condition ttyfdx ~ 0 at jr =* t leads to 


O^Mf k cos A/,. . ipi a 

,p[ + «»*/)- AsinA/ + ^] + ^ 


4 - -gf-** ™. 1 */ + oos» kt] kt^u 21 

1 *in^ unr + tJ 


Making use ©f the identity stfi 1 a 4- eo** , _ 1 ana — ,,i»- , • . 

ZZt 7 m ™°' ot "'° Em “ - «» JRri 5%t 


A M t ., 

T = *fcot*H- 2) 

Trent which 

T“~7f(^-0r> (3,54) 

if numerator and denominator arc now multiplied by *, + onc gtts 



or, in view oT (3.46), 

* = ’*T (tt " + fl '> ‘ (3.55) 

w <-y[«J', + «A -<«. + «, l^] (3.K) 

adjunct! w include in, 

.c £\ r'°r n 

can be used rticimly. „ TO| „ rf eflen^dX WmL” 

Hsu, Koo, and Loh (Ref. 3.3) „« „i„i. in eh. A„™S “ ' 
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Fig. >7 Vt/iiltan u[ befitting iLiffnras wilh n[io pf a*ia1 load fo critical 
to*<3. 

“■ = M *m 4 

if and A are set equal to zero in Eq. (3,56), Thus «„ is proportional to the 
moment M, that is needed to maintain a relation & A when 0, = A = 0, In 
olher words, is a measure t>r [he bending stiffness of the member. If the 
quantity kt is rewritten in the form 



where P t is the Euler load, it bee stub evident ihm kfis a measure of (he ratio 
of ihe axial loud in (he Euler load. The curve m Fig. 3-7 thus gives the varia- 
tion of the bending stiffness with the ratio of axial load ip critical load. 
When kl - 0, that Is, when there is no axial load, a, = 4. This value of 
tf„ is used in routine structural analysis where the effect of axial compression 
on the bending stiffness is neglected. Between */ = 0 and kt - 4.41, a , 
decreases as Hincreasts. The bending stiffness is thus reduced by an nwrease 
m the magnitude of the axial toad. At kt = 4,49 or P *= 2Mp, t a m = 0. The 
reason the bending stiffness vanishes at this load is (hat the member which we 
have considered up to this point is in effect hinged at one support and fixed 
at the Other, and therefore has a critical load ofp = 2.Q4P,. For values of kt 
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SVareVp^ [hat th ; m oment and the 

members (haUre elJic * t '* *“*" 4 Correspond to 

rotation "«*.«* » which 

H < 4.49 corresponds to cases where 0 X “ * lo S3y thal 

" > 4 ' 45 “ •*« ». » «*- >, 


3.5 FAILURE OF BEAM COLUMNS 

*•* M-ihr. N J“K r ™ I to “""‘"W* .0 

Iht failure led, a„d. ,j„« Jinj,, vi ,.t J 'f““ d " d "' ,l *"’ i 'li 

tntroducc Ihc camnlniti^i i . . , ^ became; necessary io 

«udyi r ,ht l—*-*"- W» 
lems which involve inelastic benefirta do ?° ,med aut ‘Improb- 

consuming calculations or aonm*™*. R 1 S fet *Sthy and time, 
simplifying assumptions. In ffi, artkie weThal 7 h te ”“***> ■»**!« 
columns using [he latter of [he« two approaches 7?hV£robv ““ ^ 

SUPPOn r Cd ' ^ded member 

* ' ThC mCmt,er » »“>!*■ ben. and compressed by 



■V “-5 


fa) 


M " H “ d bc,n) ^Icmn D f 



vti rr __ 

« lT-ii jr 

* / 


Sprain c 

w 


(Cl 

equal end couples A/ and axial forces f 1 It t,., h j 
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leristics, beyond the proportional limits can be obtained provided the foil owing 
assumptions arc introduced. 

I , The cross section of the member is rectangular (Fig. 3*&b). 

2r The malcriat is an ideal clastic- plastic material (Fig. 3-8c), 

3. The bending deflection of the member takes the form of a half- 
sane wave. 

The reason inel&stie bending is difficult to analyze is that the relation of 
stress to strain varies in a complicated manner both along the member and 
across the section, once the proportional limit has been exceeded. Et is with 
this problem in mind lhac Jezek introduces the foregoing assumptions. 
Assumption 3 makes ft possible to predict the behavior of the entire member 
from a consideration of the stresses at only a iinglc cross section^ and assump- 
tion* I and 2 greatly simplify the manner in which stress and strain vary at 
that one section. In addition to these major idealizations* the foil owing 
assumptions arc made: 

4. Deformations arc finite but still small enough so (hat the curvature can 
be approximated by the second derivative, 

5. The member is initially straight. 

G, Bending takes place about the major principal axis. 

Lf the coordinate axes are taken 05 indicated in Fig. 3 j 8a. the external 
bending moment at a distance x from the origin is 

M m ~M+Py (3.57) 

This expression U valid regardless of whether she elastic limit of the material 
has been exceeded or not. The characteristics of the internal resisting moment 
do, however., depend on the stale of stress in the member. As long as Hooke's 
law remains valid, the internal moment is given by the wclUknown relation 

= - £l %$ t* W 

To determine the relation between load and deflection up to the propor- 


(3-S9) 


<3.60) 


tional limit, We equate <3.58} to (3.57). Thus. 

M + Pv = -£/^ 

If theildlKlion is now assumed to be of the form 
m y ^ in ^ 
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the curvature can be written as 

S — IW 

Substitution of (3.61) into (3.59) gives 

Af + fy 

which reduces So 

M + M (J. 62 ) 

at midspan. 

Assuming shat M i* proportional lo P, we introduce [he notation 


<? 


M 

F 


wild rewrite Eq. (162) in the farm 

H* + 6) 


tiEix * 


or 


IXt + d) = SPt 


(3.G3) 


(3.64) 


where *= 7 i* £ IfP ii she Euler load of [he member. Lf both sides of [3.64} 
are divided by the depth /i and ihc terms rearranged, one obtains 


Or 


6 

T 



6 _ e ^ ] 

if ~~ ft _ L 


a«> 


where a £ ■= P E fbh is the Euler stress and (j p Pfbfo is the average axial sEress. 

As long as stresses remain clastic, Eq. (3.65) gives the correct Eoad- 
deflfidton Jrfationship for the member. To determine the Load at which Eq, 
(3.65) becomes i n val id, one mu st consider the max i mu m stress i n t h e me mber. 
That latter is 




_ p , m + Pi 
bh + bT, l /6 


(3.66) 


or, substituting H for M and for tjbh. 


+ a-«] 


( 367 ) 
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Tlw elastic load-deflection relation given by (3 65) becomes invalid when 
0~i, as given by (3.6?) equals the yield stress. 

Or the three expressions, (3,57). (3,58), end (3.60), used to determine the 
e astic load 'deflection relation, only (3,58), the moment-curvature relation, 
must be revised when the elastic limit is exceeded. To determine the inelastic 
moment-curvature expression that is used in place of (3.58) in the inelastic 
range, let us consider the stress distributions depicted in KEg. 3-9. As indicated 
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Shew diLinbuiiar. 
Iflr inmll (MtM/P 

(4 


Srress aiiiTibuhon 
irw hw^d c = M/P 

Cb] 


FitrW Srwtdi.Wbuircn foe btimcelumfl in inelastic range. (Adapts 
Pfwiis HeL M 2 ,) 


two different distributions of stress are possible. If the raiio e = MjP is 
relatively small, yielding occurs only on the concave side of the member prior 
to f^i lure. This case is depicted in tig. 39a. On the other band, ife is relatively 
rtrge, both the convex as well as the concave side af (he member wilt have 
started to yield before the maximum load is reached (see Fie. 3-9b). To 
simplify the analysis, we shall restrict ourselves to small values of c and thus 
limit our concern to the stress distribution in Fig. 3.9a. 

Equilibrium of forces in the i direction gives 


which, after dividing both sides by bh. can be written as 

i 

a * “ T i°*f + ¥ *- ¥) (3.68) 
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of B**m Column* f$3 


The distances c, and /arc defined in I ■ jjg, 3- Da. and & 7 and sre, respec- 
tively, the yield stress acting ft! the extreme fib « on the concave side of I he 
member and the tensile stress acting at the extreme fiber on the convex side. 

The interna] rtlomcnl is obtained by taking the moment of alt the forces 
about the ccntroidal axis. Thus 

Mm = Ml - 4) + ¥ (4 4) + ¥ (4 - r)] b v w 


Noting that /+ e + d - ff, Eqs. (3.68) an d (3.69) can be solved for c. After 
some fairly involved algebraic manipulations., which art not reproduced 
here, one obtains 



(3.70) 


From Fig. 3-9a it is evident (hat 


where p is (he radius of curvature. 
Thus 

from which 


e ’~J 

re. 

07 1) 

« 

(172) 

dx 1 Ec 

(173) 


Finally, substituting (he expression for c given in (3.70) into £3.73) leads to 



(3-74) 


This is the inelastic moment-curvature relation that mu si be used in place of 
Eq. (3.56) once the stresses have exceeded the proportional limit. 

In view Of (3- 57), (3.61), and (3.63}* ihe eurva Sure and moment at midspan 
are given by 


and 


Wmtm — H* + 
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Substitution of there expressions into (3,74) leads to 

« 4ft(g-‘)-*- -ij -SbiSi-'Y 

Since the Euler stress can be expressed as 

%*EI s'E* 1 

TIT 1 " 

Eq. (3.75) can also be written in the form 

ft4(§H-T-*T-i£(lM’ 15761 

Equation (3.76) gives lire load-reflection rctaliom in the inelastic range. U can 
be used from the onset of yielding up So failure, provided failure occurs before 
yielding commence* on the convex side of the mtmber. 

Wish ibe aid of Eq*. (3 65) and {3,76} it is possible to obtain the entire 
load-deft cction cur*c n from the beginning of Loading lo failure, for any mem- 
ber ilia l falls within the limitations outlined at the start of the analysis. 

As an example* let us consider a simply supported, rectangular, si eel 
beam column with the following dimensions and properties: 

length i — 1 20 in. 

radius of gyration r ™ l in, 

ratio of moment to a*iat load t = MS in. 

yield stress 0 % = 34 ksi 

modulus of elasticity E — 30 x I0 1 ksi 

Based on this data 

ft=l/Tin., f=Q-3 3 
and Ci — ~ ® ^ 

The load-deflection data for the elastic range, obtained using Eq- (3 65). 
are given in columns I and 2 of Table 3.1a. Corresponding to each set of 
values for tr* and $fh listed in the table, the maximum stress has been deter- 
mined using Eq. (3-67). The latter is given in column 3 ofthttable.lt is evident 
from there data that the maximum stress in the member reaches 34 ksi, the 
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(a) Elastic rang* Eqi, <3,6J) Bn d {J.«7> 




^a^StSErr f ~ - -- -*■=3 

Tire enure load -deflection curve, including both the elastic and the 
inelastic portions, is plotted in Fig. 3-10. The solid line represents the LL 
behavior of the member, A dashed line denoting the in vulid part of the elastic 

Hcwkts law and lire deformations are relatively small. However, as soon a 5 

stiffness ofthT'm ^"^"1 * *“* lJlCre 0CCl,re 8 noticeable decrease in the 
mSlioTt^r' Thli J Kreast buiWs y P rapidly un.il at Q p pr oxi- 

In ntwt f kSl lh ® is no longer able to resist an increase in load. 

«n itpporL ‘ *' = ” rcpresenls "* bad that the member 

. T** ™ Ite obu ""* d hcr<f a rectangular section and for a perfect 
clastic-plastic material are typical of the behavior exhibited by other shapes 

^ WeVer - lhE ^ ,crmina[if>n * maximum load for 

reomreri r ?" S “? mateTaii ,avolvts considerably more effort than was 
squired to analyze the rectangular section with the perfect clastic-plastic 
material. In the majority of instances, closed-fonn solutions 0 r the tvpe 
presented here arc out of ihe question, and numerical methods are the 0 % 
means available for obtaining the maximum load. One such numerical solti- 

Z Saw™ ° f ‘ 1 b “ m i! Si™" «w G.l.mbo, 

of ,hi F f Ct that tbc determination of the maximum load or n beam 
column is invariably complex and lime consuming, the load at which yielding 
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Lcrad^fcflecliort furvt for beam Column. 

begins b* 5 often been used in place of the maximum load as (he limit af 

T*r« «r, [sp o„d;„ g ,» i„ ills , ;SS “ “£££ 

l-ve design cr.kna. because it i$ relatively easy to obtain and it gives a 

C °ZZT ^fZ {t ° f ' hC ° C,US| C ° llap4C toad however, i, does hL , be 
d sad vantage of be.ng often loo conservative. Fortunately, there has been 
developed an alicmabve semtem pineal design ct, tenon that Jj both accurate 

n T \ Y TK * ^ This dfliiSrt thc «S£l 

considered in the following article. ' " ' 


3.6 DESIGN OF SEAM COLUMNS 
INTERACTION EQUATION 


[nAijIej^Jthe collapse load of a beam column w ai calculated. To simplify 
U", f Ji fl3 much as a very idealized member was chosen. I 

ngul a r section made out of a perfect elastic-plastic material. Nevertheless 

tesuft H?d hy and p! rcated ca’esj fa non* were needed to obtain the desired 

’ WC I1l,cm P ,cd to de teem me the maximum load for some other 
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member, the calculations would have been even more complex and for more 
lime consuming, The impracticability of obtaining the collapse load of a beam 
column by purely theoretical procedures and the need for on empirical design 
formula are thus self-evident. 

When a member is subject to a combined loading, such as bending and 
axial compression, an interaction equation provides a convenient way of 
approximating the ultimate strength (Ref. 3.6). Knowing the strength of the 
member in both pure compression and pure bending and knowing lhal the 
member can resist less compression and less betiding when both of these loads 
ate presenl, then if either is acting by itself, one can estimate how much 
bending and compression can be resisted ifboih arc present, Suchanopproxi- 
malion can then be verified experimentally. 

To develop an interaction equation for combined bending and axial 
compression, let us introduce the ratios Pjp m and M(M.. where 

P = axial load acting on the member at failure when both axial com- 
pression and ben dir g are present 

P m — uJtimale load of the member when only axial compression is 
present, that is, the buckling load oflhe member 
Af = maximum primary bending moment acting on [he member at 
failure when both bending and axial compression exist; ihis 
excludes the amplification in. the moment due to presence of Lhe 
axial load 

M a = ultimate bending moment when only tending csrists, that is, the 
plastic moment of I he sec I ion 

Let m now calculate the above ratios for [he rectangular beam column 
analyzed in Article J.5. For that member the axial stress at failure w flS Found 
to be ff* = 9.1 ksi and the Euler stress is a M ■* 2ti.fi fcsL Thus 


= 9A 

jP | 0 


■=0.44 


Tbe ratio or the maximum primary moment at fiiilurc to the pl.tsiie moment 
of the sec! ion can be written in [he form 


M _ < j 6 ( M)* 
M u ffl 




Substiiulion of ejh - 0.33, a 0 = 0.1. and 0f « J4 gives 
M_ _ 4 X 9.1 x 0,33 

K = “ — m — * 035 

,n 
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The ratios- F/F m ® O.W and M(M t *> OJ5 give the maximum valuer of 
P und fcf that the rrclangidar beam column with e//r =1X13 analyzed in 
Article 3.5 can resist. In Fig. 3-1 L this result ii shown plotted as point A on a 



Fig, 3-1 1 I McnKlson equastort far team column. 


graph whose ordinate is PfP„ and whose abscissa h Calculations 

similar to those leading to point A have been carried out by Jeiek (Refs, 3.3 
2 nd 3.4) for recta ngu la r beam columns with various values of cfh M arid the 
results thus obtained aFe tabulated by BkiCh (Rtf. M2). Romls B and C in 
the figure have been plotted using these data. In addition to these results, 
depicted by square points, the figure includes three circular points giving the 
maximum loads for strUoUiml-steci l beams and two triangular points that 
correspond to aluminum-alloy tubes. The data used to plot the circular points 
wore obtained by Galamfaos and Kelter [Ref. 3-5) using a numerical integra- 
tion method, sod the failure loads represented by (he triangular points were 
obtained experimentally by Clark [Ref. 3.7). 

The lack of scatter exhibited by the failure loads plotted in Fig. 3-11 
indicates that in nil probability a single analytical expression can be found 
which will predict the maximum load for a variety of different beam columns. 
Such a relation, which is also simple enough to be useful in routine engineer- 
ing, will now be developed. 

It is fairly obvious that pjp t = 1 .0 when MjM a = 0 and that MjM m =■ 1 .0 
when P{P m — Op The desired curve must therefore pass through the points 
(l r 0), (Q t 1). The simplest expression that satisfies this criterion is the straight 
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ally obtained failure loads deluded in the figure 7*1 L below this curve. U can 
therefore be concluded lhal F_q, (3.77) givcsanunconservativc estimate of the 
mayimuRi strength of beam columns and is not a satisfactory design criterion 
The reason for (he discrepancy between Eq. {3. 77) and the actual failure 

11 "■ 141 '* only the primary part of the total moment 
lhal acts on the member. In other words. M does not include the secondary 
moment produced by the product of the axial load and the lateral deflect ion 
It was shown m Article 3.2 that the presence of on axial toad amplifies the 
primary bending moment roughly by the ratio l/[l - {PfP,)). If this factor is 
incorporated into Eq. (3,77), one obtains 


p M 

^ + «,[i = mm 


= 1.0 


(3.7B) 

I 


This rdatiu is shown plotted as a solid line in Fig. 3-11. It .s evident that Eq. 

J. * serccs much bclUr wilh ,hc failure loads than did the straight 

Ime and that Eq. <3.78J appears to oflcr a satisfactory design criterion, 
Alllioug,. agreement has been shown to exist between Eq. (3,?g) and only 
a limited number of cases. Eq (3.78) is actually able to predict the ultimate 
load for a large variety of situation*. The equation is applicable to I beams as 
well as rectangular sections, and to aluminum a* well a; steel. Furthermore it 
makes no difference whether the primary moment is due to eccentric axial 
loading or to transverse loads or to a combination of the [wo. The only 
restriction is that the maximum moment occur at or near the center of the 
cam. Equation (J.7S) is still applicable if ihi$ condition j* not satisfied. 
However, a suitable factor must be introduced in the moment term oT the 
equation (Ref. 3,8). In view of the fact that Eq. (3.78) is both simple to apply 
ami remarkably accurate for a large number or different situations, it is used 
extensively t> a design criterion for beam columns. 
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Problems 

3.1 Obtain expressions for the maximum tie Sec lion and maximum moment er a 
beam oslunin whose ends are hi, lit in and that is loaded with a concentrated 
load al m ids pan na shown in Fig. PJ-I, 


I 

to** 

1 

P 

— rd 



I 


fir. pj-t 


3,2 Determine the maximum moment for ,i beam column thal is bent in a reverie 
curve as shown in Fig, |»j-2, when 


M e 

I— 




El 

— i — H 


PlS‘ P3-I 


(a) P/P, «=■ 0.2 
m P/P. - 0.9 

where P 4 x'ElfL 1 , In view of (h* foregoing resulia, what can be concluded 
regarding the maximum mo mem in a beam column with reverse curvature ? 

3.3 The load P at which yielding commences in the beam column shown in Fig, 


Pj_ 
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Fig. P3-3 


Cti. 3 


Probtqtnf 


P3-3 h ghwn by the implvii relation 



Noting ihiE 


= p «n " “ + gaii jf 
^ / 

<3eri^e the relation. 

The terms used in (he rdasions arc defined as follows: 
— cross-scclion^l area 

c - riUiance frqm ntuLral axis to extreme fiber 

* ™ rad ms of gyration 
*+ yield stress 
= maximum Stress 
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BUCKLING 
OF FRAMES 
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4*1 INTRODUCTION 

When -considering the subject of column stability in Chapter t, it was desir- 
able lo limit our concern | o individual members with very idealised boundary 
conditions. However, many columns found in actual engineering structures 
occur neither as isolated members nor are their ends hinged, fixed* or free. 
Instead, these members are usually pari of a larger framework, and their ends 
are elastically restrained by the members lo which they are attached To make 
bur study of columns complete, il is thus desirable that we consider the 
behavior of framed columns as well as the characteristics, of isolated members. 

In a framework, the membtrs are as a rule rigidly connected to one another 
at the jo i MtS, Consequently, no single compression member can buckle with- 
out all the members in the frame becoming si mid ta nee i sly deformed. In 
other words, the elastic restraint at the end dT a given co predion member 
depends not only on the members framing directly mlo il but on each and 
every member in the entire system. To obtain the critical load of one or more 
compression members that are part of a larger framework, it is Lhus necessary 
to in vest) gale the -stability of the entire frame aclir.g as a single unit. 

In this chapter we shall consider several methods for obtaining the critical 
loading of a frame. This will be followed by a brief summary of approximate 
procedures for estimating the critical bad of a framed column when a rigor- 
ous stability analysis of the entire frame is not warranted. 

\v 


i?4 
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Matos of Buckting l?5 


4.2 MODES OF BUCKLING 


Z™ J T V bVCV ' aS bjr ‘he m gJ^tofy 

* b " y ^ m Fi& + 1 -** toads p ™ turned l0 aet dSy 




IrJJTV" bU ™T Wht " analyzin e £m*. it is «22 Zl^LluZ 

1 f J "" *! J irt lhe upper jcin is arc free lo mj LrZX 

(parts c and d . We need noi be concerned wiij, ihc way in which sidejw fl v is 

9U SiS TlTV ht ' r " JS p,cvcructl fr ™ ^ 

, ider hfit the frame in which sides way is prevented. At the critical 
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foad this frame buckles as indicat'd by the solid line in the figure, It is self- 
evident in this, simple structure (hat buckling takes prace when the applied 
load is equal to the critical load of the columns. It is also obvious that the 
tipper end of each column is elastically restrained by the beam to which the 
column is rigidly connected, and that the critical load oFthe column (hercFore 
depends not only on (he Column stiffness, but also on the stiffness of the beam. 
The problem is greatly simplified ff we assume the beam to be infinitely rigid 
I he beam mu si I hen re main straight while the frame deforms (part a), and the 
columns can neither rotate nor translate at their upper ends. Under these 
circumstances the columns behave as if they were fined at both extremities, 
and the critical load of the frame is equal to four limes the Euler load of the 
columns. Alternatively, the beam cart be assumed to be infinitely flexible. The 
beam JS then unable to offer any rotational restraint to the upper end of the 
column (part b). In this case the columns behave as if they were fixed at one 
end and binged at the other, and the critical load of the frame is approximately 
equal to twice the Euler load of the columns. 

For an actual frame the flexibility of the beam must tie somewhere between 
the two extreme conditio ns just considered. The critical load of such a frame 
in which & desway is prevented, can therefore be bracketed as follows: 

2P, < P„ < 4 P, (4.1) 

where P tf is the critical value of the applied toad and P, is the Euler load of 
inc columns. 

The line of reasoning (hat has just been applied to frames in which 
su esway i$ prevented can also be applied to frames whose upper joints are 
free to move laterally. If the beam is infinitely rigid, ihe frame buckles in the 
manner indicated in part c. The upper ends of the columns a re free to translate, 
but they cannot rotate. Hence the Critical load of the frame is equal to the 
Euler load of tF ic columns. On the other hand, if the beam is infinitely flexible 
ihe upper ends of the columns are free to both rotate .and translate, as indi- 
cated. in part d. In this case the columns act as if they were fixed at the base 
and free at ihe top, and The critical load of the frame is equal to one fourth 
the Hu ter load of the columns. The critical load of the frame whose upper 
joints are free to translate laterally must therefore tie between P and 1 P 
That)*, * * *’ 

R < P.. < P , (12) 

fMull S , rt{4-l) for symmetric buckling wilh those given 
m (4.2) for stdesway buckling indicates that the load required to cause 
symmetric buckling is larger than (he one needed for sidejway regardless or 
the stiffness of the members. It can therefore be concluded that the portal 
frame m FI* 4-1 will always buckle in the Sides way mode unless it is laterally 
braced, in which case it must buckle in the symmetric m ode. It has been shown 


Art. 4.1 
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by Bleieh (Ref, I.J2) that this conclusion is vafid for multistory frames as well 
as for single-story frames. 

4.3 CRITICAL LOAD OF A FRAME 
USING NEUTRAL EQUILIBRIUM 

Tn Article 4,2 we discussed ihe qualitative aspects of the buckling cha rad er - 
istics of a single-story single-bay frame. Let us now, by means of the method 
of neutral equilibrium, calculate the critical load of such a frame. Depending 
on whether the frame is laterally restrained or not, buckling will take place 
in the symmetric or in the sidesway mode. We shall consider first the case of a 
laterally unrestrained frame, 

Sidesway Buckling 

The. frame in Fig. 4-2a is fixed at the base and free to translate laterally at 
the lop. It is assumed that the frame's material behaves according to Hooke's 



Fi*. 4-2 Sidesway buckling. 
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law, iluit ihc defamations. remain smalL and thnl there h no primary bending 
present in the frame prior to budding. To diJTerentiatc the coEumn properties 
from the beam properties, the subscript t is used lo denote the former and the 
subscript 2 lo denote the latter 

When the Frame buckles it assumes the shape indicated by the sofcid lines 
in Fig. 4-2a. The forces acting on eatli of the individual members when the 
frame is thus deformed are shown in Fig, 4-Zb. It should be noted that the 
shears V that arise front the bending of Ihc horizontal member nre neglected 
in comparison to the applied load P when dealing with the vertical members. 
Taking ihe coordinate axes as shown in Fig. 4-2c. the equation of moment, 
equilibrium for the vertical member is 


J rPy-M. 

- 

where A? = FfEI t . The solution of Eq„ (4.4) is 


From the condition 


one obtains 


and t he condi lion 


leads to 


Thus 


y - 4 jin k % x + Bo os k t x + ^ 
y= 0 at x = 0 

4£-=0 aix«0 

A =0 


y = &{\ -C«fc,*) 


(4.3) 

(4.4) 

(4*5) 


(*■«) 


Denoting the horizon la l displacement of (he column at x by J p Eq. (4.6J 
can be rewritten in the form 


*-*{?() -c«*,l ( ) 


(4,7) 
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Momcnl equilibrium of (he member requires that 


S~*b+*ft 

p 

(4.S) 

Substitution of (his relation in (4.7) leads to 


+ f,f a -= o 

(4.9) 


» -w— n. 


or. since S c - Q t 


M a = ^l t(W, + $c) 




(4.10) 


(4.11) 


The compatibility condition al joint B requires that 9, as given by En (4 m 
be equal lo Ihc slope tiy}d x al j! = f, obtained from Eq. (4,6). Thus 


4f./i Afj . , . 


from whidi 


6A 

£ Vt. 


AfjSin k,l t - M m ~o 


(4,12) 


nJ5 n / J * n<t {A U) arc ,he conditions for the frame 

Ordinanly.a rr ame w,th „ member* would require,, such equations. However' 
hi Ihscasc, because the vertical members arc identical. I Jo equations suffice’ 

w* sx «r;s asr " c w “■ dti ™ Mn * •-* 


ian*r,/. /,/, 

^JT 3 ~w, («■»> 

rise critical load is the smallest root of this equation. 

For example, Jet us suppose that , * 

4 = U = / 
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For this case, Eq. ( 4 . 13 ) rettUCca to 



inn kt 

1 


kt 

h 

from which 




hi* 

2,2] 

and 

ft,“ 

7. 34 AY 
■ 


This is the critical load Tor a fixed-base portal frame free Eo move laterally at 
t he top, 1 1 shou td be no Ecd that ih Is c ri Lical I oad docs fal t. as Et s hou Ed , be tween 
(he limits established for the side^way mode In Article 42, 

Symmetric Buckling 

Ef the frame is prevented from translating laterally at the top. buckling wilt 
occur in (he symmetric mode, as indicated in Fig, 4-Ja. The forces acting on 



Fig. 4-3 Symmetric buckling. 
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\ n t Vi i? A WhC " !hii m ° dc of *rc shown in F,g. 

40 h. Moment equilibrium for the vertical member (Fig, 4 - 3 c> requires that 


or 


E! 'J$ + fy = M* - (Ms - M,)j- 

-*)+(&(*■) 


where — P{EI t , The solution to Eq, (4. 1 5) is 


(4.!4) 

( 4 - 15 ) 


y = Aiink ' x + ' J *=«*,' + ^0 - £) + ( 4 . 16 ) 


From the condition 

y = 0 at X = 0 

we obtain 

D A/ S 

and Ihe condition 

£ = 0 a i* = , 
ax 

lends to 

4 - M * ~ 

Thus 



y ~ T'fe iin *•* ~ «•*»* + I “ 

Since the upper end of the member cannot imnslatc laterally 

y ™ o si x *= /, 

and Eq, (4,17) reduces to 


MJsin kj i — cos*,/,} 4- AfAkJi — si. pi = 0 (4,|g) 

As before, « second equation is obtained by considering the horizontal 
member. Applying the slope --deflect ion equation, we can write 


M 9 j-k[26 M + &£.} 


(4.19) 
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Offc since 9 C = - (?„. 

M t = ^0, (4.20) 

Compatibility of slope* at joint B requires that 9, of the horizontal member 
be equal to - dyjdx aL je — t\ of the vertical member. Thai i* 

TEt ! = -^(t-cos A^i + *, art kl, “ £) - - ^4) 

from which 

Mj.toskj, + Ai/, sin k,t, — i) + — cos k,l, + — = 0 

(4.21) 

To obtain the stability condition, we set the determinant or Eqs> (4.1 S) and 

(4.21) equal to aero. This leads to the equation 


2 — 2cos*if, — <t,f, sits k t ti +- (sin i,/ t — k^, Cos - 0 

(4.22) 


The critical load is obtained from the smallest root of this equation. 
Setting 1, = /, = / and ti — l x — l in (4.22), one obtains 

kl sin kl + 4 cos kl + (JU) 1 cos kl = 4 


from which 
and 


kl - S.Q2 
„ _ 2S.2 El 


Thh is the critical load for a futed-basc portal frame whose beam has the &ame 
stillness a* the columns and that is Laterally restrained™ As previously pre^ 
die ted P this load h considerably larger than the critical load for the same 
frame when Sidesway is not prevented. 


4 A CALCULATION OF CRITICAL LOADING 
USING SLOPE-DEFLECTION EQUATIONS 

In Article 4,3 the critical loading of a portal frame was obtained by writing a 
differential equation for the column and a slope-d ejection equation for the 
beam and by solving these equations simultaneously. Although this procedure 
could, in theory, be used on ariy size frame, in actuality it becomes prohibit 
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Critics/ i cdinf, btma Sbps-Os/fntfcn f<j» j tf Qra jgj 


?Rc f M 2) 



sld( S ^y is prevented a »d lh a! the ikx^i mans El/t it the Mmc for 

srn sr ,nd , " ,ine 


Mia 




M mc 


K(z.tOi 

H - 


m k 

“■ 

Kfa.iBt 

+ 

&/A) 

m C3 

- 

K{*.A 

+ 

*,A) 

M cv 

= 

K{ a , t B c 

+ 

a /t&o) 


<4.131 


Sircc U,a Iwtaml do no, have 


= a** = 4 
«/, = * f , = 2 
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Furthernipre p dy* to symmetry 


$ c — ~G 3 
Gd ~ —0 C 

Thus - K*. t 6j 

M tI = K(2S t ) 

— KX&tiQa + 

W CJ , ^ K{a my 8r 4- 
A/ CJS = AT(20 C ) 

1 he equal tons of moment equilibrium at joints B and C arc 

H" MjG &f mr- = Q 

iV^-j. -+- Af fTO = 0 

Substituting the moments in (4.24) into these relations gives 

®»(*h + #.i + 2) + 6Wtf/») ■ 0 

**(■/>) + 9Aet rl + 2) = 0 


(4.24) 


(4.25) 


(4,27) 

(428) 


To obtain the stability conation, we set the determinant of these equations 
equal to zero. This leads to 


<“-> H- 2)(a., + a„ 3 ] 2) - ( fflfJ )* 


! 0 


(4,29) 

Using the values of a and kl given in the Appendi*. Eq. (4.29) can he 
solved byin .1 and error for the critical loading, Since *, - v TP/2/ and 

’ it follows that k t = k iJt /T- A inaiand-mor procedure even- 

tually leads to the result 


and 


tcyt * 3.55 
b _ 12.6 Ft 

" ~T~ 


4.5 STABILITY OF A FRAME 
BY MATRIX ANALYSIS 
+ 

ethod used in Article 2.14 to analyse the stability of an md>- 
essiott member ha; been shown by Ham (Ref, 4.1) to be equally 
at determining the critical loading of an entire frame As an 
let us consider the stability of the simple portal frame shown in 




\ 


1 


Stability 6 v Matrix Antfyti* 185 


(?- ©- 


El 


El 


Eifucldr^ ftirfin Gnd defOffflOltofk-s 


El 




1- — * H 

[el 


t, 9®a 


5i!j|) jttAo 


n 3 9j-^— '' ^ 

© 


q,8. 


© 


q 5 B a 


' 




q ta^Z 

WembtJ fdrCiS ancf iteior morions 

m 

FJe, 4-5 frniCEu ft *nd tttfrnfoe r coordinitl « for portal frame. 

hg. 4- 5a. Each member of the frame has a length I and stiffness Ft, and the 
frame is fined at the base, free to move laterally at the lop, and loaded as 
indicated in the figure. For the sake of simplicity we let each member consist 
of only a single element. Positive element and structure nodal deformations 
and form are defined In Fig. 4- 5b- 

In accordance with Eq. (2.184) the stiffness matrices for the columns are 
given by 
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and the si i tin css mains, for the beam takes the form 
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{4-31) 


As indicated in (2.184), the coefficients ir* these matrices all have the dimen- 
sion* of force per unit distance. 

To obtain the structure stiffness matrix, I he element stillness m a I rices ore 
lirst tr uus funned to structure coord in me* ami then combined. The Ifnndcr- 
maiitm from element to structure coordinates is carried not irt accordance 
with Hq. {2.145). That is. 


[*J - (433) 

in which the transformation matrix for the nth dement, is defined by 
Eq. (2.141) as 

UJ = [JJWJ (4.33) 

Accordingly, the transformation matrices for dements I, 2, and 3 of ihc 
frame arc 


10.1 = 


A, A, A, 

ffl 0 Ottf, 

<5. 

S> 

< 5 * 


0 0 0 

0 0 -I 

\l o 0/ 

A, A, A, 

(0 0 0l£ t 
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Aa A; Aj 
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(4.35) 


(4.36) 


Using shese irajijFormatign trices and carrying out iht operations indi- 
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(rated in (4 32), the stiffness matrices in (4.30) and (4,J|) become 
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If we let 
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the structure stiffness matrix reduces to 

8-43 2 


K = 


Et 


-43 2 -6 + 33 V 

2 8 - 42 -6+ 32 

+ 32 —6 + 32 24 - 722/ 


(4,41) 


(442) 


F Al ‘ hc Cr i lic “ l ,oad thc dcl *™inam of me stiffness matrix must vanish, 
bap md'ng the determinant of the matrix in (4.42) and setting the resulting 
expression c^ual to icro gives 6 


108021 - 45962 : + 51362 - [008 = 0 


(4,43) 
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The smallest root of this equation is l, = 0.25 from which 

P _ 7.5 El 
f„ — jr~ 

This result is very dose io she exact value of T.iAEHt 1 obtained in Article 4.3 
Tor (he critical load in (he sides way mode. 


4.fi EFFECT OF PRIMARY SENDING AND 
PLASTICITY ON FRAME BEHAVIOR 

i ‘ 

I n. the preceding urucEes (he lability of frames was inveslignted assuming [hat 
neither primary bending nor metaslic behavior existed in (he frame prior fe 
buckling. Since one or both of these eondi lions are often not fulfil ted in an. 
actual frame,, we want lo briefly consider how the presence of primary bending 
and plasticity affects fhc behavior of a frame, 

Effect of Primary 0 ending on Elastic Buckling Load 

If a frame is loaded as shown in Fig. 4-6a, no bending is present in any of 
ils member* prior lo buckling, And the frame remains undeformed until the 
critical load is reached (curve !, Fig, 4-Gc), By comparison, if a frame is loaded 
as indicated in Fig. 4-6b p primary bending is present in each member from 
the onset of loading, and the frame deforms in accordance wj[heuivc2in 
Fjg. 4-6e. Frames of the latter type, in which primary bending is present 
prior to burMing, have been studied by Maiur t Chang, and Donnell (Ref. 
4.2), 1 -La (Ref. 4.3), and Marcus (Ref. 4.4), Eli each of these i uvea (i gallons the 
same conclusion is reached: primary bending does not significantly lower Eh c 
critical load of a frame as long a$$i resits remain elastic. The only exception 
to these findings occurs when the beam is exceptionally long in comparison 
with Ehc columns. En that ms Lance, the presence of primary bending reduces 
the symmelric buckling Loud of the frame. However^ Frames wich relatively 
tong beams are rarely encountered, and for (he majority of eases it therefore 
appears ssife to conclude that the efitcL of primary bending cun be ncglecled 
in determining Lhe elastic buckling load of a frame. In all this, it is important 
to underline the fact that primary bending is negligible only in the determina- 
tion of the cfiiiod loading of framed members and not in thesr design. When 
carrying out the design, the member muss be treated as a beam column, Rind 
both axial compression and bending must be considered. 

Inelastic Buckling Load 

The maximum load that a frame can support is equal to (he elastically 
determined cniical load only if the stress does not exceed the proportional 
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limit at any point in the frame prior to buckling, irthe proportional limit is 
exceeded before instability occurs, Ihe frame will fail n( a load thut is rtnaller 
(ban the elastic critical load (curve 3 in Fig. 4-6c). A rough estimate of the 
collapse load for inclaslimlty stressed frames can be obtained if an interaction 
equation similar lo the beam-column design formula is used. 

The ultimate load of a frame can never need cither the elastically 
determined critical load or the plastic mechanism load. Jf instability were the 
only factor leading to collapse, failure would occur at the critical loud. On 
the other band, if collapse were solely due to plasticity effects, the Traffic would 
Tail when it became a mechanism as a result of the formation of plastic hinges. 
Actually, however, both instability and plasticity are present, and collapse 
occurs due to an interaction of the two at a toad that is lower than either the 
critical load or the plastic mechanism load. It his been proposed by Horne 
and Merchant (ReF, 4.5) that the following empirical relation, known as the 
Rankine equation, be used to predict this failure load: 


4- ^ ™ J -0 (4.44) 

where P f — failure load 
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P. ™ elastically determined critical load 
P r = plastic mechanism load 

Ji hat been shown that the results obtained using Eq. (4,44) art usually 
conservative and reasonably accurate. A mow precise value of the collapse 
load than the one given by Eq, (4.44) can unfortunately be obtained only by 
carrying out a lengthy and complex analysis for which a computer is an 
absolute necessity. Examples of such an analysis have been presented by 
Moses (Ref. 4.6), Alvarez and Birnstiel (Ref 4.7), and Gatambos (Ref. 4.8). 

4.7 DESIGN OF FRAMED COLUMNS 

A framed compression member may be loaded axially, in which ease it is 
designed as a column or, ns is more likely, it is subject to both bending and 
axial loading and must be designed as a beam column using an interaction 
equation In cither case, the critical load of the member is required. One way 
of determining the critical load is to tarry out a stability analysis of the entire 
framt. Such an analysis gives the magnitude of (he external loads at the 
instant when the frame becomes unstable, from which the loads in individual 
compression members at buckling can readily be determined. However, an 
analysis of the entire frame is often too involved for routine design, and 
approximate methods involving relatively simple calculations arc desirable, 

One very simple but quite crude method of obtaining the Critical load ofa 
framed column is to estimate the degree of restraint existing at the ends of the 
member by interpolating between the idealized boundary conditions shown 
in Fig, 4-7, Both the rotational and translational restraint at the ends of the 
member must be considered. To estimate the degree of rotational restraint 
exisling at the end ofa member requires that our consider both the stiffness 
of the adjacent members and the rigidity of the connections. Whether or not 
the ends of the member translate laterally relative to each other depends on 
whether or not the frame is braced against sidesway. 

A second method for estimating the critical load of a framed coJumn, 
considerably more accurate than the previous procedure, was developed by 
Julian and Lawrence (Ref. 4,9) This method involves an exact analysis 
However, inly the member in question and the beams and columns that 
frame directly into il are considered. The influence of member in the frame 
not directly connected to the column being investigated is neglected Thus 
the critical load of column AB in the frame in Fig. 4-Ba is obtained by 
analyzing the subasscmblage of members shown as dotted lines in the figure. 
I he value of this method is greatly enhanced by the fact that the critical load 
can be obtained graphically, The nomograph shown in Fig, 4-8b allows one 
to determine directly the effective length of a framed column, given the 
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in which / and L are the moment of inertia and unbraced length of the mem- 
bers Eying in the plane of buckling of the column being considered, The 
nomograph shown in the figure is for a laterally brartrd frame. A similar 
graph for a laterally unbraced frame can also be constructed. 
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Pro bl*m* 

4.1 Using the energy melhotL determine the trident loads and the COrrcs|x?ndEn| 
mode shapes for live iwn-degrM-of-frMdoin frame model shown in Fig. F4-I. 
Each member in the frame consists of two rigid bars connected id each other 
at She middle of the member by a pin and a rotational spring of siiffnra 
C =* M{9 ¥ where Af is ihe moment at the spring and 0 In he angle between Ihe 
bars. The columns are pin connected at their b&sn and rigidly connected to 
Ihe beam, {P, = c;l % a - Oj f a - 3 CIL a - b) 
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4,2 Us ini reasoning similar to ( hat empSoycd In A riiqte 4.2 r ikcer mine ihre I i mlti ng 
value? for itic symmcLric and sideaway buckling Loads of Ihe frame Ln Fig. P4-Z 

A3 Letting l t » /* » 1 and /* ™ h = J r determine iht critical load of the frartte in 
Fig, F4'2 to: 

(a) ihc sideaway mock, 

(b) the ^mmclric mode. 

Find l he critical Load by sett Eng up and solving the governing differential 
equations, 

4.4 Using *hc matrix crteiKod, determine the critical load of ihe framed column in 
Fi^. P4-3. Lei each member consist of a single clement. 




43 Using the nomograph given i n At tide 4.7, determine an app rosimalc value fur 
the critical load of member CS in the frame in Fig. P44. Compare this result 
with the solution obtained in Article 4.4 and discuss your findings. 


5 

TORSIONAL 

BUCKLING 


5.1 INTRODUCTION 

Up to now we have considered only neural buckling, in which the member 
derorjm by bending in the plane of one of Ihe principal a*cs. However, 
column US well as beams also buckle by twisting or by a combination of 
bending and twjslmg, These modes of Failure occur when the torsional 
sunn ess of the member is very small or if bending and twisting are coupled so 
that one necessarily produces the other. Thin-walled open sections usually 
have a very low torsional rigidity and arc therefore especially prone to 
torsional buckling. Combined bending and twisting occurs in attially loaded 
members, such as angles and channels, whose shear center a sis and centroid al 
SMS do not coincide. El also takes place in transversely loaded beams when the 
compression flange becomes unstable and wants to buckle laterally at the 
same time that the tension flange is stable and wants to remain straight. 

In this chapter we shall consider both torsional buckling ofaxislly loaded 
columns and lateral torsional buckling of transversely loaded beams. How- 
ever, before turning to these problems we shall review some fundamental 
relationships of torsi Goa l behavior in general. 


JSS 
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5.2 TORSIONAL LOAD -DEFORMATION 
CHARACTERISTICS OF STRUCTURAL 
MEMBERS 

When torsion is applied to a structural member, the cross sections of (hit 
member may warp in addition lo twisting. If the member is allowed to warp 
freely, then the applied torque is resisted solely by Si. Vcnant shearing 
Stresses. This type of behavior is referred to as pure or uniform torsion. Cn 
the other hand, if the member is restrained from warping freely, the applied 
torque is resisted by a combination of St, Venant shearing stresses and wag- 
ing torsion. Thu behavior is called nonuniform torsion. 

! 

St. Venant Torsion 

If a bar ofcorpsiantdreularcross section is twisted by a torsional moment, 
as shown in Fig. 5 ], the external torque at any section is resisted by circum- 
ferential shear stresses, whose magnitude varies as their distance from the 
centroid of the Section. These shear stresses are due to the resistance of 
adjacent cross sections to rotate relative to one another. In such a member, 
the angle or twist, fi, is related to the torque, T, by the expression 

t - sj ?7 <*» 

■¥ " r 

in which a is [he Shearing modulus of elasticity. J is [he lorsional constant 
and z is the direction along the axis of the member. The product CJ is the 
torsional rigidity of the section, analogous to El, the bending siEJTness, 
Whereas bar* of circular cross section, like the one in Fig S-|, twist 
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without warping, most noncircular shapes warp when They are twisted. When 
a torque is applied to a member whose cross section is iioncirciiUrfFig- 5-2), 
transverse sections that were plant prior to twisting warp in the axial di rec- 
kon so that they are no longer plane during twisting. However, as long as the 
warping of the member is permitted to take place freely, the applied torque 
will sill! be resisled by shearing stresses similar to those prescfll in ihc circular 
bar. and Eq. (5.1) is still applicable. For a thin-walled open section made of 
rectangular elements, the shear stresses in each element are parallel to the 
middle line of the cross section, and their magnitude is proportional lo ihc 
distance from that line (see Fig. 5-2). The (orsionel constant. /. for such a 



< 5 ‘ 2 > 

in Which b, and I, arc the length and thickness, respectively, of any element of 
the section. The type of resistance to twisting consisting solely of shear and 
described by Eq, (5.1) is called Sf. Venant or uniform torsion. 

Normnitorm Torsion 

If the longitudinal displacements lhat produce warping sw allowed to 
liitc place freely, then longitudinal fibers dn not change lenglhi and no 
longitudinal stresses are induced as a result of warping (see Fig. 5-2} How- 
ever, certain support or loading conditions will prevent longitudinal displace- 
ments from taking place freely. For example, the built-in end nf the cnnlilever 
beam in Fig. 5-3 is completely restrained against warping, while the unsup- 
ported end is allowed 10 warp freely. As a consequence, longitudinal fibers 
change in length, and axial stresses arc induced in the member. Comparison of 
the beam in Fig. 5-3, in which warping is partially restrained, wish the beam 
in Fig. 5-2, which is free to warp, indicates that a restraint of warping defor- 
mation resutls in a differential bending of the flange*. Ore flange bends to the 
right and one to the [eft. 

The flange bending moments, which exist in the cantilever beam in Fig- 
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PJh- 5-3 Twilling of ncNicireuliir 
scclion mu rained aparnES free warp- 
htf. (Adapted from Ref. 5,16.) 


^ 3 P vary from zero at the Tree end of the member lo a maxi mum at the fixed 
end. Hence at any manned sale section (here exists a shear force an each 
flange equal to 


Vs = 



( 5 - 3 ) 


in which M f is ihc flange bending moment and the utmos sign indicates lliat 
M f increases as t decreases. Since the flanges bend in apposite directions, the 
shear forces an the two Flanges are oppositely di reeled and form a couple (set 
He, 5 - 1 ). This couple, which acts to resist ihc applied torquc H is called 
warptfig torsion* 

The ajttal stresses that produce warping torsion arc brought about by the 
resistance of the member to free warping of its doss sections. By comparison, 

Venant torsion is due to the resistance of adjacent cross sections to rotate 
relative to one another. 

A member that h nol permitted to warp freely will resist an applied 
torque by a combination of St, Ycnanl and warping torsion. Thus 


T~T„+T w ( 5 . 4 ) 

in which T„ is St. Venant torsion and is warping torsion, The type of 
behavior described by this equation is referred lo as nvnttniform torsion. 

The part of [he total resistance to twist due lo Si. Venant torsion is given 
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by Eq. (S.J). Thufe 

t „*=gj^L (55j 

For [he I section in Fig. so. Uie »e,pj n , „ 

f - “ V - k (S. 6 ) 

or. iei view of Cq. ( 5 . 3 ), 

T" / , 

J * ~~dz * (5 7] 

- - '■ - 

Mf ~ £T/ 7F ( 5 . 8 ) 

in Wh “ h h iS ‘ hc momerU otif * Tt * o f ‘he flange aboU | it, sltoag Mis . Sinw 

* “ ¥ ( 5 . 9 ) 

Eq- ( 5 . 5 ) becomes 

"'-¥ 3 ? «» 

Subsl rlut ion of this expression into Lq, ( 5 . 7 ) g[ VCs 

T _ Eifh* d’B 

’ 2d£ (S.II) 

*■£%*.'££» o, "“ c, “‘ “ M ' d 

r - L r ( 5 . 12 ) 

£q. (5, |J) can be rewritten as 

r *=~ Er %ft ( 5 . 13 ) 

^ CXpfCSii0n f ° r thc "*^"8 the term iT i, [he w a rp lrc 
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rigidity of the section. analogous to GJ, the St, Venant torsional stiffness 
Although il was derived here specifically for a symmetrical ] section, Eq. 
(5,13) is perfectly general and Can be used for any open thin- walled section. 
However, the expression for (he warping constant given by Eq. (5,l2j :ipphes 
only to an ] section, Expressions for she warping constant of other open 
thin-walled sections can be found in ftef*. 1.2, 1.12, and 5,1?. A derivation of 
Eq. (5J 3) more general than the one presented here and applicable to any 
section can be found in Ref. 1.2, 

The differential equation for nonun ifbrm torsion is obtained by com- 
bining the expression* in (5,5) and (5.13). Thus 

T ~ aj t~ ETd it- <»•”> 

The first term represents the resistance of the section to twisi and the seCDid 
term the respite* to warping, As poinied out by MeGuErt (Ref, l*) r it is 
imporlanl \o keep in mind that the second term is caused not by the warping 
of ihc member but by its resistance lo warping. The two terms together 
represent the interna] resistance of the member lo an applied torque. 


5.3 STRAIN ENERGY OF TORSION 

The strain energy stored in a twisted member can be broken down into two 
parts* (hat due to St. Venanl torsion and that due to warping torsi on. 

Si* Vonant Torsion 

The j nc remen E of $tmi n energy stored i n a n eEeme nt dx of a twisted member 
due to Sl Vcnant torsion is cquai to one half the product of [he Eoique and 
ihc change in the Angle of twist. Hence 



4ir*-±nfi 

(5.15) 

Since 

^ = m dz 

(5.16) 

Eq. (5J 5) becomes 

dU " 

(5-17) 


or if the expression in (5.t) is substituted for t m one obtains 

dU » = dt < 5 - ,a ) 
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Integra ling over the length gives the* train ene^y j n the entire 
St. Venrmi (orsFoji. Thus 


member due Eo 


U ti 


] 

T 


r. 


GJ 


dz 


(5.19) 


WaipFng Torsion 

For an I bom, the strain energy stored in (he member dueio it* resistance 
Id warping i* assumed td be equal to Ihc bending energy of the Range* A* in 

iT«T y 5^" thC *"*' ener?yas,(Xi, “ ed non uniform bending 

assumed to be ncgltg,ble in comparison with the bending energy, 

h ™ C *""*"* CJ1 ' r » i[ ored in an element di of one of the flanges of an \ 

SSiSSftt 32“ n ' omtn ' **»**>••* 

*,-T B '©'* <i») 

In view ofEqs, (5.9) and (5. 12), ibis expression becomes 

f) a rfr (5,23) 

!uve*?beXr" lhC *** mUftiP,ying by 3 10 for both flanges 

gives i be strain energy due to warpmg resistance for the entire member. That 

I S 1 




j : 


£T 


rfl 


(5.22) 


The totai strain energy stored in a twisted member is obtained by adding the 
expressions in (5. 1 9} and (5,22). It is equal to 


u 


I 

; y 


/: 


gj {'£) dt 


i 

T 


/: 




(5.23) 


5.4 TORSIONAL AND TORSIONAL-FLEXURAL 

buckling OF columns 

^ ^ k‘ dC ' CrminC lht Crjlical l0fld columns that buckle by 

sections are YhoTST^." and twis,i *S- Since open thin-walfed 

sections are about the only sections that are susceptible lo torsional or 

torsional-flexural buckling, the investigation i* limited to these shapes The 
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Study Wrll also be rc&Enclcd lo clastic behavior, iniall de forma lions* and 

concentric loading * 

The problem of torsional buckling in columns ha$ been studied extensively 
by mar.y, IndudingGondierfRcr 5.4}> Timoshenko and Gere (Ref. J.2), and 
Hd IT (Refs. |,J and 5.5}. In ill esc invcsligatians the critical load is determined 
eilher by integrating ihc governing differenlial equations or by making use 
of an energy principle. The analysis presented here uses ttie KaylcLEh-KiLt 
method to determine the critical load. The calculations fallow the general 
QUliine of those given by Hoff (fief. (.3). 

Lei ui consider Ihc Lhin-wallcd open cross see I ion of.af biliary shape given 
in Teg. 5 - 4 . The dcfumlniiou taking place during buckling r- : . ^ibiuiuni-d to 



yif . s^i Toisieui^L-flcxufal bucfclina tterotmabens. (Ada pied from Rtf. 

5.5.5 

consist of a combination of twisting and bending about two a*cs. For the 
purpose of expressing the strain energy in its simplest form, it is desirable to 
reduce the deformation to two pure translations, and a pure rotation. This can 
be accomplished by using the shear center O as the origin of the coordinate 
system. The shear center is that point in the cross section through which 
lateral loads must pass to produce bending without twisting. It is also the 
center of rotation when a pure torque is applied to the section. The x andy 
directions are assumed to coincide with the principal axes of the section, and 
the i direction is taken along the longitudinal axis through the shear center . 
As t Fid kaied in Fig, 5 4. iht coord mates of the centroid are denoted by ami 

Iftfomaiion on Inetailc buckling, p&si6n#klini bchtvJer, end ttcemrlc !endirt£, 
the reader is referred fa ft leries or invalidations reeenlly undeflak.cn al Cornell Uni versify 
{Rtfi, 5,2 tad 5^ 
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y b - As a result of buckling, the cross section undergoes translations u and v in 
Ihc x and y directions, respectively, and a rotation 0 about the z axis. The 
geometric shape of the Cross section in the plane is assumed to remain 
constant throughout. 

As far as the boundary conditions are concerned, it is assumed that the 
displacements in the x and y directions and the moments about these axes 
*amsh at the ends of the member. That is. 


ri l U 

TIP 


- u — 0 



at z = 0 and / 
at z — 0 :ind / 




The torsional conditions that correspond to these flexural conditions are aero 
rotation and zero warping restraint at the ends of the member. Thus 

P = = 0 al r = 0 and / (5.25) 


It is assumed that Ihc warping restraint vanishes when the longitudinal 
Stresses that accompany warping torsion vanish. The condition d'Bldz 1 = 0 
thus follows from Eq, {5. TO), 

The boundary condidons will be satisfied by assuming a defleclcd shape 
of the form 

« = C t sin y 

V = Cl sin ^ (5 ,26) 

0 = C] sin y 

The strain energy stored in the member consists of four parts, the energies 
due lo bending in the x and y directions, the energy of the St. Venanl shear 
stresses, and the energy of Ihc longitudinal stresses associated with warping 
torsion. Thus 



Substitution of the assumed deflection function into the strain energy 
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•c xpres&ion gives 

u = rj[ ei &t f dt + T X ELCi F sin ’ T * 

+ T f, c ' c * S eosl T * + T /’ rrc *F* sinl T <h 

Making use of the dcfinile integrals 
Eq. (5,28) simplifies to 

" = t . t [^ + ct^c + c|(*/ + q*)] 


< 528 ) 


(5.») 


The potential energy of the external loads is equal to the negative product 
of the toads and the distances (hey move as the column deforms. Figure 5-5 
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shows a longitudinal fiber whose ends approach one another by an amount 
whcpi tfie liber bends, The distance A, is equal io the difference between 
the are length A’ and the chord length L of the fiber, tr the cross-sectional 
urea of the fiber is t/A and the load it supports is tt cfA, then the potential 
energy or the toad acting on (he fiber is -A t trtlA. The total potential energy 
for the emirc member is obtained by integrating over Ihc cross- sectional area- 
Thus 

V ” ~I, A * J dA (5.30) 


To dieter jtitne consider fiber AB in Fig, 5-6, whose c-oordinnie^ in l he 
urdefocmed siiiic are xund y. We shall direct our attention to A n clement di 
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Fi(» 5-fi 1-atcral dc forms tpwsj of 
longitudinal fiber due Eo bending. 
fAdapEed from Ref. L3 P ) 



of this fiber, After deformation has lafan place the * and y displacements of 
i he lower end of (he element Arc H and » F and the corresponding displacements 
at Ihe upper end arc it + du and t? H- riiL Pro-rrt l lie Pylhagorcan lhcorcm F the 
length ds of the deformed element ia 


* ^ <«’ + + W = [(g ) 1 + gj)* + l ] 1 ' 1 rfz ( 5 , 31 ) 


ll has previously been shown (Article 2 , 2 ) that the expression (q + |)>'» 
ran be replaced by I +- jjj if 17 <£ I, In view of this relationship and because 
lisljth and dOldi are very small quantities, Eq, (5.31) reduces to 


dt = [t ® + T ( 51) + ] ] dl < 533 > 


I meg rati rg the left-hand side of this equal bn from 0 to $ and the right* hand 
side from 0 to L gives 


from which 

F be translations r! and (i of a fiber whose coordinates a re i and y consist of 
the translation of the shear center, tr and v, plus an additional translation due 
to ihe rotation of the fiber about the shear center. These latter translations, in 
the x and y directions, are denoted, as shown in Fig, 5 -?, by - a and b. From 


( 5 , 3 *> 

( 534 ) 


* 
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Fig, 5-7 l4tkf*l UlfidlLkrfl of lanpiEuditial Fiber F due lo roll Lion about 
sbc*r center, (Adapted from Ref. 1 .3.) 

the geometry of the ligurc it is evident that 


And since 


one can Also write 


a & ffi sin a 

b = rff cos * 

r sin a = y, r cos p — x 


-o = -y$, b = xp 

The ioiaE displacements of the Tiber at ( x r y ) arc therefore 

H « *f — j'j? 

£ = t) -I- *0 

and the expression for Ai given in {5. 34) becomes 


-*{£)® +*(£)($> 


(5.35) 

P-*) 

( 5 - 37 ) 


( 5 . 36 ) 


(5.39) 


The potential energy of the ex lernat loads can now be obtained by substituting 


(5.40) 

I 

I 
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(5.39) in Eq, (5.30) Thus 

f 

r —^J , J.*[(S) , +{8 , +^+«®r 

-*ffl®+x©05l*i* 

To simplify this expression, we make use of the following relation*; 

J> - * 

^y<iA =y„A 
j A X dA = x,A 

l^x'+WdA^rU 

in which * c and y t are i he coo r cl tnatesoF the centroid B ndr e is the polar radius 
of ^ration oi ihe cross section with respect to the shear center. 

Substitution of the relations in (5.4|) in Eq, (5.40) gives 


C 5 . 4 IJ 


k — r/‘Ka)' + ® ,+ '^' 


(5.43) 


ir the assumed expressions for «, f. and 0, given by (5,36), arc now introduced 
and ihc indicated migration carried oul h one obtains 

V “ “ + C| Hr Cl^ - SCiCjy, + 3CjCjj 0 ) (5.43) 

Combining this expression with Hie strain energy given in. (5,29) we finally 
oblain the total potential energy of the system. Thus 

+ Ct'i[ rli UJ ' + ^jr ) — r] (5,44) 

+ 2 C,C’j Py t - 
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A! this point it is useful 10 introduce the following notation: 

P - ** £/ - 
' “ -71=* 

P “ = ^ 7 ^ . (US) 

We are a ] r «dy familiar with the first two expressions They are, ofcourse, the 

ai'jrt^dSSS H d * at>0lJ ‘ ' V Snd ' V ” eST respect,ve| y Th ' ‘hitrf term is 
as yet unfamiliar. However, it is seen to contain the St. Vcnant and warning 

st i finesses, and it can therefore be expected to pertain to torsional buckling* 

By means of expressions (5.45), Rq, (5.44) is reduced to the form *' 

U + V - l/CCKP, - P) + - P) 

+ CUUP t - p) + 2C t C t Py B - ac.Cift, 1 

a 1%??? '° a i " defiwd “* ' h<! '° ad a * Whirh c< l u «^riom is possible in 
a sightly deformed state. Hence it is the load for which the total potential 

nergy or the system has a stationary value. Since V + V is a function of 

'"?“**** *«" l» derivative with res^t 

vafifshc$ Tak!ne ,he d<riva,ive ot 

zero E Us V "*"* l ° C) ' Cl> "* C ’ fl " d iet ' ing « hcm «o 

j(t/ 4 i/> 

Jc 7^ = Ci(p - - + c.w,) - o 



~"3c; = CilP * - W**) - o (5.47) 

<j(tj + n „ „ 

&?, = ~ C * P *' + <V2<P* - P) = 0 

rhw IS a set or linear homogeneous equations. They have a solution C, *= C 
mt Z*~ md ’ Cftl ’ n ® th ' ,, ^ Ui) ibrium is possible at any load provided the 

deu'^i^rf rai * hl ‘- Th " C " a,S0 a nonirivtal J0tu,r<Jn p°^ **en the 

^tere^ ^ ■? “’T™ Thfs lat(er is the one that 

nieresis us. ft corresponds to equilibrium in a deformed configuration and 

Settm, " e "" < ™ 1 '* 1 '“I. W s« ihc Mm or Eq,. 
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equal to zero. Thus 


P,~P 0 
0 P,- P 

P X 9 - ft* 



- n 


(5.48) 


Expansion of (5,48) gives 

^ - W. - PHP* -/■)- (P, - P}^ - (P, _ P) Z£ _ o 

(5.49) 

This is a cubic equation in P, whose roots are the critical loads of ihe member 
If the cross section has two axes of symmetry or if it is p 0in[ symmetric, 

Z (X“ idet ** Iht CCntr ° id 3nd * “ ■ * - ° r ° r ' h “ — 

(5.50) 

It is ohvious that the three roots or this equation arc 

Jj |3 

r "jr^ 

(5.51) 

,-,,_J s ( w + l!W) 

r °°'* “ i' , bsi;iuUd imo Eqt ih, follow, J jnfonna- 

non regarding the mode shapes is obtained: 

P = P/. c, * 0. c, = Cj - 0 

p - P,: C, ^ 0. C, = C t = 0 (5,52) 

p** p t - Cj ^ 0, c, = c, = o 

These results -indicate that the loads P, and P r correspond to pure flexural 
" rd »■' r.MM* .0 pore 

on c „ f ^ h ^ eBmS and 2 wlton ’ ? ' Cfl " buckle cither by bending about 
one of the principal axes or by twisting about the shear center. Combined 
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t o rsiona I— llcstu ral buckling does no! occur for these sections. Depending on 
(lie shape and dimensions of the cross section, one of tilt loads given by (5-51} 
will have the lowest value and will determine I he mode of buckling of the 
members. For example, the flexural buckling load about the weak axis is 
almost always the lowest of the three possible buckling loads for ho:- rolled 
wade-flange sled shapes. It is for this reason that (he Euler load is used 
almost exclusively to design wide-fiange shapes. 

When the cross section has only one axis of symmetry, say the x axis, the 
shear center lies on that axis and — 0- For this case Eq, (5.49) reduces to 

<a - n[ip, - n<p. -n- £p] = o (s.sj> 

This relation is satisfied eilher if 

if J F/ 

(5.54) 

nr *f 

(/*, - P)(P t - P) - = 0 (5,55) 

F » 

'Hie first expression corresponds to pure flexural ti tickling about the y axis. 
The second is a quadratic equation in F % whose roots both correspond to 
buckling by a combination of bending and twisting, that is, torsional-flexural 
buckling. Hie smaller of the two roots of Eq, (5.55) is 

Frr = ^[JV +P,~ M + FJ‘ “ (5 56) 


in which k ^ [1 — {xjr t y~}. 

El is thus evident that a singly symmetric section, such as an angle* a 
channel, or a hat, can buckle either by bending in the plane ofisymmelry or by 
a combination of twisting and bending. Which of these two modes is critical 
depends on the shape and dimensions of the cross section. 

The behavior of a singly symmetric sec Iron can be summarized as follows: 
Ah imperfect column that is centrally loaded tends Co bend in one of the 
principal planes containing thccenlroidal axis. If t his pi ane also contains the 
shear ccnlcr axis (xz plant in our example), bending can take place without 
simultaneously inducing twist. However, if the plane of bending does not 
contain the shear center axis (F2 plane in our example), bending must 
necessarily be accompanied by twisting. 

If the cross section of a member docs noE possess any symmetry ut all, 


Art. &§ 


Ue Euetaifip of a„ ms ZF t 


^^srssrssr " d ■***■<- ■>»“ 

.. Mjst£zt£ i s sn-r^ “■ a 

s.s lateral buckling of beams 

SS:“»= 

remainder nfih ' ™ ^ expression Barge to bend sideways and for the 

(Ref u5l^hrS“ I't:; 1 t “ k ‘ i " E " re r- ■» "*4 

=fflSSSsr=.‘ 
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5.fi LATERAL BUCKLING OF RECTANGULAR 
BEAMS IN PURE BENDING 


Lfi ui consider the rectangular beam in pure binding shown in Fig. 5-9a. fi 
is assumed that the material obeys Hooke's law, that the deformations 
remain small, and that ilie geometry of the cross section does not change 
during buckling. The critical Foad will be determined by finding the smallest 
load at which neutral equilibrium is possible. To establish equilibrium in a 
deformed configuration, we shall satisfy the governing differential equations. 
These equations are derived using (he procedure outlined by Timoshenko 
and Gere in Ref. 1.2. 

A set offixed coordinate axes x, y, and s t as shown in Fig. 5-9b, is chosen. 
In addition, a second set of coordinate axes T\ y\ and whose directions 
are taken relative to the deformed member, is atso established. The y? and / 
directions coincide with the principal axes of the cross section, and the ?' axis 
Is tangent to the ceniroidal axis of the member. Deformation of the member at 
any section can be broken down into three disiinct motions, a lateral displace- 
meni » in the x direction, u vertical displacement v in the s- direction, and a 
rotation fi about the z axis. T lie rotation fi is positive when clockwise, looking 
toward the origin, and a and v are positive when in the positive directions of 
the ,v and y axes, Thus the three displacements shown in Fi"g. 5-% are ail 
post live. 

Hie ends nf the member arc assumed to be simply supported as far as 
bending about the -t and y axes is concerned. Hence 


u = v 


rf : w _ 


(5.S7) 


0 at 3 = 0,/ 


Art. 
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Kit, 5-9 takral buckling nf simply supported rec lineups r beam in rufe 
bifntJrnt, 


In addition, the ends of the member are prevented from rotating about the r 
axis but are free !o warp. Thus 

P - jS =* a a< : - A. t ( 5 .S 8 ) 

Assuming that the positive directions of the moments M,, M y . and Af,., 
acljrg on an dement of Ihe deformed member* are as shown in Fife. 5.9c s and 
ihe positive directions of ihe displacements Jire as indieoEcd previously, the 
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difTeren[ia 3 equations of bending and twisting arc 


= ~My 

( 5 . 59 ) 

El *^p - toy 

( 5 . 60 ) 

Gjf^My 

( 5 . 61 ) 


The first two equations arc the familiar equations of beam bending written 
jbout the a and / axes, The third equation is an unufo B ous expression for 
twisting about Hie / axis. Since the warping stiffness of a rECtangular section 
is negligible, the twisting relation is obtained from Eq (5.14) by dropping the 
warpm E term The negative sign in Eq. (5.59) indicates that a positive 
moment M,. corresponds to a negative curvature ti'v/di 1 . Uy comparison, in 
bqs. (5.60) and (5.61) positive moments My and ^.correspond, respectively, 
to a positive curvature and a positive dope dfiftlz. 

t*. ifi Kc qM H r ‘ l,hw toy, toy, ami M, that appear in &|s. (5.59), (5.60), and 
p.6l) are the components of the applied moment M t about the / and i 
axes. To determine the* components, it is necessary to know the angles that 
the X , y . and t axes make with the x axis. As shown in Fig. 5-1 Oa, the uncle 
between the x‘ and xr axes is equal to the rotation 0, and ihg angle between 
they and X axes IS 0 I- 90 The moments about the x' and /axes, denoted by 
veclipr& m [he figure, arc ihercfore given by 

Afm- “ os^f *= (5.^2) 

toy “ cos (0 T 90) = — M„ sin 0 =a - M t 0 (5.63) 

I hC * li L l3ngc l rtl lo tEte curve or the member. As indicated in 

rig. 5* I Ob, the angle between the 2 ' axis and the 2 axis is therefore equal la 
dUftfi, and the angle between the a’ axis and the x axis is 90 - (dutfi). Hence 

toy = M t cos (w _ £) ,= K Sin p~M,p (5.64) 

In line with the assumption of smalt deformations, the cosines of small angles 
have been replaced by Unity and the sines by the angles, 

, t 0f tflt cx P fCssions i" (5 .62} t (5.63), and (5 64) into Eqs, 

(5.59), (5.60), and (5.61) leads to the following differential equations: 


Aft. ff.tf 


ter«! SuckhriQ of Uteutigulmr S**rtia Sts 



IN k-z Pfone 

«S *'. r..„^.„,, (Alwa(ras 

U.. v«risbfc ». mi , hh 

independently of the 0 tfi« 1w * The 7 7 cat| be 

describe lateral bending and twisting are ™ ' h ‘ fJ ^ Ual ' on ^ which 

solved simultaneously. The bueUini; orohn rie COUpltd a ™* must be 
^ “ «» independent of £ toSZ S’"? * <*-<*> 

(5.65). This Situation is analogous to thni . ^7 ^ lf “* ,S desCf ^ by Eq. 
the bending that occurs during buckJ.ire i«?nd " B h tJ * Eu,tr C ° iUnifl wi,Cre 
sjon that precedes it. When (he Euler e i c P cnd(( tl or the axial coiripres- 

— udi* ***** fharaxLi ^ ni n c r *T° ,,iidered « 

[Dc buckling deformation or the ramb^AdS 7*“* * hen deScfibin « 
,J1 * ««□) compression Was therefore L Cqao|ion ®«*«pon<|. 

l^ral buckling of beams fn ^h “7 77" 
deformation, containing all p 0sail> [ c Cor f "l the muit sc,1Cral fo™ °f the 

vertical bending equation us well us she hu 7 C " *' WrtS Crl, P Jo ^d, and the 
||] the analysts. buckling equates therefore appears 
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The variable u can be dimmed between Eqs. (5.66) and (5 67) if Fq, 
(5.67) is d(ft<s remitted nm\ the resulting expression is sub&iiTuled for dhiirfz* 
in Eq. (5,66). Thus one obtains 

G1 li + zff = ° ( 566 ) 

0t jf£ + k *ft ! = 0 (5.69) 

whci-e A* =: MlfCJKlf, The solution cT Eq. (5.69) is 

P = A sin kt ■[■ S cos kz (5,70) 

Substitution of the boundary condition 0 = 0 at * = 0 into Eq. (5.70) gives 

B =0 


and from the condition p = 0 at Z = t one obtains 


A sin A:/ *- 0 


(5.71) 


For neutral equilibrium, the member must be in equilibrium in a deformed as 
wel1 as in the uniformed con ligu ration. Equilibrium in Ihc undeformed 
configuration is possible at any load, since A = 0 satisfies Eq. (5.7] ) for ary 

value of k. However, equilibrium in a deformed configuration is possible onlv 
when 


This gives 


sin fit => 0 


from which 


U == R 


A/„ jGJEf r 


(5.72) 


Equation (5.72) gives the critical moment fora simply supported rect:m E da f 
betim subject to uniform hauling. Since lateral buckling is a combination of 
twisting and bending about the y axis, it is not surprising that the critical 
moment is proportional to the torsional Stiffness <77 ami the bending stiffness 
Ei,. 

The extreme fiber stress oi which buckling occurs is obtained by dividing 
the critical moment by the section modulus. Thus 



= jf-jTDEt, ( 5 . 73 ) 


or 
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For the rectangular cross section being considered. 


J ~ 


kb 1 

~T‘ 



. t>h' 

/>= TT 


In view of these expressions. Eq, (5.73) becomes 



(5.74) 


This relation indicates that the Critical stress is proportional to the ratio of the 
principal rigidities, IJi,> and inversely proportional to Ihc ratio of span to 
width. Hence lateral buckling will occur in beams that arc relatively deep, 
narrow, Lind long, 


6.7 BUCKLING OF 1 BEAMS BY 
ENERGY METHOD 

In this article we shall consider the lateral buckling of an [ beam. Following 
the general lines of an analysis presented by Winter (Ref. 5.9), the Rayleigh- 
R itz method will he used to determine the critical load of the member. 

Uniform Bending^SrnrpIo Supports 

Let us consider the simply supported t beam, subject to a uhjform bending 
moment M, shown in Fig. 5-1 1. The. v and y coordinate axes are taken along 
the principal axes of the cross section, and the c axis coincides with the 
longitudinal centroidal axis or ihc member. The flexural and torsional 
boundary conditions corres ponding to simple supports are 

“■“"Ih’-S -0 «*-<w 

r-g-o ,,.-.0., (m 

where ih and n are the displacements in the x and y directions and $ is ihc angle 
of twist about thee axis, The cond i I io n if 1 j? r Y/r 1 = 0 indicates that ihc section 
is free lo wit rp ul ihc supports. 

A i the criikul momerti. ibc mtnlbcr c:m be in equilibrium m a, 5 lijrb(]y 
huckled form. To determine the critical moment by the energy method, it is 
therefore necessary to find I he moment for which the total potent ini energy 
of ihc buckled system has a stationary value. We have seen in the investigation 
of ihc rectangular beam (Article 5.6) that the final deformation of the member 
consFSimg of a vertical displacement u, a horizontal displacement if. and n 
rot til ion p is reached in two distinct stages. First, the member bends in the 
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S-3 S Lateral bud h ng of a simply supjldrCcd E be am W pun b^iid ing. 


vertical plane, and then at the Critical land it twists and bends laterally. It has 
also been shown that during the first stage of the deformation, when only 
vertical bending takes place, the member is in equilibrium for any and all 
values of the applied moment. Hence the part of Ihc variation or the total 
potential energy that corresponds to vertical bending wiil be identically equal 
to zero and does not have to be included in the analysis. Omitting the vertical 
bending energy in the beam is analogous to omitting the energy gf axial 
compression in the column. 

The strain energy stored in the member as it buckles consists of two parts, 
the energy due to bending about the y axis and the energy due lo twisting 
about the z axis. Thus the strain energy is 

U = j, ( 0 )’ * + T Gi f, ( 3 ?) 1 * + T £r £ ( 0) 1 

aft) 

* 

This I beam, unlike the rectangular beam considered in ArticEe S-6> lia& a 
significant warping slifTne^. The twining energy therefore consists of [wq 
P aris, that due iq St. Vcnani torsion and dial due to warping torsion. The 
tofModafc energy expressions used in £q, (176) arc derived m Article 5.3. 

To the strain energy (5,76) must now he added the potential energy V of 
the external loads. For a beam subject to pure bending, the potential energy 
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move through as ite m7£ bucSs^Th^ m ° nientsond lhe ^glesthcy 


V *= -2My 

where prta the ^ of rotation about the , axis at Cach end rf |h , ^ 


(5.77) 


As shown in Fie 5-J2 huuHi.^n ^ > * 1S at Cach ej1 ^ beam. 

P 12, buckling cause* the Clldj ^fioogitudinal fibers fo 



MS- S-ll End Wt.ll™. ^ lo la (lnl | bu**,^ f Ad!lp(fd ftm Rtf ^ 

la [era t bendingIThe en h ds°or e vel^fi her !k Only of 

twisting, and the ends of the upper fib ,S aCt0 ' llpal|Jcd by 

e, f" he -•™Tor^,^TfiSi P ?r om ™ ,h " ‘ 

rotation ^ of the end cross sieciw,* 0 f lhf . m ( . 1Tll ! t lhl5 fiJVBS r,se lo ,hc 

the uppermost liber al each end of the L ... ^ the ■"■wmeni of 

WU» & movement of the lowermost fiber by^'^angte "* W "' 


= -* 7 

7r 


when: /j Js the depth of the i 


cross section. In view of Eq. (2.2), 

"•a /;{$)’-■■ 

Tile quaniiiics w , and ^appearing in these 


and 


(5-7*) 


(5.79) 


(5.8D) 

r 

, \ 


expressions arc the lateral dispute- 
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menu of the (op and bottom of the web, respectively, From f'ig. S-13 these 
displacement* are seen to be 



+ 

3 

JJ 

=T 

(5.81) 

and 

— u ^ J S~y 

(5,82) 

Thus 


(5.B3) 

and 


(5,84) 

Substituting ihese expressions in Eq. (5.7*) and simplifying lends to 




(5.B5) 


Thus (he potential energy of the external loads given by Eq.<5,77> becomes 


V = 



(5S«) 


Finally, combining !he expressions in (5,76) imd (5.86), one obtains for the 


Aft. 5.7 
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tolal potential energy of (be system 



(S,B7) 


It is (low necessary lo assume suitable expressions for (he buckling defer- 
mahons ji and fi. The boundary conditions given in Eqs. (5,75) will be 
satisfied if rr and 0 are approximated by 


« = A SJJ1 y 


B sin 


ITf 

T 


(5,88) 

(5.39) 


If ihese shapes are substituted in Eq. (5.S7). one obtains the total energy of 
the system expressed ns ti function of the two variables A and 3. One can (hen 
determine the critical moment by solving the two equations that result if the 
variation of U + V is made lo vanish with respect to both A and 3. An 
alternative approach is to express A in terms of B, using Eq. (5.66), and thus 
reduce ihe total energy expression to a function of the single variable 3. This 
alternative procedure involves less com pula lions than the foregoing method 
and will therefore be followed here. The first procedure must of course he 
followed if a relation between ir and fi is not available. 
from Eq. 

a EL d 1 it 


Substitution of the expressions in (5.S8) and (5.89) into this relation gives 



The assumed function for (ream now be written in the form 


(5,91) 


w « 5E M sin «£ 

rt- F.l r sm t 

Using (5.89) and (5 92), the total potential energy becomes 


u - i-r 


1 B'M- f' 


i 


sin *7 th + ^-CJ8 1 


*J*. 


CQi ' y ih 




CO* 


1 T^rf; 


( 5 . 92 ) 


(5,93) 
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and since 




( 

T 


Eq, (5,93) reduces to 


t/+ V 


J_f m i bvi 

4 L 1 " 1 " " z 1 


<5.94j 


Z5® ?*“' 7 >men * is rMChed ™utra| equilibrium is possible „nd the 

* 


^4 n 
it a 


B j-g/jf* 


. £JV w i n 

+ T~~^J 


0 


(5.95) 


1o Q S!T,kV, 0 C °- rC T^ W " dcformed coftfisnration, * ™„ ol ba 
o r Instead, iht ivrm instdc ihc brackets must vanish Thus 


4. ^ MV 

from which 

M « = y*i E! ,{pJ i £r^ (isejf 

tec ^ to pu re bt nd! r ^ S a' ^‘S m0menI f ° f * simply SU P W* 1 beam sub- 
f S W!1S lht C11SC ror lhc '“‘“S*** beam analyzed i„ 
Cn Tu m ° n,trtl rf lhc ] is proportional io (he lateral 
,h 7 Ma t««iona| stiffness of the member The anl^ difference 

between the two cases is that the torsional stiffness of the f beam incudes 
arpuig rigidity as well as St V cn ani itifTncis, whereas only St. Vertani stiff, 
ness is present m the torsional stiffness of the rectangular beam. 

Uniform Bending— Fixed Ends 

In (he preceding analysis, the ends of the member were assumed to be 
restrained apuut twisting and lateral translation, but free to warp and fr K 

0 rotate about the principal axes. These conditions were said to be analogous 

1 LrT^'V g&t h j ,1fied ^ PP ° flS Simplfi We A,)) now consider 

, bc . r whow tnds ar f free t0 about ihe horizontal axis, but Mly 

S?^SSIi«L' d “ pl “ c ™" ls - ^ * mi ^ r »™^- -f 

v = V" = 0 ai I - 0, t 
u = if' = 0 at z = 0, / 

0 =» & = 0 aiz^QJ 


(5.97) 
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occur during budding urc C(lllcernet1 . * lftt ^placements u amj p ,hj| 

crimpleic fincy at tfle suppofls , n ^ cr . C(ind 'tions do represent 

the cuds of the member, ii j Si however np- ¥ Concent ™ ted ^mend je 
beam to folate about the horizontal axis, Per " lil the cr,ds of lfl « 

The boundary condjiions or (5 97} ... xvMl , , . 

considered previously, may not anueir Ti Z ^ gcd Con<[l[ipns 
However, these conditions S* £Tc jj ^ l ° bc ^ «*«*. 

flexure, are studied not because or th t orftip0 ? dMi e Ccmdnions in sjmpfc 

actual restraints Tie and because hnmna^ ^bmits between which m«t 

handled with Mvc ZwT h ° m ° fienCo “ i ^unfay epndi[ioris ca ^ b{ 
Th, „ n di, iCTJ in (3.97] will * Mlisflri rtKi fm , mmM by 


tt = /t(l — C0 J 

p ^fi(l -COS^ 


(5.98) 


ESS"- " ^ - W «p« ss ln„ e | v .„ „ ^ (j , ?) 




dz 


(5.WJ 


Kinct 


+ (!p) rf; 

/, (¥)* «*' (^)* „ 

E(| fc (5,99) cart be red y ted ip 

u+v ~ tK^ + w + 4rrs*^ _■»„) (il00) 

for }£& "'p" 
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«• I ftfrrfly^ LVmI = 0 

ww o 

-(MM I i-4fr^0 - a 


(5.I01J 


( 5 . 102 ) 


If equilibrium, h m correspond ton deformed configuntfami. ihe dctcrminnnl 
flf Eqs. (5.102) must vanish. Hence 

from which 

M„ = ^JeiJgJ 1-4Ft£) (5.103) 

Comparing this expression for I he critical momenl of a fixed beam with 
l he one for a hinged beam, given by Eq. (5.Q6) fc it is evident tb-.u ihc crilical 
moment of the fixed beam enn be anywhere from two to four times as large as 
the critical moment of the hinged beam. If the warping stiffness is negligible 
coMSpyred to the St. Venant stiffness, Ihe strength of the fixed beam twice 
that of Ihe hinged beam. However, if ihc St, Venam Stiffness h negligible 
compared (a the warping stiffness, the strength is increased fourfold in going 
from hinged to fixed-end conditions. The reason ihe beam behaves in this 
manner is l hat the lateral bending sirength and warping strenglh depend on 
the length of Ehe member, whereas, the St. Venant torsional slfength docs not. 
The warping and lateral bending strength nre thus affected by changes 
in ihc boundary conditions, whereas the St. Venant lorsionitl strenglh is not. 

Concentrated Load— Simple Supports 

Lei us now return lo the simply supported beam considered :it the 
beginning of the article. and determine its critical moment if the member is. 
bent by a concentrated load at mid span, as shown in Fig. 5- 1 4a, instead of 
being subject to uniform bending. It is assumed ihtil ihe concentrated toad is 
applied at the centroid of the cross section and that the load remains vertical 
as the beam buckles. As before, ihe x and y directions coincide with ihe 
principal axes of the cross section, Ihe z axis is taken along ihc central dal 
axis of ihc member, and the origin is at the right-bund support 
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Fig, 5-H L-aiernl buckling of I UunrW will! cDnccnUlletf load. 


IJit strain energy stored In ihe member during buckling has the* a me form 
i) Inid m ihe preceding compute | ions. M is therefore given by Et|. (5.76). A 
new relation must,, however, he determined for ihe polcri l i.i I energy of ihe 
external loads. This expression will consist of the negative product of the 
forced that is applied to the mem be rat midspan and the vertical distance (hoi 
P moves through during buckling. The mall tier in which P moves as Ihc mem- 
ber deforms is indicated in Fig. 5-14b. Prior to buckling. SIS the member bends 
in Ihe vertical plane, P moves from 1 to 2, Then, us buckling oeeurt, P moves 
from 2 to 3, The movement from 2 lo 3, which is the only one we arc con- 
cerned with in calculating the energy of buckling, consists of a horizontal 
displacement ir, and a vertical motion ir e . The Subscripts 0 denote the fact 
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ff 


t 


chat ihc dlsptacemciKs being considered are at midspun. Jn cjfcuktling the 
Strain energy, only I hat part of the total energy caused by n, the horizontal 
displace menu was included. The part due to w, being very sin a El , was 
neglected. However, of [he two components u and w that make up the buck- 
ling displacement, only w contributes to the potential energy of Ibc applied 
load, and even though ii is small, it therefore cannot be neglected in this case. 

To determine ir Si let us consider an dement di of ihc beam located a 
distance * from the right support, as shown in Fig. 5-1 4c, Due to latent! 
bending, there is a horizontal deviation du at the right support between I he 
tutigenis drawn to the two Olds of this element, The value of the deviation is, 
according to the moment-area theorem, given by 
* 

du = ^ z df 
U f 

For small deformation^ the increment in ihc vcrlicul displaocinait Jiv lhaL 
corresponds to du is 

dw = ff tiu =s dz 
Thus the vertical displacement ir fl at midheight is 




(1104) 


In accordance with Eq, ( 5-63) and the sign conventions adopted in Article^, 


M,= ~M w fi ^^fi 


-- ».-ra 

and Ihe potential energy of P is 


di 




(5.105} 

(5.106) 

(5. t07) 


Combining. I he expressions in, (5.76) and (5, 107), one obtains For the (oIlsI 
potential energy of tile system 

♦r.¥®r---rsF* 


(5 .m) 


Arf, 5 7 
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As before, it is desirable to express it in terms of fi and thus reduce Hie 
number of Enables in the problem. Substitution of Af y as given by (5 105) 
into Eq. (5 60) lead* to J ' J 


£f. 


or 


■■ d 1 it Fifi 
'rfi 1 ™ 2 

J l u P:I) 

7? = m; 


(5.109) 


Making use of this relationship to rewrite the first term in Kq, (5. log} jn 
Serm^ of ff h ync obtains 

u+k ‘ -j?sf * ♦ j; t'©‘ * + <mk* 

We now assume th^l ff can be approsa mated by 

jS ^ jJ sin j (5,111) 

and substitute this shape into Eq, (5.1 10), Thus 


u+v --m-S; 


, CJ^n 1 f .Jte . 

+ ^5^J t C0S T* 

, zrBtR* f' . 

+ ~s r ’J. s ‘ l 


(5.112) 


sin 1 dz 


Using the definite integrals 

rf i 




cos — dz =. T 


(5,113) 


Eq. (5,112) becomes 

A.gijts! .ErJ>ji« „ fld . 

I5E7,*'\Tr 1 7 * ^T~ “* 375 — ( 5 - JJ4 ) 

At the critical load the first variation of U 4- J' must vanish. Hence 
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From which 

r„ - tgj-^Et^QJ H- £r^) (5,115) 

Cu mparison between the critical load of(5. E IS) and the critical moment given 
by Eq r (5.96) indicates ihnl both are functions of the same beam properties. 
In fact, the two expressions differ by only a consiani. 

5.B LATERAL BUCKLING OF CANTILEVER BEAM 
BY FINITE DIFFERENCES 

We .shall now consider the buckling of a cantilever beam bent by n concen- 
trated loud acting at the free end. as shown in Fig. 5-1 5a r The beam hus n 
rectangular cross Seclion H and the applied load is assumed to act ai (he 
centroid of the cross section, It is also assumed that she load remains vertical 
during buckling. To obtain the critical load, we shall derive she governing 
differential equations in much ihe same manner as was done m Article 5.6 
and (hen solve ihem using the finite-difference method. The calculations 
follow the general outline of those given by Salv^dori {Ref, 2 A), 

As before, we make use of a fixed t, and ^ coordinate system and a ftci 
of axes x\ y\ and j* that move wilh ihc member as it deforms. Positive 
directions for the displacements u, n T and ff nnd fnr ihe bending and twisting 
moments arc shown in Figs. 5-1 5b and c r 

As a result of buckling, the free end of the member deflects an amount 3 
tn i he .t direction. This induces a moment M r - P$ at the fixed end. There 
is of course also a vertical reaction P and a moment M 3 — — Pi 21 iht fixed 
end. At a Section a distance i from the fixed emJ the moments are 

M a = -PI + Pi — -P{f - j) {5,1 16) 

Af r = 0 (5,1171 

M t — PS - Pit i P(S - u\ f SJ IS) 

Since It Is conveniens to write the equation* of equilibrium in the x\ y\ s * 
system, it Is necessary to obtain the components of [he moments in (5.1 1 6) 
Sind (5.M8J about the x\ y\ and axes. The angles between Ihc axes of the 
two systems are shown in Fig. 5-16, Also shown in the figure are vectorial 
representations of ihc moments M m and M T and their components about the 
x\ y\ and z* axes. Replacing the cosines of small angles by unity and the 
shies of small angles by ihc angles I he nisei ves h one obi utiis 
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Fifi, S-15 La i era k buck li ns of cant i lever bea m . 


Mr >* -Mm - M,& = Ptt - t)(P) - P{& - „} f. (5. (20) 

Mr = + M, = - P(t - r)4ji + P{£ - ti ) (5. 1 2t) 

N'egLctting lerris. Unit coniiiin deform mians lo ll higher order than one. ihese 
relations reduce lo 

Mr^-W-:) * (5,122) 

Mr — P{i i)P (5.123) 

Mr P(J - + P{5 - «) (5.1 24} 
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CompontnUotTAf, and M r al®rtg X\ Y r , and £ J axes. (Adapted 
from RcT. tfj.) 


For the positive direct Lons of moments and deform a t ions assumed In Fig. 
5-(5 h the equation! of bending and twisting about the y\ and z axes are 


EI *J? - -M* 

(5.125) 

f! 

11 

£ 

(5.126) 

jf - *■ 

(5.127) 


Substitution of ihe moments in (5:122) ihrough (5- 124) into Eqs. (5.125), 
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(5126). ajid (5.127) lends to 
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~ PO ~ l)=Q 

w ~ “ 0 


+ P{1 - xjsfif - 


— /’(jj — if) =, 0 


(1128) 

(5.129) 

(1130) 


™ ArtiC,e 5 6 ' E<5il f5 l29J and fS ,K) >' *l*h COVtm ihe 

Sasittsi-iasr 

rSSsaass: 


where 


If + A'fl ’f)V = 0 

j 1 = 

d^£7. 


0.131) 
(1132) 

Equation (5.J3J) j$ I unjit r „ but it does not have constant cociTtcicnK Tr^ 

%£?,?£?" r ,de,ably ™ re «■!*— — TtSSKs 

f/.n L r By T kmfi wveral chanECS ° r vari «bles, Eq (5.IJI) can be 

tiHAmed .ntoa B (ss d equat ion whose solution is k no J. Thi.i«SuS 

her^lZ d^h'T” !lS """ GCre lRcf - L2J not be reproduced 

™,e m “ h “‘ *■“«■<• Ob.™ .„ ap p ro ,i. 

.. T f? btmtt the <io«n>di1Terenee formula ikm of the problem ihe member is 
divided inlo tw» equal segments of lenglh I, . 1,2 (Fig. 5- 1 7). The end. of Ibe 


t 


Eie- 547 Cam i lever txarn divided 
inlo two segments, 


*> 




1 o 

±=-i 


l 

5 


i 


i 

z 


segmcnis. thus formed are denoted by i =» 0. 1. and 2. The point t = 0 is at 

mcm^w “? ' = 2 ’ S a< l!lt fr “ Cld ° r,hc ™mber An additional 5C£ - 
mCnt tt[Cn<,mE ' " * * ' - 3 * formed by prolonging the n*i 5 of the 
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member a disc a pee i/2 beyond the free end, It is necessary to imagine the 
member Eo be esiended in this manner, because the second difference ratio of 
p at i — 2 invoked the value of p at points on either side of / = 2, 

The difference equation at any point z i is obtained by substituting the 
difference Fatio for the second derivative, given by (2. 7$}, for the second 
derivative in Eq r (5. 1 3 i ). Thu? 

~ ffi + + i‘(l - ^V, =■ 0 ( 5 . 133 ) 

Writing sh is equation at i ■■■ I gives 

a - + 0. + a j (i - y) 1 -/?, = 0 

and at t = 2 one obtains 

P, - 2A + P. + AWyif, - 0 

Combining Ecrms p these equations become 

a + + a = o vm 

0,- Ipt + A => 0 <5.133 

At the fixed end of She member the angle of twist is ?ero. Hence 

?o = o is-m 

A second boundary Condition is obtained from the requirement that the 
twisting moment must vanish at the free end of (he member. Thus 


or 

which requires that 


M, = GJ^£ =0 at r = l 
' di 

ill 


fit “ 0, 


(5.117) 


I n view of (5. 1 36) and (5 1 37), Eqa. (5, 134) ind (5. 1 35) reduce io 

(tt - 2 V' + A - » 

2A-f.'V«^o 

To obtain the nontrivial solution to these equations, from which rhe Critical 
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load H determined, we wt Ihcif determinant equal to zero, Thu* 


A*!’ 

13" 


=i0 


Or 


- 2 (tt- j )- 2 =° 


Taking (I'c positive root of tfx cquotioo gim 

, 4 


T 


from which 


P„ = jiJOJEf, 


(5.138) 


The etact value of the critical load, calculated by Timoshenko and Cere 

(Kef, 1 2 ) is mufnyujEf r 


5.9 DESIGN SIMPLIFICATIONS FOB 
LATERAL BUCKLING 

In the preceding articles we determined the critics*! loading for several 
different beams. A simply supported I beam subject to uniform bending was 
shown lo buckle when I he applied moment reaches I he value 

M t . - ^EtJlGJ + ^j {5. 1 39) 

11 VVS15 also found (hat the same beam, bent by ll concentrated load at 
midspy n, buckles when the load is equal lo 

*>" = J^r- b F M CJ + «■'«> 

The similarity of these Ewe expressions leads one to suspect that a single 
design formula valid for both loading condii ions may exist- Such a relation 
can in fact be obtained if one substitutes the criterion of a critical internal 
bending manic m for that of si critical applied loading. Accordingly, the crit- 
fc:il moment for uniform bending is given by Eq. 15.139) and that for a 
Concent rated loud hi midspan is 

= " - ] (5. 141) 
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li is now evident lhn.1 a suitable design relationship is 

M„ - C^jE/ t {cJ+^-) (S-142) 

where iJie 1 Riding coefficient C t is equal io 1,0 for uniform bending and 1.36 
for a cpTicipjil rLLted load a! midspan r 

The mu Its of numerous theoretical iludin have shown ihat Eq- t5-142) is 
also valid for other loading conditions beside the two considered her*. For 
example, the constant C, in Eq. (5,142) has beer found to bo equal to 1-13 
for a uniformly distributed load and L04 for concent rated loads at the third 
points. These values of C,. as well as others, e or responding to various 
different loading conditions, are listed in a survey article by Clark and liill 
(Kef. 5.12). Included ill (he article is a bibliography of the investigations 
from which these data were taken. 

Having demonstrated ihat the expression for the critical moment of a 
simply supported I beam subject to uniform bending can be made valid for 
other loading conditions by menus of the factor Cn we shall now show that 
this equation can be made applicable to different boundary conditions as wclL 
hi Article 5,7 the critical moment was determined for a uniformly bent L beam 
with fully restrained ends. The result of that analysis, given hy Eq. (5J03). 
can be rewritten in the form 

~ ^ ES \_ GJ + mw\ ^ l41) 

Comparison of this relation with the corresponding one Tor hinged ends, Eq. 
(5.I3&). indicates that full fixely at the supports can be accounted fof by an 
effective-length concept similar to l he one used in columns. Thus the design 
relation given by Eq. (5-142) can be rewritten in the form 

"-- c ,fiV a l c '+wJ (SU4> 

where k is fin. effective- length factor that is equal to I for simply supported 
ends and equal to J for folly fixed ends, ‘Boundary conditions other than 
hinged-hinged and fixed-fixed can also be accounted for by using the dTtctrv*- 
length concept. Based on results obtained by Vlasov {ilcf 5.13), Galambos 
(Ref. 4.M) lists values of the effective- length factor for several such end 
conditfons. 

For design purposes, Eq. (5.144.) is sometimes simplified by omitting 
either one or the other of the two terms under the radical sign. For example, 
il is reasonable to neglect the warping terni comparison with the Si- 
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Verwm torsion term when dealing with members that have long unbraced 
the reason being that the warping term decreases os the span ini-reascs,. 
whereas the St, Venant torsion term docs not, For ilun-walkd members jusi 
ilic opposite is true. 1 he St, Vcnuiii torsion term, which varies as [ho cube of 
t ic thickness,, is usually much smaller than the warping term and is therefore 
neglected. 

Many hot-rolled wide-R:iii E e struct Ural -sl«l beams fall into the first of 
the above two Categories. The critical stress in. pure bending for these mem- 
bers can accordingly be approximated by 


(5.145) 


The expression for o„ can further be simplified if the area of the web is 
neglected when calculating [fie section properties of the member. Thus 


S„ = M 



j 2W 


rt _ E 

C = J(H7)“ 


11.5 X HI’ lest 


mid Eq. (5J45) reducts to 


ff, r ^ 


20 X 10* 

~7dibT 


where b and t arc the width and thickness of [he Range and (f is the depth of 
the section. Dividing this relation by a safety foclor of 1.65, otic obtains the 
allowable stress given in the 1969 AiSC specifications for elastic lateral buck 
ling (Ref .1.17). Thai is, 

12 x 30 J 

” -gjbT- i *-m 


A corresponding design expression for light-gage I beams is obtained by 
neglecting the St. Vcnanl torsion term, Thus 



(5,147) 


In view of Eq, (5.12), the warping constant of an I section is given by y^t/8. 
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The critical stress can aetordirigjy be written as 


or 


flV 




£s ? K 

w j: 


74 X 10 3 

w 



where r w and r f are ihe radii of gyration about the x and j' axes. The AISI 
specification uses a safely fttcior of 1.85 and assumes that t t}r, n 2.5 is i.i 
representative value lor Itghi-ga^e 1 seel ions (Ref. 5.18). Thus 


^.5t ~ 


247 X 10* 

"W 


(5. MS) 


Since stress was assumed Co he proper £ tonal to strain throughout i his 
chapter, ihc critical momeni given by Eq. (5,344) is valid only ns long us ihc 
maximum stress a t buckling is below (he proportional limit of the mate rial. 
A & with co I u mna, ibis will be ihc case for Song members, hut not for short 
cutes. For short beams, (he maximum stress reaches the proportional limit 
prior to buckling, and ns soon as this occur*, the stiffness of the member 
begins to decrease. As a Consequence, the stiffness of short members ai 
buckling is considerably smaller than it would have been had no yielding taken 
place, and the actual itiekisEie critical moment is less than the one based on 
elastic behavior. A design curve Tor be urns, Indicating [hat the ine lassie 
critical mpfflcrtt becomes a smaller and smaller fraction of the elastic onE as 
the length decreases, could be obtained Tor beams just as it was for columns 
in Article LIB. The calculation of Ihc inelastic critical moment is, however, 
fairly complex and wiEl not be considered here. The render interested in ihc 

subject is referred to the following work done in this area (Refs. 5 . \l 5,14, 

andllS)* 
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Probtema 

5, 1 Dfllfrnhne the ttriiknl loading Tor It S»nply fuppnrtcd l beam subjected ED a 
uniformly diitribulCfl Iftiil w r For IhLi loading CDnctilinii the eortftlnnE C v in 
[.q. (5, 142) hai been fcH irrd ia be e^uuhn 1.1 J. I {a w tine* ihia campctJE wiih ihe 
rcxtilif. ah^iinciJ litre? 

£.2 Using iht fimtc-sSiiTerCfice melhod, determine ihe erilicnl mamern or a simply 
supported reetunawlar beam subjected eo uniform bending ObmEn sol til ions 
wilh the member divided into three and four segments, nnd extrapolate ihcse 
resulis U.sinjg RicHardun't meibad. 
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BUCKLING ! 
OF PLATES I 


6.1 INTRODUCTION 

Jn the preceding chapters we dead with the buckling of orw-dimeflsioriaL 
members such ns beams arid columns. The analysis of these members is 
relatively simple because bending can be assumed to take place in one plane 
Gflly,, Wy comparison, Lhc buckling of a plate, which is the subject of this 
chapter, involves hen ding in two planes and t$ therefore fairly involved. From 
a malheiTtaticui point of view, the mam difference between columns and 
plates is that quantities such as deflections and bending moments, which are 
functions or a single independent variable in columns become functions of 
two independent variables in plates. Consequently, the behavior of plates in 
described by partial diffcrcnlial equations, whereas ordinary differential 
equations suffice for describing the behavior of columns, 

A significant difference between columns and plates is also apparent if one 
compares their buckling characteristics. For a column, buckling terminates 
the ubiJity of (he member to resist axial Load, and the critical load is thus the 
failure load of the member. The same is, however, not true for plates. These 
structural dements can, subsequent to reaching ihe critical Eoad a continue to 
resist increasing a a i at force, and they do not Tail until a load considerably in 
excess of the critics] load i& reached The critical load of a plate is therefore 
not its failure load. Instead, one must determine the toad-carrying capacity 
of a pfu.Ec by considering its post buckling behavior. 

Z3B 
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-v - pmic HMJiny developed m this chapter is applied to two 
d “ . ' groups of plates. One includes I he relatively small plate dements or 

E* - «£ are composed 
When such on clement buckles, only ihm dement und not the entire member 
tawma defomirt 8 ucklm B of » plate dement of- tt member h usually 
^rerred to its brat iwk! m . The other category of plates i 0 which the 
materul ,ji this chapter applies is ordinary flat panel*, such as mii y be foulu| 
in any structure having Jurge Hat surfaces. 

Small- Deflection Theory of Thin Plates 

Ld Ui consider the plate of Uniform thickness h shown in Fig. Ma. The 



lb) 

I'litf. 6-1 Plare tMrdin^Lcs and iifwicfc. 


* and y coordinate axes arc directed along the edg« of ihe plate and the f 
a*is t* directed vertically downward. The xy plane midway between the two 
faces of ihe p ale is called the middle surface. Figure 6- J b depicts a differential 
element of the pfafe. On each side of the clement there can exist a norma) 

SlmiCi T - J[ is customary to designate planes in a 
physical body by the direction of their normal. The norma) stress acting on 
u plane then carries the same designation a* the plane, The designation of a 
shear stress consists of I wo parts; the first denotes the plane on which it sets 
ana (Lie setond iht direction of the stress. - 

Plates can be separated into three categories: thick plates, thin plate*, and 
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^membranes. If iFie ibickntss of a plale is sizeable compared to the other 
dimensions, transverse shear deformations lend to be of ihc same order of 
magnitude as bending deflections and must be considered. Such plates arc 
called fhletc pfoin, By comparison, plates are considered thin phi?* if rheif 
thickness is small compared to the other dimensions and transverse shear 
deformations arc negligible compared to betiding deflections A third group, 
known as membranes, consist of ptaies whose thickness is so small lhat rhe 
bending sliffncss tends to vanish, and Irans/erse fan rk must be resisted almost 
entirely by membrane action. Of ihese three types, only thin plales wifi be 
considered in this chapter. 

It is customary to make the following l wo assumptions regarding the 
bell av for of thin plates: 

1. The shear strains y, r mid y fr are negligible; and lines normal to the 
middle surface prior to bending remain straight and normal io the 
middle surface during bending. 

2. The normal stress er_. nne! thecorrespnndingslrain^^ arc negligible, and 
therefore the transverse deflection nit any point y. is equal lo the 
transverse deflection of the corresponding point (.t, >■. D> along the 
middle surface.. 

In addition to limiting the analysis to thin plates, (he following idealiza- 
tions are made. 

5, The transverse deflections of (be plales are small compared to Ihc 
thickness of the phte. Thus middle-surface stretching caused by 
bending can be neglected; that is, membrane action resulting from 
flexure is negligible compared to the flexure, 

4. The male rial oft he plate is homogeneous, isotropic, and obeys Hooke’s 
taw. 

As a consequence of assumptions 1 and 2 h the plate cart be treated as a 
two-dimensional stress problem, and assumptions 3 and 4 make it possible 
to describe the behavior of the plate by linear differential equations with 
Constant coefficients. 


B.l differential equation of plate 

BUCKLING: LINEAR THEORY 

To determine the critical in-plane loading of a flat plate by the concept of 
neutral equilibrium^ it is necessary to have the equation of equilibrium Tor the 
plate in a slightly bent configuration. This equation will be derived here for 
a loading condition consisting of const nnt biaxial compression forces and 
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Mg. S-l Applied mid lIJc-sih face 
fonCti—r positive wbrn acting ai rn«3i- 

cflltd. (ActipLftd from Rtf. 6.1.) 



consent in-piune shears, as shown in Fig. 6-2 The forces :irc considered to he 
positive when acting in the directions indicated. As is customary in plate 
theory, the unit of force used is load per unit length; that is, , is equal to the 
axial stress O', multiplied by the thickness A. 

An element of a laterally bent plate is acted on by two sets of forces. 
in*pl:inc forces equal to the externally applied loads and moments and shears 
that reiuli from the transverse bending of the plate, In developing the equa- 
lity of equilibrium it is convenient to consider these two sets of fortes 
separately nnd then to combine the results.* 


Equilibrium of In- Plane Forces 

A differential element of a laterally bent plate is shown in Fig, d-3. The 
Sides of the element are of length ffrartd rfy. and its thickness is equal to that 
of the plate. It. Acting on the element are the in- plane forces N t> N,. /<(„, 
and ,V„. Since middle- surface strains caused hy bending are ncgWicd, the 
m-plune forces are solely due to the applied constant in-phmc loads and do 
not vary with ,t or y. The lateral deletion ic does, however, vary with x and 
j', giving rise to the slopes and curvatures indicated in ihe figure. 

For small lateral deflections, the cosines of the angles between the Forces 
and the horizontal tire approximately equal to unity, and the sines of the 
angles can be replaced by ihe angles. The sum of the moments about the ,v 
and y axes and the sum of the forces along these axes sire thus all identically 
equal lo zero. In' the z direction the components of the At. forces are equal to 

**(S+ 6*) 

or .simply 

N *J$ dxct .v (6.1) 


•file derivation of ihe ph le equal ion presented here fellcnre she »e«iefal uu! line of the 
ffcnwtftoti fliven hy Gerard (Rtf. $,\f m 
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Fifi- 6-3 In-plane fqrctt on pktc eJonejil— Jnwll defkeUons. (Adaplcd 
from RcT. fi.1 J 

5-tmilarly, the z direction com poncri is of the remaining forces acting on I he 
element arc 


t iV '0 + N '*j?k + 


rf* 


m) 


\n determining (he z component of the shear forces, the curvature of tlic 
edges on which they act is neglected, a h permissible lo do this because the 
terms that would result from mcLudmg the cur mature are of higher order Ilian 
the remaining terms in the expression. 

Noting that /V 1# =-a $ rjm for moment equilibrium about the z axis, and 
adding the terms in (6.1) and [&. 2), one obtains for the resultant of Hie 
middle-surface forces in the z direction 


Kp+" 


d l u 

dy l 


+ w "jrh) Jr ‘‘> 


( 6 . 3 ) 
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Equilibrium ol Bending M amen is, Twitting 
Momants, and Shears 

In addition to the in-plane forces shown in Fii* ^ l b airr ,’■ 1 i 

g sk? jr*?. 2 bm -^“^^sces: 

i A forces end moments are considered positive when acting in 



* h “" - »<■« «- 


‘ he ^! rac,ion indica[ «l' Component* »r the shear fore« it, the x and v 
direct. ons nre nc S hg,blc, In the ; dEreclion (h c components of i he shear fo^cs 

( 6 , 4 ) 

I 1 ""’*, thC 5 Com *>" en[ * ° r th « middle-surface forces 
b by {U)l leMls 10 ltle eqdalion of equilibrium in the z direction : 



H, 


d J :i' 


C? 1 1 P 


W+ N 'W +2 »'’XTy 


= 0 


«5J 
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The condition lhal the sum of The moments ubout ihe x axis must vanish 
gives 

- Q'dx Hy - fdx - 0 

IF (he higher-order terms are neglected, this rcl&udn reduces to 

15*“^'®'“° ' t66) 

Similarly, moment equilibrium about the y axis, leads to 

= ° (*7> 



Equations (ft. 5), (ft ,6), and (ft .7} a ire three equilibrium equations of plate 
buckling. As ii oFten the case, it is possible to combine ihesc equaiiops und 
thus eliminate some of the variables in the problem . Differentia! ion of (6,6) 
and (6.7) gives 


and 



SQ a 3 i M t d Hf JM 

~5x ~ TiT " 77$ 


(6-8) 

(&9) 


IF one now subAtitules she expressions in (ft.K) und (6.9) into Eq, (6,5), one 
□biains w single equation of equilibrium from which ihe shear force? have 
been eliminated. Thus 


2 JW, r 3>M 3h v ^iv 
^ 1 dJXt + + 'Vjji + 


J* 7A/ 




Equation (6J0) contains four unknown functions, M r , M ±r , and w. 
To obtain n sol u l ton, is is obviously necessary to have three reUdions, in 
jiddilion to (6.l0) h among ihexe variables. Since it is not possible to write any 
more equations of equilibrium, ihe nddiliorml re In l ions will have to be 
oblaincd by considering the deform a lion of the plate. 


Moment- Displacsmoni Relations 

Equations shm express the moment* in term* of she displacement will be 
obtained by rekuing the moments lo Ihe stresses, the stresses lo ihe slralns, 
and finally ihe strains to the displacements. The moments Ai„ Af, t and M, r 
are due to normal and shear stresses whose magnitude 15 proportional To the 
distance of the stress from the netiiml surfucc ( Pig 6-5}, CoiucqucnUy, 


Aft. 0,7 
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Fj^ 6-S mar and ihfar si r«t«t coi ing ( o t« nii na a nd I wLj(. 

mg mofffcnls. (Ad* P rcd ffwn Kef. 6,y 


A/.- 

f u * 

o,s d i 

/ -4/1 

(6.11) 

— 

ftfa 


<V dt 

3 r 

(6 12) 


rUl 

"J * 

(6.13) 


TKe mrgiidvc slgn in Eq. (6.1 3) indicate* that Af, t is negalivc when , an d T 
arc positive. By comparison. M, and M, in Eqs.(6.||) and ( 6 . | 2 > yre p DS ;,p*' 

when * nnd the normal stress arc positive. The moments and stresses are 
positive when in the directions indicated in Figs, 6-4 and 6-5. 

As a result of assuming elastic behavior and negligible stresse? in the t 
direction, the stress-strain rcl aliens for the plate are 



£ {<r. 

tiff,) 

(6.14) 


T {<1 ’ “ 

Mff.) 

(615) 

Y* r ^ 

■g-( T .,) - 

-* 1 pj) r 

E ^ 

(6.16) 

Solving for ihe ^freues in 

term? of the strains, one obtains 



i{f, -i- fie T ) 

(6.17) 
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JTTT To 1 '" 

( 6 . 19) 


Tllcse expressions arc equally valid Tat relating be riding. stresses id herding 
fc! rains, which is what we are doing, or for relating total si resets due to in- 
plane forces as well as bending to the corresponding tola! st earns. 

To obtain a set of bending strain -displacement relations, we denote I he 
jc, }\ and z com po n e rtl s qf t he bend i r g d isp I ace men t of a poi mint he plate by 
tr M and w, The subscripts are used to diETercntiate the bending displace- 
ments from the total displacements. At any point in the plate, the tola) dis- 
placement consists of two parts: that due to in -plane forces, which is constant 
over the thickness, and that due to bending* which varies from zero at the 
middle surface to a maximum at the outer surfaces. Thus 


u "=| Uq -I- tit (6,20] 

u =■ u, + % (6.21) 

where u and u are the total displacements made up of the displace men is jj q 
and v 9 of the middle surface plus the displacements u k and t\ relative to the 
middle surface due to bending. Since fj is neglected, w i& constant over the 
thickness, and no expression is required for w r 

During bending of the plait, a thin lamina nh-cd located a distance z above 
ihc middle surface undergoes the displacement and distortion shown irt Fig. 

6-6a. From the definition of strain it is evident that the strain of fiber ah in 
the _x direction is given by 


f _ ^ ab _ dx — u % 4- U| + (ivjix) dx — tfx 

M ab 


lx 


or simply 


37 


H ind the strain of fiber ad in the y direction by 


( 6 . 22 ) 


(6.23) 


The shear strain is equal to the change in the angle dab. This is given by 


Aft. £ r 1 


DtttmrtaiUl iqvatian pj mim shilling 24? 



(bj X“ 2 plonc 

Tig, 6-6 Binding dFspU^emeinli in a plaje. 


li>unrtg beading. plane sections are assumed le rennin ni,„* Tk. 

^irita^Tghli bT 1 ^ “* 3 d ‘ Stai1Ce f dbaV * thC m ' dd,e surf *“ < Fi « 


Similarly, in ihc>' direction 


—if* 

*Tx (625) 

v — 

‘ 2 Ty (5.26) 


The negative s^ indie** that a negative , and u positive dope correspond 
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to a. positive displacement, Substitution of the expressions for the disphtet- 
wents given by (6,25) and (6.26) mtc Eqs. (6.22), (6,23), and (6.24) kadi to 


f — —t^ w 

z 77- 

( 627 ) 

e * 'Tp 

(6.28) 

v - —I, $ lw 

f,r ~ ' z 7rr y 

(6.2?) 

These expressions are the bending St rain -displacement relations for the plate 
Their substitution into Eqs. (6.17), (6. IS), and (6.19) gives 


(6.30) 

_ E* (dht , d*w\ 
r T=?V3F + P-ftV 

(6,31) 

r = _ E* 

1 + U S-T d}' 

(6.32) 


Finally, by substituting (6 30). (6.31), and (6.32) into Eqs. (6.1 1>, (6,12), and 
(6,13) and carrying out the indicated integral ions, the following moment- 
curvature relations arc obtained: 


in which 


IJ _ nfd 1 ™ JL a d lw \ 

(6-33) 

M '— D (w + >‘%) 

(6-34) 


(S.35) 

n _ Eh* 

(636) 

12(1 -/i 1 ! 


The quantity Bis the flexural rigidity per unit width of plate. It corresponds 
to the bending stiffness £! of a beam. Equations (6.33). (6.34), and (6.35) are 
the; plate momertt-curvature relations analogous to the beam equation 
M = -£/(d>y/djr>) Comparison of the beam rigidity with that of the plate' 
indicates that a strip of plate is stiffer than a beam of similar width and depth 
by a factor of 1/(1 - ;*»)_ The difference in stiffness exists because the beam 
is free to deform late rally, whereas the plate strip is constrained from deform- 
ing in this manner by the adjacent material. 


Art, 6.3 


Critltmf le*d of m Pi* r* 249 


Differential Equation of Plain Buckling 

Substitution of Eqs. (6.3 J), (6,34). and (6.3J) into Eq, (6. 10) gives 




ft*W 

3F3? 



7? 


+ *f. 


S' IV 


+ 2/Y„ 


dr dy 


(6.33) 


This is the differential equation of plate buckling under the action of in-plane 
forces 2V.. N r , and N, r . Set Ling V, = N ti =■ 0 H the cri (ica.1 load for uniaxial 
compression can be determined. In a similar manner the critical load under 
pure shear or due lo a combination of compression and shear can he found. 

Althc beginning oflhe section it was pointed out theta primary difference 
between plates and beams was the existence of two independent variables in 
the former as opposed to a single independent variable in the latter. Thus 
removal oflhe j'-dependent deformation terms from f,q. (6.37) results, ns is 
to be expected, in u relation that is very similar to Rq. (1.34), the column 
buckling equation. 


6.3 CRITICAL LOAD OF A PLATE UNIFORMLY 
COMPRESSED IN ONE DIRECTION 

Lei us consider a simply supported rectangular plate with sides a and 6 uni Is 
long, as shown in Fig 6-7. The plate i$ acted on by « compression force, jV M 


-o -/ 


/ 

H 

Fip. fi-7 Sirrtpty iupparud p?nEc unifomly compreucd in, jrndiireclic-n. 

per unit lengthy dulribuled uniformly along ihe edges x = 0 and x fll ]t k 
assumed ihai the edges of she plait are free lo move in ihe plane of she pi ale 
and Thai no in+planc forces in addition io ihe applied bad can iherefort 
develop a? the plale h axially compressed. Lellsng N, = N Mff - 0 H and noting 
that jV, is negative. Eq_ (6,37) t the differential equal bn of pi me bending, 
reduces lo 





+ 


IP 


= 0 


[6.18> 


Since all four edges of the plate arc simply supported, ihe lateral deflection 
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ps well pl the bending momcnl vanishes nLcmg t&ch edge, Taking [he c oar- 
din ale axes as shown m ths figure, ihe boundary conditions arc 

„«g; + ^ = 0 at * = 0,0 ( 6 . 39 ) 

ii 1 = 'I* ft = 0 at y ~ 0 , b ( 6 . 40 ) 


In view of ihc condition of jcto laim! deflection along each of the four 
boundaries, 


■*» 0 at .t = 0, a 

iy 1 


Making, use of these relations, the boundary conditions in (6.39) and (6.40) 
can be reduced lo 


w = ^ — 0 et i = 0 h a 

w — =0 ol y ■= 0,A 


(6.41) 

( 6 . 42 ) 


Since the bending of the plate is limited to small deformations, only 
bending strains reed be considered. The in-plane strains caused by flexure are 
assumed to be negligible, fn view of this fact only the boundary conditions 
dealing with transverse deformations are required. The in- plane boundary 
conditions were needed to determine whether or not in -plane forces other 
than the applied ones would be induced during the axial compression of Ihc 
plate. They are, however, not required from here on, when we shall be 
dealing only with the bending oTlbe plate. 

To determine the critical loading of a system by means of the concept of 
neutral equilibrium requires that one obtain the nontrivial solution of the 
governing linear dilferenlial equation. In the Case of a plate this equation is a 
partial differential equation, and since we have not considered this type of 
equation heretofore, a few introductory words regarding its solution are in 
order. 

The main difference between an ordinary and a partial differential equa- 
tion is that the former can be satisfied by only one function, whereas there 
exist numerous functions that can satisfy the latter. As a consequence, the 
general solution of a partial differential equation is more difficult to obtain 
than that of an ordinary differential equation and of Less practical value. 
Whereas the general solution of an ordinary differential equation gives the 
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dependent variable to wrfhm one or more arbitrary constants, the general 
solution or a partwl differential equation only describes the dependent 
variable in general lerms and docs not give its specific form. For these 
reasons n is not worthwhile to obtain the general solution of a partial differ- 
ential equation. Instead, it is customary to solve (he equation by the use of* 
series. 

Let us assume that the solution to Eq. (6.3S) is of the form 


S E A,„«n !2“ sin^ 

E m-l Q 




«i = I. 2, 3 . , , 

w = 1,2,3... 


( 6 . 43 ) 


" arC lhe nUmber 1 hair - w "“ «« Pl«e buckles into In 

, j d y djr ' c1J&ns ' respectively. The assumed solution already satisfies (he 

iaSttfSSrf- 1 i" d thl,C T" n * &nIy ‘ ht <aik ® r *““nns*»»‘ « also 

su, “ ,i, “' ion ° r ,h ' 


- 0 . 

(6.44) 

!?? Df ^ nSiSlS ° r lbc iUm ° f 11,1 in|i,litc number of 
indeperidcnl funcl.ons. lhe only way such a sunt can vanish is if the Coefti- 
cjetil of every one of the terms is equal to zero. Thus 


t t rljae H + «**: „ Sin ™* , ■ n liny 

L a l i>* b‘ q p J s rt sm — 



_ n 


(6.45) 


7 h ' S c 'iit be Satisfied ia one of two ways, either A m - 0 or the 

erm in the bracket* vanishes. If X., =, 0. can have any valum This is the 

^Jh? Th° n al 311 loadsi the P’flu remains perfectly 

straight. The nontrivial solution that leads to the critical load is obtained by 
setting the expression * n the bracket* equal to zero, Thus 


or 



+ V) 


Pit 1 / mb 

~v 


To 


. «*a) 1 

+ ^J 


(6.46) 


r *,u ? 11 1 eptn<JS ltlC <*««*«« and (he physical 

IhT? M° f ^ P T flnd ° n anii 1,1 l)lc nurnbcr (* r half-waves that the 
tKC Cri ' IMt Valut of jV - •* the smallest value that 
- tssfics Eq. (6.46), the values of m and o that mini mire (6.4«) must be 
determined. It is obvious that ft M increases as o increases and that n - l 
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therefore results in a mini muni value of JV,{ that is, the plate buckles in a 
Sl ^ fc half- wave in the y direction. The number of hair-waves in the X 
direction that correspond lo a minimum value of N. is found by minimizing 
Eq. (6.46) with respect to m. Thus 

'WO __ 2fl«» [mb , a\f h a \ „ 

6- \ a + mb)\a frm a j _0 

from which 

m =T (6.47) 

Subslit nt ion of this result into (6.46) leads to 

J T , = (6.4 ft) 

Since a simply supported plate must buckle into a whole number of half- 
waves, a/b, which according to (6.47) h equal lo m. must be an integer The 
critical load given by Eq. (6 .48) it thus valid only when afb is a whole number 
For plates in this category. I he buckling pattern consists of a single half-wave 
m the y direction and ajb half-waves in the ,t di reel ion. fn other words, the 
plaEt uuckfas into afb square 

The more general case, where afb is not an integer, will now be considered 
Equation (6.46) can be rewritten in Ihe form 

N - = H? (6.49, 

*-{?+S)‘ m 

I j 

1 

The factor * depends on the aspect ralioo/6 and on n> and n, the number of 
half- waves thal the plait buckles imo, As before, n ™ I leads to ihc smnllest 
value of N x - that Is. the plate buckles in a single hair-wave in they direction 
To determine the buckling pattern in the * direction, one must consider how 
k varies with ofb for different values of m. Letting nr = I in Fq (6 50) the 
variation of A with afb given by the curve labeled m= I in Fig 6-S is obtained 
In a similar manner, by letting m in Eq. (6.50) take on successively higher 
values, (he curves for ». - 2, 3. 4 . are obtained. It is evident from these 
curves lhal there emt an unlimited number of values for ^corresponding to 
any given o/fc, thal sulisfy Eq. (6.50). Of these we art interested in only the 
smallest one. because this is the value or k that will minimize IV, in Eq, (6.49). 
The solid hue m Fig, 6-S obtained by connecting ihe lower branches of the 
various curves gives (he critical value of k us a function ofu/ft [ n addition. 


‘■1 


Aff. fl J 


Crftfeaf IvMtt * Plat* 2$3 



Fit. t* Ruckling jlreu coefficienl k for l ni wintry ^ 

the solid line indtca.es the number of half-waves in to which the plate buckles 

ob *?** f' F ° f “ Bmp ‘ C ' [hc b * BWin * «trwiefW«ii is 

obtained from the curve for m = 1 for all plates with a fb <*/T. These 
p dies therefore buckle into a single half-wave in ihe x direction For pistes 
wuh ./ between «/T and Jt, k fs taker, from the 

direcriom" ^ bucV,c h,(J ^ leaves in ihe longitudinal 

As long J5 o,6 is relatively small, k varies considerably wilh the aspect 

value of k. I ow C vet. for a/6 > 4 the variation of k from 4.0 is almost 
wifht/6 >*4* " 4 0 '* lhCrtr ° re a satisfactory approximation for plates 

* tCrmined the cri '«*l of a uniaaially loaded p| a( e. it « 
nli*w hv' [ « impure it to the critical load of a column. This is bestaccom- 

<WK aC! ” S D " **' i6A9) Wi,h£/I2(l ” ^ , > flnd wither. Thus 


„ _ kx 1 E l 

' H(i - tfifflip 


(6-51) 


The equivalent expression for Ihc column is 


<f„ - 




(6.52) 

in which C is a constant that depends on the boundary conditions 

b«,h rTT °I ? ! (6 - 51) *" d < 45! > '"**» >M the crili^l „„„ of 

materia? P r ’ j:',' “If*" "" P™P"«™I to thoallTm,, 0 (ihe 

' ' £ ’ mvtrse| y proportional lo the square of a ra | io 0 f two 
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length*. The plate stress varies inversely as the flat width ratio squared, \b}t)\ 
and the column stress is inversely proportional to the slenderness ratio 
squared, (f/r) 1 . I he critical stress of the column thus depends on its length, 
whereas that of the plate depends on the width of the plate and is independent 
of the length, 

The investigation of the stability of a simply supported, axially compressed 
plate, considered in this article dates back to IS9I when Bryan [Ref, 6,2) 
presented one of the first solutions to the problem. At the beginning of the 
twentieth century, plate buckling was again considered, by Timoshenko, who 
not only investigated lhc simply supported case., but various other boundary 
conditions as well. Many of the solutions he obtained arc given in hi^ tcxibook 
on stability (Ref 1.2). 

6.4 SIR AIM ENERGY OF REM DIMS IM A PLATE 

In Chapter 2 lhc energy method was used to determine the critical load of a 
column. To apply the same method to pktei p it is necessary to obtain an 
expression for the strain energy in a bent plate. Since the strain energy stored, 
in a deformed body is equal to (he work done by the external forces, the strain 
energy in an element of a bent plate can he obtained by determining lhc work 
due to the stresses acting oil lhc element. For thin plates it is assumed that 
ffj, and y TI are negligible. Consequently, only the slresscs shown acting 
on the differential element in Fig., 6-9 need be considered- The total strain 




Fig, 6*9 Stresses on pUlc etmer.c. 

energy due to these stresses will be obtained by applying the stresses one at a 
time and adding she energy thus produced. 

As first kt the dement be acted on only by the stress The energy stored 
in the dement due io this stress is equal to one half the force a M dz dy multi- 
plied by lhc distance. {vjE)dx n through which the force moves. Thus 

<tU, - ^Oldxdydz <6.53) 

Now let the stress be applied to the element on which ffj is already 
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and Work i$ done by both Ih/ncw SS T ^ * ** * d ' ftCliflJ1s ' 
y direction Ihe force & dx h ami +k a / ' c * rs Jn £ £ * rcss a w . In the 

-*«' «- 

dU *^ JE^dxdydi (6,54) 

dUi ~ ** 4* < 6 . 55 ) 

^ThSr "* ,0la ' 10 "■ V - M «U, an. M, to 

^Pv&Jdxdydz (6-56) 

A ss u mi ng that n o-rmaj jt res* p rod goes n o shea r t( r. fn * nri *, ■ 

== ^a=s^££t"5S 

dx iii)(y ir dy) = fa rfy fa <6,57) 

£ sa e :r ™ uored kan demeni ** * ■■* 

<W " Te [ p1 + °i - + 20 + dx dy dz (6.58) 

U = L** /o /» U [al + a i ~ + 20 4- M)*tt d X dy dz (6,59) 
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At present it is desired to obtain an expression for the strain energy due to 
bending on ty. rwistingihat nccompanies'betidingin a plate is here considered 
Id be pari of bending. Substitution of (6.30), (6.31). and <6.32). which retale 
the bending stresses to the Inlcrul displacements, into Eq. (6. 59) leads to 


u - c - J*. J>- "■>[©" + (f$‘ 


(6.60) 


+ + 2(1 ” ^(^)’jl Jx d * ** 

which, after integrating with respect lor and combining (ike terms, reduces lo 


+3<l ~ 

Equation (6.61) gives the strain energy due lo bending in a thin plate. 


(6.6!) 


6.5 CRITICAL LOAD OF A UNIAXIALLY 

COMPRESSED PLATE. FIXED ALONG ALL 
EDGES, RY THE ENERGY METHOD 

To illiterate the use of the energy method in plale analysis, (he critical 
compression Joad of a square plate fixed along all four edges will be deter- 
mined. The plate, shown in Fig, 6-10, has sides of length a and is compressed 

X 


FaC, G-10 Fisted phte uniformly 
comprff^fid in x^lttc tion, 

hy a uniformly dtsExibuted force aciing along two opposite edges. Taking 
the coordinate axes as shown in the figure, the boundary conditions arc 

&W 

11 * = 0.o (6.62) 

* = = 0 st y •* 0, a 



(6.63) 
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Tn accordance wiih l htse conditions the plate fs prsvcinlEd From moving in 
the x direction or Totaling at ihc boundaries. The edges oF the plale sre, 
however, free lo move In the xy plane. 

Boundary condition! (SJE) and {6. 63) a ft satisfied if w is assumed lo be of 
I he Form 


-O ~ m ir ){' — W 


(6.64) 


The (dial potential energy of the system consists of two parts, the strain 
energy due to bending and the potential energy of the external loads. The 
former, derived in Article 6,4, is given by 


-or ri-fw i (* 1|v v i *» 9tw d ' n ’ 
u ~ tJ J , Lfe 1 ) w) H ’ 2fl w* i? 


(6.65) 


To evaluate Ibis expression,, ihc following derivatives of w nre needed: 

£-¥(*¥X*— -S) 

$-¥(**?)('—¥) 

Subslit 111 ion of these expressions into (6.65) leads to 
+ (a JS , ^)(l = 2ct»^ + a»^) 


cos 2 ** -cos* 

a 


’^(cos^- 


+ 2jt^ 

+ 2(1 — /rj^sin* J ttx tty 


<6.67> 
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Making use of [he following definite integrals, 


f" sin 1 — 

J . a 

I "cos**™ 

J t * 

j cos rf* = 0 


a 

T 

a 

T 


(6.65) 


the expression for the strain energy reduces to 

u = — ^[t ( a + i) + t(° + f ) + 2 Kt) + 2 < l - *>fr] 


front which 
U 


— n— 


(6-69) 


To determine ihe potential energy of the eMcrnid loads* the plait is 
considered lo he made up of a series of longiiudiiisl strips, as shown in Fig- 
6-J 1. For any strip the potential energy is equal to (lie negative product of (he 



77 




K 


Fig. 6-1 1 


force N m dy and Ihe shortening of Eh t s4rsp in the jr direction due to bending. 
That is, 

The total poierHial energy for the eniirc plate is obtained by adding ihe 
potential energies for all the in dividual strips. Thus 


K=_ r,^ f L© dxtty (67o> 

Substitution of [he expression forfa ftix from (666) into [his relation leads to 


+ cic ” 1 ~^) 


(6TE) 
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which can, in view of {6.66), be educed (□ 


or 


v 

2 


(6.72) 


»O.TTn (J!,™'® “ F “ ° b,ii ”' d * »*“"* «««p- 


u j- V = lifiK 4 /) 1 ■ 

a 1 5 


{6.73) 


In Ktordance w.th the concept of neutral equilibrium and the principle 
iSSU^? 'T® 1 ' 1 C , rltiCal loM,jn * can '* determined by finding the 

H ^ ' EUfa,,0n ° rWh ' Ch ,hetoUl POltnlia I energy has a stationary 


from which 


H- }Q = ttpn*A 

^ A p* 


- Wjt'A 


0 


a, _ 320*1 I0.672JJI* 


(6.74) 


the s?me Zl hi* W H tS f ° r . H ’ ^ Vy (Ref ‘ 6 ‘ 3) 0btained an «■* to 

uic same problem. His critical load is 


« _ lO>07£n* 
a — rs — 


{*.75) 


6.6 CRITICAL LOAD OF A PLATE IN SHEAR 
BV GALERKIN METHOD 

For buckling to take place, it is not necessary that a member be loaded in 

in Minf mP ? 4i f < iK" AI1 t u al tS nCCeasary K thttt compassion stresses exist 
[J “™ P^ofthe member. Thus we have seen that instability can occur in 

the tU lhccom P rcssbn s[rf “« are present in 

he compmsacn flange of the member. Anolher structural member that is not 

oaded ,rt axial compression, but may nevertheless become unstable, is a pinto 
loaded in shear. In this case, compression exists oil planes chat make a 45- 
degree angle with the loaded edges, and when these stresses become sum- 
crenlly large, buckling will lake place. 

Let us consider the simply supported square plate shown in Fig 6- 12 The 
PI... „ loaded by udift™ shB , ri „ s f„„, ^ , P pplitJ lhe ' f 

To determine ihe critical loading of the plate, we make use of the Gherkin 
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Up, 6 - 1 J Simpty supporjwJ p| fl t e j „ 
pure shear. 


satisfies (he boundary conditions. Thus we let " 3t 


* = A > sEn ~ S'l* ^ -f A x sin 


2jix 




1*2 

Jj 


<6,76} 


N«l f the Gslerkin equation, whose general Torm is Riven by Q 721 mm. h, 

rr by r,M p r 2 * " -“.**• »"«« *«»». ™Lt, ■ s 

gLVcn by {6.7GX tins G&lerkm equation is of phe form 


/. /i rf * 1-1,3 (6,77) 

where + ? , **„, 

S^ 3 ?? + 77' + lN ‘’WTy («*> 

'.M-*?*? (6.79) 

*,(.»)= ImSji Sin 3 i* (* I0J 


*""’ W Jn; ‘ wu ’* 1 thc assumed deflection function, two Golerth 
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The definite integrals appearing in Eqs. <6.8 1 ) and (6,82} have the following 
values: 


r. 

f sin^: 

J« fi 

/: 


*h*=s*=i 

a 2 


iin fm sift m ax 


cos^srn 

It 


S 

nmx 


tfx = 0 


r. 

i; 


c*»!* sin 2£rf x = -j* 

■ _ 2nx ^ it.t - 4*r 

sm — - cos — dx * 

fl fl JK 


lienee the equations c^ain be reduetd to 


(6.B3) 


or 



(6-84) 

(6.B5) 


To determine the critical load. w« set ihe determine ni of Eqs. (6.84) and 
{6.S5) equal to. zero. That is, 


s » 

J2jY 16** 

hnf "s*" 


= 0 


Expanding (6,86) leads to 


N, 


II. 1’ 


(6.86) 


(6.87) 


Using a more precise analysis than the one presented here, Stein and Neff 
(Hof, 6.4} obtained for the critical load , 


**. = fc34§l> 


(&B6) 
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G.7 FINITE-DIFFERENCE METHOD 
APPLIED TO PLATE BUCKLING 

lit Article 2- JO ihe finite-difference technique was used to approximate the 
buckling Ipad of a column. The same method is also applicable to plate- 
buckling problems. To extend the finite difference method from one-dinwn- 
sioral to two-dimensional problems, ii is necessary for us to obtain expressions 
for difference ratios corresponding to partial derivatives. Specifically, we ate 
interested in the partial derivalives that appear in the plate equation. 

Difference Ratios for Partial Derivatives 

Consider a plate represented by a network of discrete points, as shown in 
Fig. 6- 13 The points arc evenly spaced a distance It apart in both the .* and y 



directions. According lo Eqs. {2,?fl) and (2.*0), the second and fourth dif- 
ferences with respect to x of a function w(je, >■) at point {/ Jt) are 


( = — 2*,., + 

\3Ptj' t ~P 

and ~ + b*i.* ~ 4w J _ t _ l , + W|_«. * 

V«Vm h' 


(6.89) 

(6.90) 


Similarly, ihe second and fourth differences with respect to y are 
>* — 2w /it -j- 

WV/,* F 

and ~ — 4 nWi 4- w, 

W//.* h* 


(6.91) 
(6 92) 
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TJic fotirih misted difference wUh inspect io x und v i? nhE».n~i w . ■ 

KCond*?? " r ° r tHC i£C0 " d diTercftcc in lhc * direction [Eq {689)fXj 
second difference m the y direction (Eq. (6.91)}. Thus ^ ' * ™ 
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Critical Load of a Bi axially Compressed Plate 

6 lhc plate is assumed to be square and the edges of the 


ttj;. *-M SimpEjf supplied plate 
wr i r^imly comprewtd in * Qn d _r 
direction*. 



///////// 

/ 


t 


SSlSf?" “ S ii “ Ply / UI,p0rled Acl1 ^ M « a uniformly 

di St TJ billed compression force of magnitude « /v = A r XatiriE iht 

coordinate ruts a* indicated in the figure, Ihe differential equation of bending 



ihl lT r' 5 “ b,am r C(J fronl tht C cnef al equation of plate bending under 

J r^T J? ^ [Eq (6J?)] b * 6ro W n * t,lC ™»tti*lcn| shear 
forces JV, and changing the sign of the axial forces. The boundary conditions 
for a simply supported plate were shown in Article 6.3 to be 

^ = 5^=0 at x- ( 1.0 

(Jt LL* 

*' ^y 1 “ 0 a| y — ii 

Id formulate the governing difference relations, each side of the plate is 
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divided inio n equal sections of size A = a /n To obtain tbi- ft, 
corresponds* to Ea (6 <>d\ n, ' ' . 00tam [he difference equation 

,hC dCriVa,iyCi n E * <*** Th - « t P0i«. U.*> it 
20|v 4* - 4- W;-i> + W, 

+ + ^j.*,*-* + *,,**,* + ,„ / f m j 

+ W,> " + h CMS) 

■*" £> f v J*M + "'/-M + W/,i„ + - utlKj^J =, 0 

« * "I— pictorial ly 
t Iftc nrsi molecule correspond, to the biharmonic 


I + ?h 
fc + fc 
k 

k — h 
fc-E* 

|fc “ 2h J" h I j + n i + Eh 8 . 

J * J j+h 

6 - IS pfarc eqmliofi in molecule form, 

z?:;?;*x: cond Mt to the — ^ « «.» * 

mikiiowns'ii^thJ p^]^ 1 Mow^r^i/fa evlSic n ° rf “ 1 ^ * * " 

6*15 that the difference eou«n nn „, 1 - c * dent from the molecule in Fie, 
involves the value Df mnt the boundary ™ 7! h' A ^ Sc * nt 10 a boundary 

outside the boundary F^cxaml ^ l ' r * ^ 

i he d i (Terence equation at(j;fr) involves thevaliu- r ! pnCStm * a baij nd:iry, then 
ar5U of "V».* the boundary To obtain^ 

w /-ih.i,. one uses the given boundary condition* f- ’ ,i’ ?S °1 .*'■*> an<1 
defection along The edge x a=y — h ' rotn lbecon ^ [ ' on of zero 





f6-96J 


*nd r,™ lie condition of eeio e«,v M „« „ , hc , dlrMio „ „ ^ ^ ^ 


(&?6a) 
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Substitution of (06) into (6,96s) gives 

•Vj-a,* = -*j,» ( 6 - 96 b) 

Thus we sec that for a simply supported edge the deflection at a point im- 
mediately ouistdc the boundary is the negative of I he deflection at the corre- 
sponding point inside the boundary. 

First Approximation n = 2 

As a first allempl, let l he plan: be subdivided into four equal squares, os. 
shown in Fig This network results in a single interior point whose 

lateral deflection is denoted by ttv The deflection is zero along the boundary 
and equal to — u\ at the exterior points opposite the centers of the four edges. 





-w, 


tol 


¥ }>■;. 6-ifi Pblc subdivided mrn 
tsii footr sneeiiotfii n nd nlrn %«- 

iLuJli. 



ttsl 
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Writing Eq. (6-95) at the interior point gives 
w,( l6 - - 0 

from which 

iJ 1 

This a ppr^x i in p.ti on differ* from the e*acl solution 2 n l D/a\ given by 
Timoshenko and Gere (Ref, 1-2), by about 20%. 


Second Approximation n ^ J 


If the plate. is subdivided into nine equal squares, the nodal deflection 
pattern depicted in Hi g. 6- 1 6b results. Due to Symmetry, the same deflection 
exists at all four interior points, and only one independent equation can be 
written, This equation is 



Irani which 




J&D 



Companion of this solution with the exact value of the critical load Tit^D/a 1 
indicates that the error is now 1 0 % r A decrease in the mesh size from h =* ti/2 
to A — c?/3 has thus halved the size of the error. 


6.8 PLATE BUCKLING BY FINITE ELEMENTS 

The malm met hod. developed in Articles 2.14 and 45 for determining the 
critical loading of columns aid frames, is equally well suited for the solution 
of plate-buckling problems. As was done in the ease of columns and frames, 
the plate to be investigated is subdivided into a number of discrete elements, 
and the element stiffness matrix relating element nodal forces to deformations 
is constructed. The stiffness matrix for the entire plate is then formed by 
combining the i ltd iv [dual, element stiffness matrices. Finn 11 y p the critical load 
is Calculated by requiring [he determinant of the structure stiffness matrix to 
vanish. 

Elem&ru Stiffness Malrix 

Let us consider a plaie divided into a number of rectangular elements, as 
shown in Fig, briTa. The individual element are assumed to be connected lo 
one another only at the cor fie rs, A typical element, hkc the one in Fig. 6- 1 7 b, 


An. $.# 
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(c) Mortal rtspiocernenis 

Fiji, 6- 1 7 Fifli It-cittntnl inn, lysis of rcdnnju^ r pfiale. 

the re To re has four nodal point* at each of which we define three displacements. 
These include a vertical deflection w and rotations about the x und y axes 

dw}dy aisd Ju'/J.if (Fig, Thus l he dement displacements at the first 

Jiodc are 


ISA 


w 

% 

■ w, J 


and i lie element displacements for the h jl ti element are 


tf.l 


5 S 

<5 t 

J, 

jSJ 


(6.97) 


(6.97a) 


Corresponding to these displacements, there Mist clement forces at node i . 


f?il 


K, 

Q>. 


(6.97b) 
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and tones for the entire Mh dement. 

Vi* 

7i 

.^j 

These forces and deformations are related to each oiher by 
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(6.97c) 




in W S E ?hJL X , t2 m S [A '- Ih ,51C Sl ^« s ™“ ri * f« Ac«k Clemen,, 

1^6 he energy me, hod, m a manner similar io ihat employed iri Ankk 
?' 4 FOr C0lumns ‘ thc P ,ate ififTness matrix will now Ik developed Lei 

X 2SSi“'- 


(«J = 


IM, 

frf, 

M.„ 


and the corresponding curvatures and twists by 


(6.976) 


m 


d*w 

Hx* 

d l w 

dy 1 

*y & 3 W 


<6.97e) 


The strain eaer 8 y of bending fer [ho difTerential element can ,hen be Wr i lte „ 

dU ~ \[MYW>Uj dy 

and the bending strain energy of an entire plate element, of sile 2* x 2*. 

V Y {4} dxtiy 

f ° r J P,atC ' EiVCrt * E **‘ « "* 


t«l - [f>|fe] 
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Ln whkh ID], a matrix consisting of material cons* ants, is given by 



fib 

D 

0 



yH — m) 


(6.97f) 


Thus Iht strain energy becomes 


U ~ i }_ 4 j ^ limm tlx siy 

The external work for the nth element consists of two ports, one due to 
the nodal forces E?J and another due to the in -plane forces f/v] The firei of 
these is given by 


w * - it?.™ = £ftn*jKj 

and the second by 

Wi 

in which 


and 


W« 




[*] 


L*., 


k; 

tf , ; 


Thus the total external work for (he nth dement is 


[6.97 8 > 


(6,97h) 


Equating the strain energy for the nth element to the external work and 
nmrnmgi ng terms, one obis ins 

1&.Y C*-JUJ = j ( dr <ty _ £ J' [«n* ]f«| rft dy (6.9a) 

To evaluate [rfr.] in this expression, we assume that the deft eel ion w at 
any point on the element can be approximated by a 12-term polynomial. 
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Thus 

if =• A, -j- /f,jc -|- jf,y + ^x 1 4- A* xy +- A t y* 4* /f,x 5 

+^**V + 'I,** 1 + A lt y> + A n x*y + A tt xy* <6W) 

Usiftu the boundary conditions at the four corner* of the nth element, the 
constants in (6 99) can be expressed in terms of (he nodal displacements [£.), 
and w can be rewritten in the form 

w = UitJ.l . (6.99a) 

The 1 2 x 1 2 matrix [A] relates the deflection iv at any point on the clement to 
tlie nodal displacements of the element. Differentiation ofEq, (6.99a) makes 
it possible to obtain relations for [a) and [$) in terms of(<JJ, Differenti aling 
cnee wc obtain 

i*i - wu 

and differentiating a second time leads to 

Ifl-ICMJ 

in which fa) and (#) are defined in (6.97s) and (6.97e). and [»] and [Cl arc 
obtained by different! a ling [A], 

Substitution of the preceding expressions into ffq, ( 6 . 98 ) leads to 
[&T (t,l \S J = [S X { J* J ' ' [Cf [DJ[C| d* dy 

~ [<JJ 

from which 

**J “ f.J’./CF[C][a * dy - ^ [Jt] r lW](Bj dx dy (6.100) 

^ (*J - I*;] ~ [4"1 * (fijofej 

As was the case with columns, the plale stiffness matrix consist* of two parts. 
The first, [/rj. is the stiffness matrix for pure flexure and the second. (*"], is 
lltc initial sires* stiffness matrix, which accounts for the influence of in-plane 
forces on t(jc flexural stiffness. 

To obtain the numerical values or lltc coefficients in [*;j and [£'|, it is 
necessary to evaluate the matrices Ml, [J]. and (C| and then carry out the 
integrations indicaled by Eq. (6,100). Since this procedure involve* a con- 
siderable amount of numerical work, it is not included here. However, the 
final forms of bath [£1] and [£"] are given in Tabic* 6-1, 6-2, and 6-3. |n 


TaNf 6-1 PermuEiSion m*.W\X for fit.) [*i J J 



2?T 
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ri o fti n 0 ^ ^ 
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ffl. 
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v 

1 


+ 


J 
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^ O ftl 


« M O se ^ O 

i 1 

**• *** o \b *& ■£* 




5 i " 3 . s 2 f 

4? ^c ^ ^ ^ ^ ^ ^ 




f* 4 * * 4 £ £ 
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«r 
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T*Mt fi-3 Stiffness coefficient! for node I for [*i'j for mint cumpresiion 
\n *di npclian 


^*11 


n 


" 276 


«| 

An 




42 

112 


An 


Ail 


66 

0 

24 

k4 i 

A, i 

Aj| 


102 

21 

3$ 

b k 

til 

An 


21 

16 

0 

ttk 

A*a 

Aci 

- “Wjr * 

-J0 

0 

- IS 

At i 

Ati 

fa 

Tsr ¥ 

-102 

“21 


A| y 

An 

A*j 


21 

-14 

0 

At, 


Aij 



0 

19 

A i p. i 

^ ? 0. 1 

A" i Q-. a 


-276 

-42 

-66 

*M.l 

Au r i 

^M.l 


42 

-2B 

0 

JlV 




_ -66 

0 

-#4_ 


presenting Ihese matrices, use is mndc of ifoc fact thru for bolh M ,p ] :md fA-"l 
Iht siiffiitn coefficknli for necks 2. J, ,ini! 4 can be obtained from tho« of 
node ! by the proper permutation* and s i grl changes. Table 6-1 gives the 
permutations and sign changes for obtaining the coefficients for nodes 2 3 
and 4 from those of node I. and Tahles 6-2 a „d 6-3 give the values e f the 
roeirtcenis for node r for 1*1] and [*?], respectively, The date presented in 
these tables are taken from Rer 5 . 6. 14 and 6. IS. Table 6-3 gives the coefficients 
for node of [Jr. {when a uniform compression N, is acting. Similar data for 
ft r and .V TJ can he found in Ref, 6.] 4, 


Calculation of tho Critical Lood 

As an illustration of the procedure for calculating the critical bad of a 
plate, let us consider the buckling or a simply supported square plate under 
uniform edge compression in the * direction. The plate is subdivided into 16 
elements, with the nod ill points numbered as indicated m Fig. 6-18 Due to 

symmetry only a quarter of the plate, that is, four elements, need be 
cnJKirfi-rM 


■ * — =>MPFPi«a mam? rgr ine quaarunl of (he pMc 

bemg considered, we combine the corresponding four element stiffness 
matrices in the manner described in Article 2.14. Accordingly, any influence 
coefficient in the structure stiffness matrix is obtained by Lidding ir || the 
influence coefficients from the four dement stiffness matrices that carry the 
same subscripts as the desired structure stiffness coefficient. The structure 
stiffness matrix obtained in this manner is u 27 x 27 matrix 

The next step is to reduce the size of the jfiffness matrix m nuance 
with ihi boundary conditions 
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I 

i 

x 

6-ia Nqdafc psM^t designations. 

It'l = h fc j = Ik * = ll'| a= W| ^ 0 
tfw. £?Hy, dwj dW* jtfi ^ 

# te -^ na ^ = 'JJ = -^ K=0 

^ = Sjp ^ *& = = O 

dx dy W W 

Deleting the rows and columns corresponding Id these ccmdiEi-cmis,. ihc 
stillness matrix reduces Id the form given in Table 64 (Ref. 6,16). 

To determine she critical loading, it h necessary to obtain the nontrivial 
solution ofllw equations 

mi - NAfc T ]\ f4]-o &m) 

in which l AT J and N JK") ^re the Hc^ur^il and in ilia I stress stiffness matrices 
given in Table 64 and |ij consists of I he structure nodal deflection*. If the 
order of the system of equations in (6.101) is relatively small, sity three or less, 
she critical load can he obtained by selling the determinant of the cquatlotss 
equal to zero and solving for the smallest root of the resulting polynomial 
equation. However, when one is dealing with a large number of equations, as 
we are, it is usually best to obtain ihe critical load by iteration, Prior to 
carrying out the iteration, it may be desirable lo pul Eq. (4,101) into the more 
commonly encountered form where the eigenvalue appears only along Ihc 
main diagonal. This is accomplished by premultiplying the equation by 
IK" I"’. Thus Eq. (6.101) becomes 

IVCT'l#] - HMm - 0 

in which [/] is the identity maEri*. 


(6.101a) 



27S 
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ir the eigenvalues of the matrix in (6 !0lu) are found hy iteration, the 
higliesi eigenvalue is obtained lint. However, the critical toad corresponds to 
the lowest eigenvalue. Hence it is convenient to invert the matrix in (6,101 a), 
leading uy 

( 6 .totb) 


Now iteration gives the highest value of I }N„ or the lowest value of N„ first. 

An alternative procedure for determining the critical load is to assume 
ever-increasing vn I oc5 of N, and to evaluate the determinant at each step- The 
critical load then corresponds to the value of N, for which the determinant 
reduces to Zero. 


6,9 PLATE-BUCKLING COEFFICIENTS 
FOR VARIOUS CASES 

i , 

If the results obtained in the previous articles are compared, it becomes 
evident that for each case studied ihe critical stress is of the form 


r _ WE ( tV 

° 12(1 -/Mw 


( 6102 ) 


where F„ is either the critical normal stress or the critical shear stress and Jt 
is a numerical coefficient that depends on the specific cose being considered. 
Furthermore, it can be shown that Eq. (6,102) is valid for other cases not 
studied here as well. In each instance, regardless of the plate geometry, the 
boundary conditions, or the type of loading, the critical stress has (he same 
form, Only (he numerical value of A varies from case to case, 
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The most important loading conditions for which Et). (6.102) is valid are 
uniform compression, pure shear, and pure bending. Values of* f or p fc les 
with several different boundary conditions and subjected to these loadings 
are shown in Fig, 6-19. The data presented in the figure arc taken front Etef. 
6_i. In addition to the cases contained in Fig. 6-19 numerous combinations 
of edge and loading conditions have been investigated over the years. For a 
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summary &f many of [hc$g iludjcs lhe rc$4ct h referred lo an nriicte by 
5 1 owe U, Helmed* Libovc, and Lundqu^l (Kaf. 6.6). 

6.10 INELASTIC BUCKUNG OF PLATES 

For pbles as. writ as columns and beams, it is nol unusual for the proportional 
limit of the material to be exceeded prior to reaching the critical stress. If (his 
occurs, the elastic theory presented in the preceding a nicies must be replaced 
by an analysis capable or dealing with the inelastic behavior that exists 
between the proportional! limit and the critical stress. As would be expected, 
a theory of tins type is extremely complex and beyond the scope of this book! 
However, the Conclusions that have been drawn from inelastic plate-buckling 
studies arc simple and straightforward and will be briefly considered here. 
The reader in termed in the theory itself Is advised to consult Refs 6 10 5 
6.6, or 6.17, 

Investigations of inelastic plate buckling indicate that Rq, (6.102). the 
clastic buckling relationship, can be extended into the Inelastic range, 
provided Young's modulus is replaced by a reduced modulus. Thus the 
inelastic critical stress for plates is usually given in the form 

where ij k a placidly reduction (Hclor. or tjE a reduced modulus, £in« 
mdustlc behavior always decreases ibe stiffness of a plaie. i; < f, and Lhe 
inelastic critical stress given by (6.103) is always less iban (he corresponding 
elastic stress given by (Ckl 02). x 

The resells obtained from inelastic plate slodics indicate that lhe fjclor q 
is a function of lhe shape of the sirens- slrain curve, the lype of loading, ihe 
[ength-io-width r.ilio of the plate. and lhe boundary conditions. No generally 
applicable expression. like Hie tangent modulus in columns, therefore exists 
for the reduced nioduEus of a plate. If a long rectangular plate is uniaxial Ly 
compressed and simply supported along both unloaded edges. Gerard (Ref. 
6.1) shows ihe plast icily reduction factor to be 



in which £, is ihe secant modulus and E t is the tangent modulus of lhe 
material. For the same plate, Ef only one edge ls simply supported and the 
other is free^ 



Values of jj for several olher cases are tabulated in Ref. 6.6. 
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The preceding expressions fer rj were obtained using a fairly rigorous 
theory, and they lead to critical loads Hint agree well with test results How* 
ever, these expressions are rot very suitable for routine calculations. A 
relation for tj considerably more suited for design purposes than the foregoing 
ou« has been denved by Dlefch (Ref, 1.12), Using an approximate thconr. he 
oo(a tried the simple expression 


-/# 


The advanlage of this relation is that 
Jong plate, regardless of the boundary 
shear as well as axial compression. 


it leads to conservative results for any 
conditions, and that it can be used for 






Introduction 

Experience has indicated that plates, unlike columns, do not collapse 
when the critical load is reached. Instead, plates are usually able to resist 
increasing loads subsequent to the onset of buckling and may not fail until 
he applied load is considerably m excess of the critical load. It i$ thus obvious 
that the pos bueklmg behavior should be considered in formulating design 
criteria for plates. If one is solely interested in determining the critical load of 
a member an analysis limited to infinitesimally small deformations suffices 
However, if one des.res lo study the behavior of the member subsequent to 
the onset or buckling, as is the case with plates, it is necessary to consider 
deformations of finite magnitude, 

tr a plate is bent into a nondeveJopablc surface or if its edges are restrained 
from approaching one another during bending, membrane strains will be 

tlte ^ (f,c motile surface of the plate. As long as the transverse defies 
lions of the pklc are small compared to the plate thickness, these membrane 
s rams may be safety neglected, However, once the transverse deflections 
become of the order of magnitude of the plate thickness, stretching of the 
middle surface is no longer negligible. The main difference between the 
finite -deflect ion theory to be developed in this article and she infinitesimal* 
deformation theory considered in the previous articles is that middle-surface 
strums due to bending, that were neglected pre viously be considered 

A finite deflection is one that is or the same order of magnitude as the 
l hick llcss of the member. It is, however, small compared to the other dimen- 
sions of the member. The assumptions regarding small angles, that is, sin 
tt Tan a -a and cos « = 1, usually made in infiniksimal-deformalion 
theory are therefore equally valid for finite deforma lions. Likewise, it j s 
permissible to approximate the curvature with the second derivative when 
considering finite deflections, 
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Den vat km of Equations 

In deriving the equations governing die finite deformations of plates, all 
I he idealizations made previously in [he f incar theory, exfepi * he one per- 
taining to membrane strain^ will ht assumed io be valid. 

Equilibrium 

A differential earner! of a laterally bent plate is acted on by two sets of 
forces; (1} The in- plane forces N„ N„ and ;V„. and (2) bending moments, 
twisting moments, and transverse shear forces. In going from infinitesimal to 
finite deformations no change occurs in the nature of the bending moments, 
twisting moments, and transverse shears. All equations pertaining to these 
forces derived in the linear analysis in Article 6.2 apply equally well (o the 
finite-deflection theory. On the other hand the in-plane forces are effected 
significantly in going from infinitesimal to finite deformations. Whereas the 
externally applied middle-surface forces are the only in-praoe forces (hut 
exist when the deflections are small, there are jn-plnne forces due to membrane 
action in addition to the forces applied along the edges of the plate when 
large deflections arc considered. 

The imp] art* force* acting on a differentia] element of a laterally heal 
plate are shown in Fig. 6-20. It has been assumed that the deformations are 
snsnll enough so that the cosines of the angle* between the deflected surface 
and the horizontal are approximately equal Io unity. The projections of the 
irt-p]anc forces on the horizontal jry plane are therefore equal to the forces, 
liquating the sum of the forces iri the Jt direction lo zero gives 

IS* + ijj? = ° 

Similarly , far the y direction 


tv, , 

vy ' dx 


(6. 105) 


Letting the sine of angles such as d*>($x in Fig. 6-20 be approximated by 
dw/dx. ore obtains for the z components of the N, forces 

dy + ( jV ' + 77 dx ) (5? + JP dx ) dy 

which after simplifying and neglecting terms of higher order reduces to 
^ Jr* dx dy lix dy 


{6.106) 



di 


fig. 6-30 In-ptanc forces acling on ph\t elemcnl— rnrje defections. 
(Adaplcd from Ref, 6,!,) 

In a similar manner, the ? components of the N F farces are found to be 

^ + <ty <6 107) 

and l he z components of (he shear forces W Mf and are 

' dx dy + ik* % dx dy t6 - 1 °®> 

N ”£f y dx(iy + ^ff J5 dx dy (*IM» 

By lidding, the lerms in (6.106) ihroygh (6. 109) and Inking cognizance of Eqs, 
(6, ]04) find (6. 105), one obtains, for iht i components of all the middle-surface 
forces 

d* *y {S-i i&> 


Jtrt^ s.rr 

I 
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To write the equation of equilibrium in the z direction, the z components 
of the in-plane forces must be added to the transverse shear forces caused by 
bending. 1 he latter were obtained in Article 6.2. They are given, accordihe to 
Eqs. (6.4), (6.8), and (6.9). by 


(PM, 

VW 



( 6 . 111 ) 


By using Hie moment-curvature relations in (6 33). (6.34), and (6,35). this 
expression ran be rewritten in the Form 



+ IP) 


(6-1 12) 


Combining (GJ 10) and (6.1 12), one obtains for the equation of equilibrium 
in Lhc i direction 





<J*W 

5T3? 


0 


(6.113) 


At first glance, Eq. (6.MJ) appears io be identical to Eq. (6.37), the 
equation of equilibrium for small deformations. However, there is one all- 
important difference between the two equations. In Eq. (6.37) the terms AT,. 
ff r , and jY„ represent constant applied edge forces. The equation is thus a 
linear differential equation with constant coefficients, and it bus only one 
dependent variable, w. By comparison, the term* f/„ A^and N ir that appear 
in Eq. (6.1 13) are unknown functions of x and y. They represent both the 
variable membrane forces and the constant applied edge loads, Equation 
(6.1 13) is therefore nonlinear, and it contains four dependent variables, iv and 
the three in-plane forces. 


Compatibly 

The equations or equilibrium. (6.104), (6.105), and (6.1 13) derived ill the 
previous section contain four unknown functions N,. At,. and u-. To 
evaluate these functions, a fourth equation is obviously needed, The situation 
is simitar to that encountered in an indeterminate structure, where the 
equations of equilibrium must be supplemented by one or more equations 
dealing with the deformation of the system in order to evaluate all the 
unknown forces and displacements. In the case of the plate, the additional 
equation is obtained by considering the middle-surface st ruin-displacement 
relationships. 

As indicated in Article 6.2, the displacements u and v of a point (x, y, z) in 
the plate consist of two parts: (I) the displacement u t and u„ of the corns- 
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j. . , F I' '_i -j experiences relative to (he nomf f i - u fn s 

Artick 6.2 we dealt with the , . inc l ,0,nT □}. In 

F=km= 


•- di - 


H 


T A 

A' 

B 


■srl 

1 1 
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latp: defied ions, u + — rf! 

HSS3HSSSSS 


dx 


(6,114) 


33SSSSSSF*« 


USB** 


(6.115) 


in "* * '■> 

- f?n„ . t 

(6.M6) 


'-fe'T®' 


Similarly, the middle-surface strain in the y direction is 


f _ i l (M 2 
fr --W + Y{Ty) 


( 6 . 117 ) 


lin JJlT^oT'Vn^ 'S"* ]n ,JlC an * lc be, "«" lw ° ^pendieular 

as OS and OA m hg. <h 22, that occurs ns the plate deforms Like 
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the norma! strains, the shear strain consists of two parts, one due to the in- 
plant deformations u a and v„ nnd the other due to the I reverse deflect ion *■. 
As is evident from Fig. 6-22a, the shear strain due to tt B and t 1 , is 

■ Jh,, , do* 

37 + 3? 1 1 &) 

The shear strain due to * (Fig. ^22b) is equal tt> , hc difference bstween 
angle BOA and angle B'O’A'. Accordingly, angle J WO' A’ can be written as 
(nf2) — y h and A*B' Is giver by 

MB')' = C a Ay + (O' By - a (Pa’wb‘)ck(£ - Y) as.j !9 > 


AfL $.n 
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in which 

(O' By « dy* + (dy^V 

V * y! (6.120) 

(A By = A* + 4* {}=* - 

«y Agio s’) = dx dy 

Recognising that cosffo/2) ■ y] = y for small angles y , Eq. (6.119) reduces 


£?W 3w 

f ^xTy 

(6.121) 

Thus Ihe total middle- surface shear strain is 


.. _do, , dp t . Jwdw 

^ij + lS + TxTy 

(6.122) 

Equations (6.1 16), (6.1 17), and (6,122) relate ihe middle-surface strains to 
the middle-surface displacements and the transverse displacement w The 
middle-surface strains con also be expressed in terms of the corresponding 
middle-surface forces. Thai is,. 

f*. “ - tiN,y 

(6.123) 

% 

J 

aT 

-13 

i 

J 

(6.124) 

r _ 2(1 4 sr 

frrw ~ Eh W "*' 

(6-125) 


E^presshms (6.123), (6.124), and (6.1 35). the three strain-displacement 
relations (6.11*1. (6.1 17). and (6.122). and the equilibrium t qua lion j (6. E01) h 
fo.105), and (6.113) constitute a set of nine equations in nine unknowns. 

hese equations completely describe the behavior of the plate and cbuJd be 
used to solve for all the unknown forces and displacements. The equations as 
they stand are. however, cumbersome to deal with. It is therefore desirable 
lo uncouple some of the unknowns and thus reduce the number of equations 
[rial mu*! be solved srniuflaneously, 

One can eliminate the variables u and u by differentiating Eq, (6.1 16) twice 
w"h respect toy, Eq. (6.1 17) twice with respect to jt. and Eq (6.122) sucecs- 
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SLvely with respect to X and y, The result] ng expressions are then combined l o 

give 



<? a w 

JJT* Ifp 




Equation fG. 126) is n eic T^rm Lition. compatibility equation, There arc many 
solutions for the in-pkinc forces that satisfy the equilibrium equaling, 
However, only the one 1 1t a: satisfies l£q. (6.126} in addition lo equilibrium 
leads lo continuous displacements that are compatible with the physical 
const rai nls of t he system . 

To further reduce the number of equations Ehal must he solved simul- 
taneously, a stress function is introduced- Equations (6404) and (6. IQS) will 
he satisfied if the in-plane forces are defined, iti terms of a function f\x, y) r as 
follows: 


U 

n 

(6427) 

w I,#* 

(6_12B> 

N h S * F 

**” ~ h WFy 

(6429) 


Making use of these expressions* Eqs„ (6.123), (6.124), and {6.125) can be 
rewritten as 


YmTw 



(6.130) 


(6.131) 


(6.132) 


Tin ally, by substituting ilie relations in {6.130}* (6.131), and (6, 132) into 
Eq (6.126} and those in (6.127), (6,128), and {64 29) into Eq, (6413), one 
obtains 


d 4 F ,, d*F . d l F ' jS/dh^Y dW’uTI 


(64 33) 


and 


d V L * S'm . d*w ti f^Fd^v d 1 Fi 

W* + 2 EF3P + 1y*- + 

- 7 S^t ? 1 '. \ - 0 
dx dy ixdy) 


(6.J34J 


We have thus reduced the number of equations that must be solved 
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simultaneously to two. Equation! (64 33) and (6434) were first derived by 
von Karmln, and they arc accordingly referred to as the von K Iraidvl lorge- 
dcflect i on plait cquati on s. These eq u at iq ns a re very usefu l . They are, however, 
by rm means the only set of equations that can be used for describing the 
finite-deflection behavior of plates. As long as electronic computers were 
uji available and il was necessary to have equations as compact as possible,, 
the von Kerman equal ions were used Eilmost exclusively. This is, however, nq 
longer the case. The availability of the computer makes it. possible lo deal 
effectively with almost any set of equations., and plate equations other than 
the von Kdrman equations art now in general use. For example, if the 
boundary conditions arc specified in terms of displacement, it h advan- 
tageous lo use equation! in u, u, and w r Starring with the equations of equilib- 
rium (6.104), (6.105), and (64 13). a set of equations in m, and w c-an be 
obtained by expressing the middle-surface stresses in terms of strains and then 
using relations (64 16). (64 17), and (64 22) to express the strains in terms of 
displacements. 


6.12 FQSTBUCKUNG BEHAVIOR OF 
AXIALLY COMPRESSED PLATES 

i 

Introduction 

The Anile-deflection plate equations derived in Article 6.1 1 do not have nn 
exact closed-form solution. To study the postbuckling behavior of plates, one 
must therefore employ approximate methods of analysis. If a high order of 
accuracy is required, a numerical procedure must be used. The disadvantage;; 
of this type of solution are that it usually involves lengthy computations, and 
because no explicit relation among the variables is obtained., it is difficult to 
generalize the results, Solutions oft hi 5 sort have been obtained by Levy [Rtf. 
6.7 } t Cheng (Ref O), and Hsuch (Ref. 6 9), 

Another type of solution, less accurate than the numerical analysis, hut 
also without the la tiers shortcomings, has been employed by Timoshenko 
and Cere (Ref L2), Mar guerre (Ref 640), and Voimir (Ref, 64 Ij, Timo- 
shenko's analysis is based on a straight Forward application of the mini mum- 
energy principle. He assumes simple functions for u a v, and w, expresses the 
total potential energy of the system in terms of these functions, and then 
evaluates the arbitrary constants in u. and w by minimizing the energy with 
respect lo them. A somewhat more accurate procedure is employed by 
Margucrre. Like Timoshenko he assumes a simple expression for w, but 
mslcad of also assuming Ihe form of w and s. he solves Eq. (6.133) for F in 
terms of ihe assumed w. Having Fand w, he then writes an expression for the 
strain energy, which he minimizes to obtain the arbitrary constant in w. The 
analysis used by Voimir is very similar to that employed by Mar guerre, A 
suitable expression is chosen for w and Eq. (6.1 33) Is used to ex press Fin terms 


warm regards: Haider.sa@gmail. 


SuckJinff of 


Qh. tf 


or ^ However. the Arbitrary «orfficwnt in w* evaluated by using the Gherkin 

s^“ ° r hy r im ™ s * c <* ■»■ 525 S?t2 

obtained by Volruir arc identical with those of Margucrre 

le J JlSrS 0 * h T° ae characteristic in common: they a f| 

lc “ 10 * c!oscd - f °no solution. In other words, each analysis produes » 
explicit expression for the larcra! defied ion and insane siressesVthe phic 
m lcrms fl PP ]i ' d The solutions are not of a vm“£ orfJlf 

SiSfiVlS' 800d pi “" re or *• — ' 

In this Article we sh.dl consider in detail the solution obtained by Volmir 

qU ipproach » - — a 4 K£ 

Crtnt ' f . (S l33 > for * »«*w of iv, and then evaluate the arbitrary 

constant in w by means of the Gherkin method. 

Analysts 

Lei us consider the simply supported square plate subjected to ■■ uniasi il 
"• » "t- «)- The nrijEin 





Kig, 6-13 Simply supported pine 
cafn pressed in x dircctioji. 


^rf.™ H well « „ a „ sv .™ b, nl)i „ s to[h 

tamd., , .or*, ion, mua ht T,, c „„ lv;rsi £££}£*£ 

corresponding to simply supported edges arc ' ° 


“ lx* “ 0 a| x “ °» 0 

*i w 

al ?=°. <» 


(6,135) 
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Wuh regard to the in-plane boundary conditions, the following assumptions 
ate made; * 


1. All edges remain straight and the plate retains its rectangular outline 
during bending, as indicated by the dashed lines in Fig 6-23. 

2 The shear forces N ir vanish along the Tour edges of the plate" 

3. The edges y = 0. a are free to move in the y direction. 


The restraint assumed to exist along the edges y = 0. fl represents an 
intermediary condition between the case of totai finely and the case Of zero 
restraint. For total fixety to exist there cart lie no movement whatsoever, that 
is, V - 0. and for zero restraint there cannot he any stress, thniis, N .= 0, In 
our case the edges are permitted to move, provided that they remain 'straight 
Thus only the average value of N, and rot N, itself must be equal to zero. As 

. “ th f. ,^ ed . ed S”' * '■ 0r « concerned, nothing is assumed regard- 

ing the distribution of ihe applied load, only that the displacement u remain 
constant in they direction. This condition is realized iftheplme iscompressed 
m a controlled deform u| ion type of testing machine. 

For convenience we denote the average value of the applied compression 
slress fry a„. Thus 


— 



N,dy 


(6.136) 


be f n dcfined ai PQsitive whcn lens '™- ihe negative sign 
in Eq. (6. 1 36) denotes that ffj4 is positive when compression 

i . 7 ' ttP * ht a " a,ys ' s ’ S ll « *«»'"* of a suimble function for the 

liiEcml orficciion. Thus wc assume ihm 

w^/sinHsmS! (6]37) 

Thus expression: represents (he exact deflection at the instant of buckling, and 
should therefore be a fairly good approximation of the deflection in ihe 
pL)i[ ^ m - ?Jig range. Having assumed the form of >*' h wc nt*t solve Eq, 

° r “ ' fu, ” , ' tlt>n F Substitution of the expression in (6.137) into Eq 
(6,133) gives 


3^ + 3x^» + {cos’ ~ cos*^ ^ - sin 1 ^ sin 1 ^ 


fS.I3fi) 


which, in view of the identities 

Ws- a =-J(l 4 cos 3a), sin s a = ^ (1 — cos 2a) 
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cm be reduced u > 


5? + 




+ ™ 2 -f) 


(6 139 ) 


The solution of this equation consists of a complementary and a particular 
part. That is, 

F^F' + F r 

To obtain the complementary solution of Eq. (6. 1 39), one sets the right-hand 
side of the equation equal to zero. But this is equivalent to letting n- = 0. 
Thus the complementary solution or (6.139) corresponds to the in-plane 
stress distribution that exists in the plate just prior to buckling. At that 
instant the in-plane stresses are known to consist of a uniform stress N, and 
N r — = 0. Hence a complementary solution of {6.139) is 

F< “ Ay' (6.140) 

In view of Eq. (6.12?) and the fact that = -o a Jt. Eq, (6.140) can be re- 
written ns 


F, - -2^ (6.141) 

Having cslabli&fied ilia i ifie complementary, solution represents ihc in- 
sane stress distribution that exists prior Lo buckling, it is obvtous ifial ihc 
particular solution corresponds to the change in ihc in-pfanc stress diflrlbu- 
Eton that result from buckling, Considering the form of die right-hand side of 
Eq r (,6.139). the particular solution can be written as 

F t = tfcos— +Ccos^Z (6.142) 

v r a 1 

Snbsrilultng this expression into (6.139) and equaling coefficients of like 
terms, one obtains 

B=c =m (&i«) 

Thus F r - §£(cos^* + c«^) (6.144) 

and the complete solution of Bq. (6.139) is 

F « ^^cos^£ + (6.145) 
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Up to this point, two steps in the analysis have been completed. We have 
assumed an expression for tv, and by satisfying Eq, (6 133) we have obtained a 
corresponding expression for F. Them remains one final calculation, the 
evaluation of (he coefficient/ in accordance with Eq. (6.134). A relatively 
simple and direct way of carrying out this last step is to solve Eq, (6.134) by 
means of the Galerkin method outlined in Article 2.S. For the problem under 
consideration the Gala kin equal ion lakes l he form 


J, £ GC/)*(-v. >') dx dv = 0 (6,146) 

where £(/) is the left-hand side of Eq. (6, 1 34) and g(r. y) is the variable pan 
ofir. Substituting (6.137) for w and (6.145) for F t Qif) can be written as 

-^/HjlsinSisinaf 

* J 0 O 

and the Galerkin equation takes the form 


(6,147) 




( 6 . 148 ) 


+ cos ^i r sin 1 sin* 
a a 


Making use of ihc dcSinile integral 

/!**"•**-£ 

wo can reduce Eq. (6.143) to 

Hr J" oos sin* c/yj ■= 0 
\q run her simplify, wc noi-e thai 


and 


COS 


j: 
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Thus we ob lain 


from which 


or 




®MM — 


4 Da* 

IS*" 



tr„ ■= 



(6/149) 


since 4 Djt } lha z is the criticat stress af the ptale. 

„ !Stl! 0n C6 M9) *1™ lhe relatiQnshi P b «‘ w ™ the averageoppfed *tr«s 

A^nnh ^r niaR,rnUm al5ral ieflttlion/sLlb3 ^ ,leri t to the ons«t of buckling 
A graph icn t representation of the relationship is shown in Fig. 6-24. As "„ e 



f 


Fik- *13 E-cad^icflf cl ion curvt foe 
P0s[bocjt|m( reficjin. 


r U t P a *' m 10t1en * cl laleFa,f y a « ^critical load predicted 
by lhe linear theory, Beyond that point, as long as the lateral defection is 
infinitesimally small, the stilTne* of the plate is zero- that is ,h7 

“™ r ■«* s, " pt ' »“«*«•“ — ssx 

becomes finite, the stiffness start* to increase and continues to do so a/the 
deficctton grow,. I t , s thus possible for the pl.itc to resist axial loads „tes C „s 
knlwd / °ad subset*", buckling This eharacirristic of the plate 

structures fecaus^ f “ °‘ in,por[ance ■» lhiiw£||«d 

ccauie °l ’*■ (hm P fal «- even though they may buckle at verv 

hn/ T/ ™ ab ‘ e J° Tes[St Sizeable loads collapsing, Thepo/r- 

S2!?w£r.k ( <h r PkltC l n lhUS COmp!4[e,y diirtrMt from that of the 

?hTlre T e eollApsfS as soon ai "K^ife*! load is reached 

the p'nte continues to rest*, load subsequent to the onset of buckling and 

SS H *" r lllC '«■ * considerably in excess of the 
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To understand why the plate exhibits pus [buck line. slrcnglh, it necessary 
lo consider Ihe middle-surface stres&ts that exist subsequent to buckling. The 
longitudinal stress n M is 


\ : wm (6.E49) 


Thus 



£f 


Similarly, Ehc transverse stress is found to be 

= K. - ir C[ )c« — 

£T 


(6.150) 


(6.151) 


(6.153) 


The stress distribution* given in (6,151) and (6.152) are shown plotted in 
Fig. 6-25. ]f one comparts these stresses, with the longitudinal and transverse 
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Ffflr iitfin djiiribulton tn po*l buckling ringc, 

stresses that c aisled prior to buckling, two essential differences are apparent. 
There are transverse Stresses, tr„ present subsequent to buckling, whereas 
none existed prior io buckling: and the longitudinal sires? h a Mk which was 
consent up to the onset of buckling, varies across the widih of the piaic after 
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buckling has begun, The transverse stresses that art present in the postbuck- 
lin|E range vary from a maximum compression sires* at the edges x e 0,jta 
a maximum tension stress at the center of (he plate. Of these the tension stress 
is by far the more important. Its presence lends to stiffen the plate against 
Eateral deflect 10 n and to prevent collapse from occurring after the critical load 
has beer reached. The posibuckling strength exhibited by the plate can thus 
he attributed t<i the middle-surface tensile stress, tr f , that nrises subsequent to 
the onset of buckling. 

Prior to buckling, all longitudinal libers have the same stiffness, and the 
applied stress is uniformly distributed across the width of the plate. However, 
in the deformed configuration subsequent to buckling, the fibers near the sup- 
ported edges have a greater resistance in lateral deflection (ban do those in 
the center of the plate. The longitudinal stresses in the posibuckling range are 
therefore distributed across the width of the plate, as indicated in Fig, 6-25. 
They vary from a maximum at the edges y = 0. o to a minimum at the center 
of the plate. A major portion of the increase in load that takes place iubii- 
quem to buckling is thus resisted by the relatively stiff portion of the plate 
adjacent to the longitudinal edges. 

The foregoing results are based on an approximate analysis and therefore 
contain some minor inaccuracies. For example, a precise investigation would 
indicate that in- plane shear stresses exist in addition to transverse tensile 
stresses after buckling bos begun. A very accurate analysis would also show 
variations in <?, and a r that the simplified analysis was unable to delect 
However, yarding the basic aspects of Lhe posibuckling process, nothing 
new would be learned by currying out a more refined study than that 
presented here. The main conclusions would still be that 

1 . Plates can continue to carry increasing load subsequent to reaching lhe 
critical stress; that is, they exhibit postbuckljng strength. 

2. Transverse tensile stresses that arise Subsequent to the start of buckling 
are primarily responsible for the presence of posibuckling strength in 
plates. 

3. The material near the Longitudinal edges of the plate resists most of the 
increase in load that occurs in the posibuckling range, 

6.13 ULTIMATE STRENGTH OF 

AXIALLY COMPRESSED PfATES 

lit Article 6.12 it was shown that plates do not fail when the critical lead is 
reached. Instead, they arc able to support increasing axi.il load well beyond 
the instant at which buckling begins. To make use of this posibuckling 
strength in the design of plates, it is necessary to know at what load collapse 
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actually occurs, A theoretical investigation of the ultimate strength of plates is 
possible. However, it would have to include both the non linearities of 
inelastic behavior and those resulting from finite deflections, and would be 
extremely complex As a consequence, the collapse load of plates is usually 
determined by a scmiempirical method, 

It has been observed, in theoretical as well as in experimental investiga- 
tions. that fiiilurc of a plate usually occurs very soon after the maximum 
longitudinal stress at the edge of the plate reaches the yield strength of the 
material. Accordingly, it is customary in determining the failure load to 
assume that collapse coincides with the onset of yielding. In the approximate 
analysis presented in the previous nrlieic the maximum longitudinal stress at 
the edge of the plate was found to be 


* 2 *™ - 16 1531 

Substitution of t;,. the yield strength ef the material, for in this 

relation ti'-es 

ff/. = \te r - f6.1S4) 

where e ft is the average longitudinal stress at failure. 

It is useful to rewrite Eq. (6 1 M) in the form 


i 

2 \aJOi 



(6.155) 

( 


^isuS plol l lie variaELon of 0 'fj&„ wiih ^ Jc r Such a curve 15 shown in Fig. 
6-26, and il indicdlcs tha! Lhe ratio &rJv iW1 which is a measure of the amount 


Flff. frifr Varialion of p^Lbucklmg 

ilPfinsEh wjlh faiio of o (r [y 
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of postbueklmg strength present in a plate, i K « aSes as the ratfo , 

decreases, tn other words, relatively thick plaits that buckle at a high stress 

an 8in to yield very soon thereafter do noi exhibit a significant amount of 

postbuck mg slrctigih. whereas relatively thin plates that buckle at a low 

“"3 *• nti ‘ yieI L d u,1til ““■> lal «can be expected , 0 hive consktenbk 

post buckling airtfigth. 

The approximate relation given in (6.155) is adequate for providing U , 
tvith a general picture of post buck ling strength in plates. However, a more 
refined expression is needed for design purposes. To develop such a relation 
from Inc actual nonun, form siress distribution that exists in a „| at . as w as 
done above, is usually not practical. Instead, it is customary to employ the 

STm" i£f 7 W T in ‘ rodUCtd by Van feMer. ard Donnell 

(Ref. 6-12) in 1932. As shown m Fig, 4-27, the actual nonaniform stress that 


Acruil nafiuniTofm Eqvivolrnl uniform 

Wwa disJribuNfln 5 iress ffrlrftufftn 



Flfi, <^27 RrTecI i w- width eo^n-pt for 
dfitcrmifiirifi pos (buckling urtnscfi, 


tZTl^lTT C '? e p ' olc ' * is equivalent uniform 

S?r- d ° VCr Y “" d clTec,ive wid[h - *- Th * magnitude of the 
un rorm Stress ts assumed to be equal lo the actual stress existing « the edge 

of the plate, and the i wo rectangles of width 6,/2 are assumed to have the s tm c 
platet ' a " diitf ' bu,ion Thus the load carried by the 

P, = bja r (6.156) 


To evaluate P by means of Eq. (6.156), an expression for b. is needed 

appro " m *" "“•> f “ *i"Ply 
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22S! ,h ; SCXprti Y r,w Y C 6 li 5)- »!>« approximate relation obtained in 
Art 6 ' ? * 11 '* *“ n ,hat ,n instances the ultimate load depends on the 

' td 0,1 t * leniiv * tcst result5 he Ihe 

(6.158) 

SditEUnr iS Similar tD lh r ° ne “** eaed b * Von K ^m(in except that an 
1 '* !trm “Counting for initial imperfections has been added. 

rrthe expression in (6,1 58) is substituted Into Eq. (6, 1 56) and Ihc buck lint* 
«"• ' XmC ' M “ ■*.. » «- ■* «. «* .tain, J ,b< .r ra „,W S 


fi.14 DESIGN PROVISIONS FOR 
LOCAL BUCKLING 

t?ZZJ T r<> ' ,Cd i,rUCtUra,tSteflsha P cs ^^nsistin^ of flat plate elements 

J J t ^ iT ° r 0P0Jl,0f ’ ,hC *»■«»« overall failure occurs prior In 

te nrotortS 1 d h "* ! "* 0, * ,n “ wi,h "l*™bfc-Hre» theory 

sires^Tm h T d '°, ,hat y,<!lJ S[CKS * mcI,Ed pn ' Dr lo [5ie ,0cat buckling 

u ™ S arfy. column! can be designed so ihal their resistance tn Ruler 

' S 'Y rhcir loCi[) bucfc ^l ««ngth. In the A ISC specifieatinns 
the local buckling stress ts Icepl above the yield stress for columns as well us 

jSr 1 " P0 ‘ !ib, ' 10 1 " VC ■ d " iB " !■'■*""" (•* 6»,h 

If local buckling is no, , u tt »r at a stress smaller than the yield stress 

where F„ is the critical plate buckling siress and F is the vierd str^npih rt r it,, 
material. Substituiion of Eq, (6.102) Into this rctog^f MB,h rf 


kn*E { i 

mi 


>J", 


For i x 10 1 ksi uid /, « 0.3, one obtains 


|<16l 



(6.160) 
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Tlse limit on Ehc widthToThicfemss ratio necessary to prevent local buckling 
fes thu* seen to depend on the plait-buckling coefflcienl and on [he yield 
sLrejiglh. For a flange of in angle il J& customary lg assume one edge l q be 
(.imply supported and one free. Thus k. = 0.42 5. and the limiting expression 
fori// becomes 



[q ensure that failure of an actual member conlammg initial imperfections 
and residu.il stresses is overall kind not local, the preceding requirement for 
bit i* reduced ijMhe 1969 A I SC sped Heat ions (Ref U 7 ) to 


b ^ 76 

~ *77, 


C6.161) 


To obtain (he corresponding design criteria for ihe flange of a bon 
section, one substitutes (be plale-bucklmg coefficient for simple supports 
nfqrg both unloaded edges, k — 4.0, into Eq. (G, 1 60). Thus 


b . m 
~ 77 , 


which is reduced in the A1SC specifications lo 


b . 238 

~ < 77, 


(6.162) 


Thu small bjt ratios commonly found in hoLrplEcd sections make it 
feasible to ensure that overall Id i Lure occurs prior lo local buckling in most 
of these shapes. However^ thin- walled Sections like those used in cold-formed 
Steel Construction and aircraft framing arc composed of elements with rela- 
tively large wsd l h-fco- thickness ratios. In these shapes it is well nigh Impossible 
to prevent local buckling from taking place prior to overall failure, and the 
allowable Stress is accordingly based on the local buckling stress and on the 
postbuckling strengths 

Depending on the manner In which the plate elements of u section arc 
supported along their longitudinal edges* two types of dements arc distil 
guishecL Plales supported along both edges are referred to us stiffened 
elements; and plates supported along only one edge are called mstiffened 
elements, A distinction between unUtlTcntJ art( j stiffened elements is made 
because unslifTcmcd element? exhibit considerably less poslbtsckl in g strength 
Ihnn stiffened elements. Accordingly, the allowable stress of unsliffcncd ele- 
ments in obLihicd by dividing ihe local buckling slress by u suitable safety 
factor, whereas the allowable load of a stiffened dement is based on the 
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dltmtilc load of ibe clerataii. The calcufajioii of Eli-c- allowable load fpr both 

Stiffened and utislifFcncd elements is illustrated in Ref. 3_8. 
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617 E£!EE7 A ftf "«* B^kl^e Of columns and 

liilts, /f^pevr. Afri, 898, Washington, D.C., ^48. 


ProblBfna 


l ° r 4 ,*' mpiy auppo,led - *<*« plat* loaded in 
M?| P flhSS ^ ^ by uniformly distributed loads as shown in Fig, 

^ -i55S“ ^ S ° IVine lhC , °™ ini difre,cmial 


| -o- -| 



i 

T FJs.PS*i 


C.1 Using I he energy method .drier mine the critical loading of a simply supported 

rs!“ r^“" ■' d """°° * * «-"» «r"» «-»-* 



y 

H«. PlS-i 

6.J Using "he method Of finite differences. determine the critical lading of „ 

!w?h P ‘ S ™ P y ! “ PPOrifid liariB !w ° a PP«Ele ctlBes and clamped along 
the other tuo edges. Tlie plate is loaded by a umformiy distributed road N z 
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JtJl 


along the simply^pported edges, asshown in Fig. P6-J. Divide ihcpiale into 

nine elements yielding four interior points. Compare the result obtained with 
the exact solui ton N„ =. 7,69*1 Dta\ 



fined 

i 

FI*. PfrJ y 


^ > meth0d de,erminc the critical loading of . «, uatc 

£ a« damped along ill four edges and uniformly compressed in one dirSion 
ntvtdc the plate into 16 elements and consider * garter of, he plate!™* 

Artid^ 5 ’ C ° mp * K th ' 1011,1 ion obtsi " ed wi«*i the result given in 




*Zun rn^TVT , C, u minc lhe trl,iMl ]0ad f0r 'he ooedegr^f- 
freedom model of a Hat plate shewn in Fig. F<M, -n, c molfc | consisls of faur 



m^tl Pi ^ C0,1^ “ [H, ■ ,0 Wh ° thcr "* [Dth6 *WU. A| the center of the 
wfll m T T( ’? > t,C,nat Spnr>ES of ,uirness c - corm^t opposite 

bars to each other. AUo. each of the , wo (n , nav *rw bars ConlaFni 
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e&IenSiSonuJ ipring of stiffness A". For irnfllL lalrriiL deflection* the energy in, I he 
cjiJeitstidrtal spring ciri be neglected. {,P ff *■ 4Cfa} 

6 6 Using the model m Fig. rO-4. obtain and plot reUlioEss hips tor I he load P versus 
lh* lateral deflection d whefl 
Ca) the lateral deflection h large, 

(b) the lateral deflection is laigE and the I cads are applied ctccnlriej.lly La iIte 
pLanc of the pntteformed model.. 

Which fundamental buckling characteristics of an actual place arc demon- 
strated by these models? (Note: For large deflection* |hc energy in the OCtetl- 
?iofial spring jtkiiE be consideaed.} 



*m 


BUCKLING OF 
AXIALLY COMPRESSED 
CYLINDRICAL SHELLS 


7.1 INTRODUCTION 

A thorough treatment of shell stability shyuEd include a study of spherical 
shell* under external pressure as well as cylindrical shells subject to axial 
compression* external pressure, and torsion. However, due to the introduc- 
lory not me of this book, only axially cotnpmscd cylindrical shells will be 
considered. Axially compressed cylindrical shells have been singled out for 
study because I heir buckling characteristics differ radically from those of the 
columns and plates studied heretofore. Whereas real, slightly imperfect 
columns and plates do buckle at the critical stress predicted by the linear 
theory, real imperfect axially compressed cylindrical shells buckle a[ a stress 
significantly below that given by the linear theory. 1L as this aspect of the 
behavior of axially compressed cylinders that makes them especially worthy 
of our attention. 

Before considering the stability of axially compressed thin cylindrical 
shells, a few words regarding the behavior of thin shells in general arc in 
order. The primary difference between, a shell and a plate is that the former 
has a curvature in the unstressed stale, whereas the tatter is assumed to be 
initially Hal. As far as flexure h concerned!, the presence of initial curvature 
is of little consequence. However, the curvature does affect the membrane 
behavior of the surface significantly. 


J0J 
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Of whether initial curvature exists 0r not IW ^ ** considered regardless 
regarding secondary mlddlc-surfact forces irThc th ' r , same . Can ? 01 * 
secondary in-plane forces (lo Bot ^ rise to io^ c ” at 

Urtl '» the ^flding deformations /re mir]v r * cir6n 

membrane action due m sccond'ir^ fi" 8 ' * * r ° r ,]lfs "mo" «ha( 

p !a , e theory' but ToUn th^ l l T- " th * «■»■ 
other hand, if the surface has an initiJeuT/^"^ 0 " pij,U 0r| ‘he 

Secondary in-plane forces will be tier s * UfC " mcrnhfnn( action caused by 
the bending deform.tiLLLf 1 «f. of 

middle-surface forces is rwr - aC j° n rtluf[m £ fr om secondary 
dercct ion studies of shells ™ ' <Ccotin,i:d r<3r in both small- and largc- 

72 eulffl T ^? Ry 0F CYLINDRICAL 
SHELLS— DONNELL EQUATIONS 

ises r t ,w " ™ a ' — *■*- 

tuitions becomes so in *.'**”«' «**>■ of, he 

Mosl investigators have therefore decided ^ ^ ° f l,Ule practlC:i1 ust 

U, however, no lira, '"«**"** There 

result of the situation i s that there have b«ndevT* ^ ” ce,cc[ Jhc 

«ch based on a different set of simpliLiionV ** v ^ r, »us shell equations 

It^^Z 1^' ^ Shj “ ,nakt ■* of ( hc 

and ihey have been sh L n io T arc rfi,aii ^ uncomplicated, 

buckling problems It has hcen f raCU3fy restlIts wh *n used to deal with 

of dcvef 0 p p in K hr^^:rr by Donntf ‘ fh * ■ «x 

obtained forfhin "'«* 

use of this approach here bmh , nin ,, V, necessary. Wt shall make 

«' * -*& » p '" ,c -■■■-*• 
because secondary membrane ft,™* m , »? ^ ‘ 1 JS "Pessary to do this 

,n ***« "» - Ji m ass&t^gir 

x srss^'Krtjss- “ "? "**■?“ “ r " 1 ' *"• 

isotropic, and obeys Hooke’s law on * truc '«l is homogeneous, 
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Unut Thtoryct Cyiindtitsl $tuih 30S 


* ^r;^:r = ‘" rr *“ ^ ng ^ 

‘ ^ ^ - * <* W- conc^nenv 

JpZtt ;. frz **s~ * - •-* . 

™ that the origin isin the middle surface of the shell fh IS ehoicri 

‘ h '“ i ’“ f ,hc «»>*«- »«*», .. . 



•To] 


«r 



"T-l CyTinilpicaJ jhdf idispl^tp- 
and fopqts* 
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normal lo the median surface. Uie of the circumferential coordinate j- 
instead of an angular coordinate facilitates comparisons between the shell and 
the plate. Displacements of the shell are described by their components v. 
and h- in Lhc r. y, and 2 directions as indicated in the figure. The forces acting 
on the shell element consist of the in-planc forces depicted in Fig, 7- lb and 
ihc transverse shears, bending moments, and twisting moments shown in Fig. 


Equilibrium 

Uic equations of equilibrium in the jc and y directions are considerably 
Sim pi i lied if the curvature of the surface in these two directions, bolh initial 
and due to bending, is neglected. In other words, we assume that the trans- 
verse shear forces have negligible components in the x and y directions and 
that the components of thcm-phine forces in these directions arc equal to the 
forces themselves. Thus the equilibrium equations in the .* and y directions 
for the shell are identical to those obtained for the plate [Eqs, 16.104) and 
(h.lOS)), For convenience these equations arc repealed here: 




ttD 

(7-2) 


I 0 obtain lhc equation pf equilibrium in the i direct ion s it is necessary to 
lake the curvature of the element into account. Bolls the initial curvature and 
lhc curvature due Eo bending tmisl be considered. Due to the hriliul curvature 
of the shell,, the Nf, forces, as indicated in Fig. 7-2 rf have a component in the 2 




Flfir 7-2 Rjidisl component of ifi- 
planc fofees due to inrb.il eifrviEurc. 


direction equal 10 




17-3) 
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Untit T htuFy of Cyfiodrf e*t Shaft* 3C? 

' I 

None- ofl he other in-plant forces has components in the i direction due to the 
initial curvature. However, all the in-plane forces have z com pone ft 15 due to 
the curvature that results from bending. These components are identical 10 
the ones that csist fora bent plate element [Eq. [6J>] Thiulhe r components 
of the m-ptane forces for a cylindrical shell dement are obtained by adding 
[he terms given in (6 3) lo [he Eerm in (7,3). This leads 10 

L jVt E? + + + j)] dx dy (7.4) 

Tu the 2 components pr the in-plant forces, must be added the traniverse 
shear forces given by 


&f + ^) dxdy {7,5} 

Since the equations of moment equilibrium about the x and y axes do not 
change in going from the plate lo the shell element. Eqs. (6.6) and (6.7) arc 
valid for the Shell as Weil as the plate, and the shear forces in (7.5) can he 
rewritten in ihe form 



Combining the terms in (7.4) and (7.6), one obtains for the equation of 
equilibrium in the z direction 


+ 

(7,7> 

Force-Deformaiiori Relations 

As was done when analyaing a plate, the displacements and strains Bre 
separated into TniddJc-surfnce and bending Icrms. Thus 

** = + u k 

v = Vq + v t 

f * = + e* 

f 7 “F £>„ 

7^; ^ “I" 

wherfi lhc subscript D denotes middle-surface terms and ihe subscript t refers 
Eq bending terms. Since f, is a&sumcd to be negligible, n> = w b . 
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Mg n i-Cl rva l u re RaJaimns 

r ™ C *?*“ b " l,lin8 *«".■«. anct curvatures in the stall 

IJ^Ttas t0 C * ame 35 Xi>0iC CXi ^* £ befWccj1 ^qw^i'fej in a 


__ n( glir . ,, ^iA 

(78) 


(7.9) 

«‘-»£Ty 

(7-10) 


SSSR** - " A "“* ** ” h ' re •** - e* 

Middls-Surfaca Force-Deformation Relations 

The middles urfacc force-de formation relations for a shell differ somewhat 

XX * "» p'*“- « -# .!«««-. »«<. » X XT 

A ^hfii a , 5 w ^ crew E necesia ry m order to obtain l he desired shell expressions. 

^ X dirCC[i0 " '* ini[ialJ * straf£ht - Its behavior is 

«SS faS rt Q ' h t T“ f> ° ndine pla,e fibcr - The fflWdl^surface 
, ?. r a phlt * *™ b* <« 1 1 6). For large deflections, hath of the 
(erms m this expression must be considered. However, when the deflections 

n« li*ib^ qU * '? SlDPCS "* VCry M ° Ur Casa > the ^<*nd term is 

SSoT P t0 4 fim Thus mcfl,Klt,de !hal fof ** mm 



To obta^h^f™^ tht shel ' : ha * 13,1 1 <5 itiat curvature not present in (he plate. 

, r ° r 'he shell, wc must therefore add to the fiist term 

ar he plate tfram, firven by (6. (1 7), the strain due to .ransvcK bending when 
m,t,n| curvature « present. As shown in Fig, 7-J, element „tf f , SSSZ 


1 i 

! 


1 



F^lSe 7-3 Tjngenrial Strain due Ei0 
tadtal displace nwnE. 


Art. 7.2 
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A'B' due to the radia! deformation w. The resulting strain in ihcctcment is, 


A3 - A 3 r Rd& — [R - w)d9 

AB ~ RdS ' 



ai2) 


in which the negative sign denotes that positive displacements w lead to 
negative strains. The total strain in they direction is the sum of (he first term 
in (6. It 7) and the expression in (7.12). Thus 


1 

* 

1 

(7*13) 

The initial curvature of the shell hsss no influence on the middle-surface 
shear strain. Hence j iyi is obiained from ihe correspond ing plate strain [Eq. 
(6.122)] by dropping tht higher-order term. That is, 


(7.14) 

Since the two-dimensional stress-strain relations used for thin plates 
(Fqs, (<*, 1 7). (6. IS), and (6.19)) apply equally well to thin shells, the middle- 
surface shell farces are given by 


(7.1 S) 

N > ~ <r,j = j -pA** + W J 

(7.16) 

atr+T) 7 ** 

(7-17) 

^ubalilution of (7.1 1 ), (7, F3), artd (7. [4) into these rclalions 

gives 


(7.18) 


(7.19) 


(7.20) 


The middle-surface fortes in the shell consist of two parts: (I) primary 
forces caused by the applied loads, which are present prior to buckling, and 
(2) secondary forces, which arise as a result of buckling, Since the latter are 
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n " s ' , ‘ l '“ k “■ 1™, a a mu On ™ mm 

,„ h r ’ Th , " a > Oinccomplishinjihls j, toasairae |h® lh , 

ssrts. szr*.-™*** in ,hc *>»•*• ■***?« 

pnm.^ middlc.aiirfjico I™*, lh« „,. p™,, p, tor bllclt|ln£ ^ ^ £' 


ihc tola! middle-surface forces 


K~r, 

**, ■= ■*„ 

art 


W E; ^ / du # , jll. h, \ 

1 ^ nr^l^r + ^ - *i) + A 

W — ffo. II' . Jt, n \ 

rfa, 

■*■ -fr) 


N 

" _ ^i 


^(fc + S) + *i. 


(7-21) 

(7.22) 

mi) 


(7.24) 

(7.2J) 

( 7 . 26 ) 


Differential Equations 

The equilibrium equations will 


*.i« pqumorium equations will now be expressed In i, rmt „r h i 

IS) > th^asVitlfc S»cSS5.s S lhrou8h ^ 




-I0)i 

(727) 

(7.28) 


( 7 . 29 ) 


0 K£ + 2 ccfc + 1?) + w + A)f£ 

+w+«(£ + ^) +w , +w ^_ 0 

*' K ln F*( Tm".? A " J Sl r d f ° r the 5fCOndar 7 nud^-surface forces. 

are auami L l a " d thc pS ' mat > forces 

are quant, l, M 0 f magnitude. By compimon, the curvatures due to 

^therefir forces are infinitesimally emit. It 

therefore possible to nc B lcct some of the terms in Eq, (7.29) ami reduce j t 


Art. /.J 


Thiwy O t CyiintfrfQMt Shaft J 3 1 J 


to the Torn 






- 4 I , ^ -tfh l j_ p i r v ' w t r ~ 


tf i 


_ Jf 4, a4“n\ 4- 7<f I?*" 1 ri 


( 7 . 30 ) 


Equation (7.30) together with Eqs, (7.27) and (7.28) constitutes a set of 
lhr« equations in three unknowns that can be used to obtain the critical load 
of a cylindrical shell. Because secondary membrane forces arc not negligible 
in linear shell theory as they are in linear plate theory, the in-plane equilib- 
rium equations are coupled to the equation of transverse equilibrium for the 
shell, and all three must be solved simultaneously. By comparison, the 
equation of equilibrium in the * direction is independent of the in-planc 
equilibrium equations for the plate, and the critical load can be obtained 
simply by considering the ^direction equation. 

Kor certain types or solution? it is easier to deal with one than three 
equations. Accordingly, Donnell (Ref 7.1) has reduced Eqs, (7.27), (7.28). 
utld (7,30) to a single equation in w. The transformation is carried out as 
follows. Operating with Wdx Sy on (7,28). and with S>f6x* and S^dy 3 or 
(7.27), one obtains three equations, which can be reduced 10 


V'» 


a d v I <?>kf 

/T®F~7f3F?i 


(721) 


where 7* denotes two successive applications of Laplace’s operator in two 
dimensions. Similarly, operations with & 3 )Sxdy on (7.27) and with S'fSx 3 
and 3 l jSy t on (7.28) gives three equations that lead to 


t?<„ ft H- 2 d J w ] dv „ 

Vv ~ R ( 732 > 

The operator V" is now applied to (7,30), which gives 

-WV+^.g + ^gf + Mi.^ 

4 T ^W£ + ^n-A* , ')-» 

If (7.31) is operated on with d/d jt and (7,32) with Sidy and the resulting 
expressions are substituted into (7,33), one finally obtains 

ovv - v(n gf + r,% + 2 s„gfr) + § 0 - o (7.14) 


( 7 . 33 ) 
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7.3 CRITICAL LOAD OF AN AXIALLY 
LOADED CYLINDER 

Classical Solution 

•«* I «- »*. J. who* 

compression ig ihc oji Iv primnru rniHrii r Wh(h uial 

equation, Eq. (7.14), redu«s to * ilnii pTtSeat - D «««H^ 

nui w i £h 3 4 i# ,- d (jJn, 

+ *'jF + "- <7 '^-0 (7.35) 

The bound*, conditions carjcspcding „ , lmp „ , upportrf ^ m 

3 1 ^ 

WB= E»"° (7.36) 

Th,* conditions ore oS.M if,b. fa**, di, ptemcnl hoflhc r „ ra 

• -«*.Sj£ m af (7j7j 

*«c,i.„ nndn.bc 

Mora, w ht I direction. To simplify theealeu- 

p nR (7.38) 

and rewrite (7,37) as 

w=w,sia2^£ri (TJ9J 

Substitution of (7.39) m to (7 35 ) gives 

b (t) v + rr + g»*(f J* - + « = „ 


(140) 


^rf, 7.3 
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El we divide E 4 , ( ^ , 40J by D(n/iY nd introduce two new pommel era, we 
obtain 

&■* + 0 1 )* I- - *,«W + /?>V ^ 0 (7.41) 

wW (7.42) 

*' - Sff (MS 


The rtondimensional paratneicr Z is a shape factor. It is a measure of the ratio 
of jtnglh to radius and is useful for distinguishing between short and long 
cylinders. The other parameter, is a buckling stress Coefficient similar to 
the one that appears in the plate- buckling equation, (Eq, (6,49)}, 

Solving Eq. (7.4|) for A„ one obtains 


*,*= 




L82 


nr 


**lw 


I lZ*nt' 

*TW 


(144) 


Differentiating this expression with respect to (iw* + fpy-fm* and setting the 
result equal to zero shows that A , has a minimum value when 


W \‘PY /12Z 1 ) >'« 

rw* ‘ V ** / 

Substitution of (7.45) into (7.44) gives 


from which 



I Eh 

V3(1 ~ V) R 


or, if p is taken equal to 0.3, 



(7.45) 


(7.46) 

(7.47) 


am 


Since Eq, (7.46) is not valid for all values of Z, the critical stress given by 
(7,48) does not apply to all Cylinders. Solving (7.45) for ft gives 

A “ L 1 — g~ m ~ ml \ (7,4?) 

which indicates that Z fan be smaller than 2.85 only if cither m < 1 or 0 is 
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The crjiicaJ sires* for cylinders with Z < 2.85 i* , hu , |iveE , by 

a 


(7-50) 


(7,5 J ) 


rEHSSS^r^ - - 

TsS—SiSSSSE: 

miMWWM 

S5*»~S=SS 


New Solutions of Small- Do fleet bn Equation 


* r 7 J Critic*! LojhI Of an Axially loadttf Cylintfar 3tS 

4 

other than the classical solution given by Eq, <7,48), [t 
L 1 ‘ hC in ' pl " n4 *** conditions have a sitfSLt 

?£ ?J£ ?? ' a,lJ * hat lhc eOTdili 0"* 0 " * and v assumed to exist 

simpll^pois COnSUtUlC 0I% ° M ° r “ Vefal ^ "*■»■« f- 

Tar tor f«n laSSiCa a °r lL ‘ li011 : bou,ldac J ^ conditions appear to be stipulated only 
_ I 3 ns verse deformations, that iSh it is explicitly staled that w = dV/dx* 

aIofl ® lh u e edEM - buI “O'*!"* '* mentioned regarding the in-plane dis- 
placement^ However, m the linear theory of shells, in-plane displacements 
are coupled to transverse displacements. and hence in-plane edge conditions 

?r^ n t !f“ thC ^ - a double sine 

^P^^^wimplies are(|) no tangential 

T ™J2 iiSP 1 K L LV = (2) a Constant asial along 

he loaded edge, during bucklil* The solution given by (7.48) thus corre- 
sponds to d definite set of m-plane boundary conditions as well as simple 
K2S? J ran Wrae direction. Once the foregoing conclusion is reached, 
t baromes obvious that the m-plana edge conditions assumed in the Classical 

hcI-bcaN ^^22* f ° f * *** 5U I*“*«* tiki 

he cm cat load given by Eq. (7.48) is therefore not the only possible solution 
to l he linear equations tor simply supported moderately long shells. For 
examp c he edges of the cylinder instead of being prevented from moving 

hf^ * ? ay tB ffCe t<J f ” CVC ln ,hls dirrt,iorl - and instead of stipulating 
hat (he amal stress remain constant along the edges, the in-plane displace- 
jnciH m ma> be required to remaEn uniform. 

Several extensive investigations into the effect of in-plane boundary con- 
ditmns on the critical bad of limply supported shells Imve been carried out 

i ,, “I “! 1Ai ' and 11 hns btcn concluded that critical stress is reduced 
0 rustically if the edges are permitted (o move freely in the tangential direction 
The critical stress obtained for simply supported edges that are free to move 
angmia ly il roughly one hair the critical stress given by the classical 
r*™ IW L j nrC rcstrajned from moving langentially. However. 

lht ^^snunl direction is the only change in the in-plane 
condtl om of the classical solution that produces a significant change in the 
— lo3d ‘ f? r a " <> tlltr vanai ^ns in the in-ptane edge conditions from 
. “ iUn ! ed tfl l ^e classical lolulion there is no significant change in the 
cruiC^E loau. 

Jn most ex peri menial envestigHtions of cylinders the edges are not free to 
move tangentially, The aforementioned findings concerning the effects of 
ESii? cond J * ‘on s, u It h o ugh extremely interesting, are therefore not 
believed to explain tile discrepancy that exists between the classical theory and 
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7.4 FAILURE OF AXIALLY COMPRESSED 
CYLINDRICAL SHELLS 

Historical Survey of the Problem* 

, ™ c c, * si ! cil1 «'«*"• to the linear himIMMm rtttt.tlot. f„ 

™ -‘"■-ej hr Lore™ i. ,™ (Ihr. 7/) M waTlater 

1,13 

solution could, however. nor be substantimed by tesla! r^nfeWmadMo 
^Kr" 11 ’ 't"*«eedineoflhe problem „ 

argc-dupEacement ihtoiy, DonndF was aware of ihe raa rhac the burtr 
f ° b *'* d '° “«■ derin, tested! tiered t.diodl, [““* £ “ J 

SSsr* ‘° JffSLE 

-J- “« 12 ! ■£!" * ■* TT - 

ssssis 

P Of the postbucklmg behav.or of an axially compressed cylinder. Their 
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7^4 PoJlbutJtlifli of inlaid 
enenprtsuJ cylinder. 



[bHAda^rtd frooi ft* I 1 7|fi) 


2^77 '" h '«i 74a TJie "*« "S^nt a S p ec( of this curve is 
K J ^ " qUJf#d '° ™ rnIa "' ^■■ihriom drops Sharply as rhe 
cylinder bends subsequent fo reaching the critical load. As a consequence 

S^ S! |T ,lbrlUn : Co " fifiu ™ lioHS 61 defections thru can be maim 
lamed by loads considerably below the critical load. Based on these results 

SLllr v Tf* 1° tXpWm the disere P anc y beaten the theoretically 
of tamed criiical load and the expcrrmenlalty observed buckling load, von 

d I? JT PU J f ° rlh ,rti ro,bwin 8 hypothesis. They conjectured that 
u was possible for the cylinder lo jump from the unbuckled Hate to the 

!5ij r fl!liri 'f fl af a IOaC, Fjr ,W,0w ,htcri ‘i«l load, and that 

lTlS ,, ! r St] 8 V hC V ’ brati0n 0f lhc tcslifl S machine, svould 
l ngger such a jump. The maximum load that a real cylinder could 
support would thus he much smaller than the critical load. 
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nrnid r rt i ^ * ° fV ° n Ka ™ and Tiien for from complete, it 

F f j 0 j ^ 1C , C ? f ^ e(sUK,e of the largc-d isplaee men t theory or axially 

f' d C1 ' , ’ ndrcal sfleIlj ]n y«ars that followed several investigator^ 

StmV < Rer ? 13 ). Kempner 
7. 14), and Hoff, Madsen, and Mayers (Ref. 7.15), enlarged and 

.mproved von Kdrmd n s theory. By including mom terms in both U* nen- 
Imcar equations and in the assumed deflection function, they obtained more 
mid rn-oj'c □ dcij rule posit ijcIc] in g cyrvsjs.. 

„ T hC u" n‘ eP ^ fWard in lhfl slud * of J ^ d cylindrical shells was 
made when Donnell and Wan (Ref. 7.16) in 1950 introduced initial i mpcr r K - 

"V ,llC “*«■»"*- T ftp or this investigation are summnifeedby Mie 

curves of axi.il shortening versus applied stress given in Fig, 74b The solid 
curve corresponds to an initially reflect shell and the dashed one to a shell 
with a very small .nil.ul imperfection. It is evident from these eurves dm the 
maximum load reached by a slightly imperfect cylinder, point B, is much 

Twh feThl , C ' J [if7 blaintd CntiCa ' , « d ° rtI « PPffect cylinder, point 

t ™S ' F r i y r JU,1,P °° Cl,frint5 fc*™ P° E "' * * cannot 

S^Er f' i C r 8 ?r. fcr ,UjJflli " g lhC jUmp ,hCE>ry 15 E«=dly lessened in 
he hght or What Jiulml imperfections do to the toad -deformation curve, 

However regardless of whether a jump doe* or doe* not occur, it can he 

^2? Ll, ",V lial U '' PCrf ^' ionS c:m *W™*pW» reduce the maximum 

Joati Ihal an asuJly compressed cylinder car support 

As a consequence of the work or Donnell and Wan. Initial Imperfect ions 
EJEfT"? ***** to be the principal reason for the discrepancy 
S tj^I C ““? ^ck'mg Stress and the experimentally observed Failure 
stress. Until recemly this conclusion was based solely on theoretical investi- 
gations Howc^ in the last decade experimental verification or the irnper- 
fecl.cn theory has been obtained as well. Tennyson (Ref. 7. 17). as well as 
severa] other investigators {7.1 S), by exercising extreme care, have for the 
first time been able to manufacture near-perfect shell specimens and thus 
minimize the effects of initial imperfections. For these near-perfect specimens 
the observed buckling load was very close to the theoretically obtained 
critical load. The test results also indicated that arty small departures from 
the straightness in the perfect sped me ns resulted in a significant lowering of 
the buckling load. The belief that initial imperfections are the major reason 
for the discrepancy between the classical theory and test results thus a ppc ars 
at present to Us more well founded than ever. 

fisroe-Dsfloction Equations 

- AU the idealizations previously made in the linear theory are assumed 
to remain valid, except that transverse deflections are no longer required to 
remain infinitesimally small. As a consequence or allowing deflections to 
become finite, term* that are quadratic functions of Ihc deformations and 


Af tr 7.4 
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their derivatives arc no longer negligible when formulating the governing 
differential Equations. Since no such terms were omitted in the derivation of 
Ihc equilibrium equations, these equations are valid for the large-deflection 
theory as well ai the small -deformation theory. They are 


ex 


<>y 


JW, 






(7 53) 


- 2 


-I- 4 N l ^ lM ' 1.1V _j?*W . m / I , d*w\ 

Tx~5y + V 4 + 2 "-' iTTy + H* + w) 


(7.54) 

Transverse deflections arc no longer small compared to the thickness of 
he «vfo«. They arc. however, still assumed to be small in comparison with 
the other shell dimensions. Hence no change lakes place in the moment- 
curvature equations ingoing from small to large deformations These relations 
are sti I given by fcq*. (7.8), (7.9). and (7.10). and Eq (7.54) can therefore be 
rewritten m Ihe form 



I he middle-surface St rain -displacement relations do, however change as 
deformations become finite. As in JargeKJcflectLon plate theory, the terms 




tW 


7»n 


^xlfy 


neglected in the linear equations, must now be included, Thus the strain- 
displacement equations become 



(7.56) 

4 

(757) 

(7,58) 


The relations between middle-surface Forces and strains do not change in 
going from small to large displacements, However, the secondary as welt as 
l c primary forces are now finite, and no distinction similar to the oae drawn 


warm regards: Haider.sa@gmail. 


Suekttng 4 f Axfoffy Cvmprmmtf Cyifcdrteml Shstfj 

,1,Wy he MC b "»"“ !"■« l-oqiBMife. These 


Cft. 7 








J_ 

Fh 

I 

: M 

- ih° + 


{N. - yN r ) 
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(7.59) 
(7.40) 

(7.61) 

EiJiiSlions (7-52). (7.53), (7.55), and (7,56) through (7.61) are sufliciem r™ 

(raTr Sil<lf !f - he pailblicklin 8 twhavior of cylindrical shells. They can also be 
teansrermed . more emppe! form. DW eremia ^ ;T« 

-pec, u, p.57) I— ice -ilh rcpec, „ ,. a „d speech Jhh™ 

toiandj, one obtains the compatibility reiaJon ' h ^ 

V ■* & - -JJT JJ? <7.M) 

a r “™ «»• 


N. -ft 


SF- 


N -h B * F 


-ft 


and rewrite (7.S9), (7.60), 1B d (7,61) i n the f 0rm 


< 7 “> 

<7,44) 

(7.65) 

(7.66) 

(^62)"^^ ,hC “ rttali ° nS and ° r l!,C “ prcssbt ' 1 in (7.63), Eqs (7.55) and 


f _ I {&F d‘r-\ 

f ^ ±{3' F * I F\ 

„ 2(1 + u ) p r 

7in £ H 


^ . 1 . ■) , <J*W 

5F h JF3F + 3F 


_*.[■£££!£ -2 ^ <?'* , d*F/i 

SUFJF “ 2 3^5^ + Zf( * + 35t)J - 0 
3F + ^ & 


I d’wl 


(7.67) 
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These equations were first derived by Donnell in 1934 when he combined 
the strain -displacement relations contained in the von Karman largc- 
deftccltort plate theory with his own linear shell theory. The equations are 
accordingly called the von Kirmdn-Donnell large-displacement shell 
equations. 

Equations (7,67) and (7.6B) are applicable only to an initially perfect 
cylinder. To make the equations valid for a shell with initial imperfections 
of shape fls well, several minor modifications must be made. First, we assume 
thauhe lateral deflection consists of an initial distortion w, in addition to the 
deflection h- produced by the applied loads. Next we consider the changes 
brought about by the initial distortion in Eq, (7.67). This is an equation of 
equilibrium in the radial direction. The first three terms are shear forces that 
depend only on Ihe curvature caused by bending. The initial distortion does 
not affect them. The remaining terms are components of middle-surface 
forces obtained by multiplying the forces by the surface curvature. Since the 
total curvature .applies here, w must be replaced with w + w t in these terms. 
The equation of equilibrium for the initially imperfect •shell thus takes the 
form 


3*w , >j i) 4 w , d 4 w 

i57* + £ S7i t 


h fJ’f f d*w d>w ( \ 


- 2 


fc'W 1 ZF~D L35&B? 

1 d»w.M 

+ + 35*1* I* + 7j^)J 


(769) 


To obtain the compatibility equation for an initially distorted shell, we 
must first rewrite the strain -displacement relations to include the effects of an 
i nitid! imperfection, if in ihe derivation of these expressions in Article 6.1 1 the 
lateral deflection w is replaced with w + w 4 it can be shown that 


fx K + TblJ +^lf 

V = ^ 4 . ^ j. , dw. div , div tfiv* 

Tw ^ + Fx + 3J3J? H 


(7,70) 


Differentiating, as in the case of (he initially perfect shell, we obtain 



. 5 rf I w 
5x?y dx dy 


1 

'Sx 1 ’3F' 5F - X 5F 


(7.7 j) 


warm regards: Haider.sa@gmail. 


JJ2 Buckling of Axiwf/y Commit*/ C yUndtira! Shift i 

which, after the iiress Function Fis introduced, leads to 

**f . <?*f 


it 4. a. 2 -*JL f !~ { ^' w V i -j J'd'o i 4 w 

3?-5p “ £ LUr^/ +2 &r$$rTy 

(?% S 1 ^ (?»UF I JIwl 

^T5 y ~ fljP'J 


Ch. T 


(7,72) 


Equations 0,69) and (7.77) are the governing differential equations for 
tniiiatly jm perfect cylindrical shell. 


Post buckling Behavior ol Cylindrical Panel 

The post buck ling behavior of a rectangular cylindrical panel is very 
srmitar to that or sm entire Cylinder, We shall therefore limit our considera- 
tions I0 such « panel and thus ovoid the lengthy and complex calculations 
, l investigation of the entire cylinder entails. The analysis presented 
here follows the general outline of that given by Vo1mir(Rcr, 6.1 1), It consists 
of solving the compatibility equation for F in terms Q r w and then using the 
Galerkin method to solve the equilibrium equation far the coefficient of w, 

A cylindrical panel is essentially a section of an cut Ere Cylinder bounded by 
iwo generators and two circular arcs, Let us consider such a panel subjected 
to a uniform axial compression stress p„ as shown in Fig. 7-5. The radius of 



curvature of the panel is fl, its thickness , 5 ft, and the length of each edge is cf. 
The x and y coordinate axes are taken along the generator and are, as shown 
m tnc Hgurc. 

far a& the boundary conditions arc concerned, u h assumed lhat ( t ) the 
edges are simply supported, (2) the shear force N fJ vanishes along each edge, 
(3) the edges y = 0. a are free to move in the y direction, and (4) the panel 

retains its rectangular shape during buckling. These conditions are satisfied 
if we Let 


w ■* /sin — sin 22' 
a a 


(7.73} 
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1 he panel is also assumed to have an initial distortion given by 

u> ” fa sin ™ sin ^ (7.74) 

I he first step in the aniaysis consists of evaluating Fin Eq. (7.72) in terms 
i!S ™™ d deformation functions. Substitution of the expressions in 
(7.73) and (7.74} into (7.72} leads lo 



A particular solution to this equation, obtained by using the method of 
midaermined coefficients, is 


F, =- ^ 1^) 


(7,76) 


The com piemen la ry solution is any function that satisfies both the homoge- 
neous equation V*F = 0 and the boundary conditions on F. It also Corre- 
sponds to the primary middle-surface stress that exists prior to buckling, that 
rs, u uniform compression Stress, p t , in the X direction and N, t — N = 0. 
Noting that N. = ~pji and taking cognizance of Eq. (7.63), one obtains for 
in e complementary function 



Thus the entire solution of (7.75) is 


(7.77) 


F= ££ /■ + 2 ^ -2j(cos + cos 

<7 ‘™ > 

By means of the Galerkin method a relation between/;/,, and p, will now 
be obtained from Eq. (7.69). For the problem being considered the Galerkin 
equation is of the form 


j } fl/)g(x> y) dx dy = 0 

■f D ■» P 


(7,79) 


where ®p is the left-hand side of Eq. (7,69) anjl g(*,y) = sin (**/*) 
-sin (ny/n) Substituting the expressions in (7.73), (7.74), and (7,78) for tv. 
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w ei and F t Ec^. (7.79} becomes 

L I, l[ ~P'%U + A) + fatin' ^ sin 1 ^ 

- 15? </+ W + 2/A)( c « ^ Sin' 52 sin' y 

+ c “^“'*’t 5,V ?) - ^(Z + A)^^^^} ( 7 . 80 ) 

+ f^(/ J + 2/A) («K ™ sin ~ sin £?) 

^(/ + A)(cds* ^ sin E cos' S iin SfJJ rfj? = 0 


+ 1 

Making use of the identities 
. 2*x . 


cos^£sin‘H = ^Jcos^ cw 1 ^) 

cos^H sin^ « sin ^ - 2 sin* 3£ 

cos 1 ^ sin H „ Jin if _ sin* I* 
a a a a 

and carrying out the indicated inflations, Eq. (7,80) reduces to 


1 6ft 1 


from which 


~r{t P + f'f) 4 §t(/’ + W. +- 2/*/) =, 0 

■ = Kk? + ~M? + VS & 1 + VA + 2/*) 


( 2 . 8 1 ) 


( 7 . 82 ) 


To simplify this expression and make f| more meaningful, we introduce the 
following non dimensional parameters: 


Pm " Eh 1 


k 


m 

L 

h 


( 7 . 83 ) 


» I 
' 

i 
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These parameters- arc measures of ihe loading of the curvature and the 
deflection. Subs! inning them in ( 7 , 92 ) leads to 


f- - [30^75 + £■ + t (< ’ + J “" + “» 

-SG'Wtfc 

p. = [j .6 + 5^5 + « 23(3* + m, + 23J) 

- 0.405i(0.83£ + 


(7.84) 


( 7 . 85 ) 


The load-deflect ton relationship given by ( 7 . 85 ) is shown plotted in Figs, 
7-6 and 7 - 7 . Figure 7-6 pertains Ion panel wish k — 0 , that is, n flits plate, and 



B + a & 

Fig, 7-6 Pcstbucklirva cams for FLat plates, 


Fig. 7-7 to a cylindrical panel with k 24 . The curves in each figure depict 
the variation of the load parameter p £ with the lotnl lateral deflection para- 
meter 3 -+■ Curves for several different values of the initial imperfection 
3 n are presented. Let US consider first lllc effect that initial ini perfections have 
on the behavior of flat plates. As shown in Fig. 7 - 6 , bending of an initially 
deformed plate begins as soon as the load is applied. The deflection! increase 
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F ^' 1-1 ckli njf curves Fai c* lmdi r « J j(tcll5 r 


ma *! mt,ni capacity of the imperfect pialcTnuSd 

S“' pte ° - —•• «-siz£2JEr 

g'£SSl'£H~ 

^5SSr.^| 

^*32! l0CUrVCd pane[if wl30 « Savior is described in Fig 7.7 the 

A m s ^^n n, ; bon ' di "' sa ''^ J ^ 

As the deflection continues to increase, the curve of -h* im „. r . , 

appFMcttK that Of the perfect panel. The alt-importoni conti™ rt.Jt e™ 

f«Sel L° m rtiUlli iS lhat thC load ** ™ imper™ 

claasS ih ® U p ,rt J i conildc ^bly k iS that! the critical load given by the 
the niaximu°T ^ V6ri fora vcr y STT3al1 ' rti <'aJ deformation., loch as 6 e = 0 O' 
ll Z l0ad JS 0n, y 75 % of the critical load. Contrary lo what has been 

observed for columns and flat plates, small initial imperfections ihus'Jte a 
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«ry significant effect on the buckling characteristics of cylindrical panels. 

If the curves obtained here for a cylindrical panel are compared with 
those for an cm jrc cylinder obtained by Donnell and Wan (Ref 7 16) it will 

SteSi co " ol ' ,iio “ r=icW r ° r ,te « ‘«»"y -fix 

Interestingly enough, the poslbucklmg characteristics of axially com- 
press cylinders, described m the previous pages, arc not typical of the 

SSTfS SI^ r r C d ind ? U[idW Pr “ SLlfC or c * linders ]03dcd ^ 

iPL itr ^ h ° r h:SC laUcrca " CE sma li initial imperfect roni do not affect 

! t^ni?| C ar “ le ^ JCS a PP™ably, and the rail ufc stress is fairly close 

h K b V 2**‘ p 7 dltltd b > lhc li,? « r 'teoty- One can thus surmise that 
the behavior of circular cylinder loaded jtI torsEo[ , „ ^ 

pressure is similar to that of axially loaded columns. 

DBsign of Axially Compressed Cylindrical Shells 

^^geofaxiaNy compnaad cylindrical shells can be based on the 
clawical buck I mg stress. ^ 0.6 W/R. prided one accounts for the 

SoT ie Jrd' n8t ^ re! f J-™ “ tal im l* rf « lioni and inelastic 

h ., 1 &a [ dln 8 liic of initial imperfections, it has been shown. 

^r V“* ih “ PCrJ r n ' Wt,y ’ thj " ltlc re,J *^" irt lhc buckling 
^rdV it, -k 8S h ! ra "° ^ 10 Shc11 [h «kness increases, in other 

words, the thinner Hie shell, the greater the reduction in strength due to 

i iT* tT UOni ThC investigations indicate that the 

tr^rrr sc;,n s?.®* 1 tc ikc n^h of i^n, 

reel cylindrical sheHs, provided a is written in the form 


- c 4 


(7.86) 


in which C is a parameter Lhnt varies with R/h, as indicated in fig, y.g, 



ttli. 7-8 fcieHiiBMMswefflckm for initially impcrfeel cmzuliif cylindrf. 
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For aluminum-alloy cylinders the reduciion in strength caused by inelastic 
behavior can be accounted for by a plasticity reduction factor. Thus Ocrard 
(Ref. 6,]) recommends that the buckling stress be given by 

tr„ - rjCEjj (7.07) 

in which if — V £ EJ £ £antf E, being i he tangent and secant moduli i of (be 

material L 

For structural-steel cylinder* inelastic buckling cun not be readily dealt 
wnh using a plasticity reduction factor. Instead, El is customary to use 

empirical formulas such .is those listed in the CRC Guide (R c r. I 20). 

* 
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Problems 

7.1 Using the energy nteihod, invwtigalc ihe behavior of the one-degree-of- 
freedom model of n Curved plaic shown in Fig. P7-L The model consists of 
four rigid bar? pin connected lo each other and lo the supports. At the center 
of the model two linear rotational ipfings of shiftless C = MtS connect op- 
poshe bars to each other. A Isa, each of the Swo transverse hnr?, conCnin? a 
linear exScns ional spring of siilToest K. Deitrminc the loail-dcBectjon relation 
for finite defied inns when the load P ti applied 
CiO conceal tic wiih the axis of Ibe longiludinal bars, 

(h> cctcolrtc 1SJ (Fk axis pr the ln.n^ittidin:il Iwtrs. 

Which bucElln-g characterbtict of a curved plate do these models demonstrate? 
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APPENDIX 

STABILITY FUNCTIONS 
(From Ref. 3.2) 


w 

A. 

“/ 

0.00 

4.0000 

2.0000 

02 a 

3-99*6 

2.0024 

040 

3,9786 

20057 

0.60 

3.93*1 

2,0139 

OHO 

3.91*6 

2-020 L 

1.00 

3-B650 

2.0345 

1.20 

3JM2 

20502 

1.40 

3,7317 

2.0696 

1.60 

3.6466 

2.0927 

UO 

3.5483 

2.1199 

200 

3.4364 

11523 

2.04 

3.4119 

tim 

z.oa 

3.3B72 

2.1642 

212 

ymi 

2.1737 

2 16 

3-3356 

21814 

2.20 

3.3090 

2.1593 

2.24 

3,2334 

21975 

2,28 

3-Z530 

2 2059 

2.32 

3,2231 

2,2 1 46 

2.36 

3J959 

2.2236 

2.40 

3.1659 

2 2326 

244 

3,1352 

2.2424 


jj; 
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